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B — L model with D4 X Z4 X Zs symmetry

for fermion mass hierarchies and mixings
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(Dated: May 2, 2024)

We construct a gauge B — L model with Dy X Z4 X Z; symmetry that can explain the
quark and lepton mass hierarchies and their mixings with the realistic CP phases via the
type-I seesaw mechanism. Six quark mases, three quark mixing angles and CP phase in
the quark sector can get the central values and Yukawa couplings in the quark sector are
diluted a range of three orders of magnitude difference by the perturbation theory at the first
order. For neutrino sector, the smallness of neutrino mass is achieved by the Type-I seesaw
mechanism. Both inverted and normal neutrino mass hierarchies are in consistent with the
experimental data. The prediction for the sum of neutrino masses for normal and inverted
hierarchies, the effective neutrino masses and the Dirac CP phase are well consistent with

all the recent limits.

PACS numbers: 11.30.Hv; 12.15.Ff; 12.60.Cn; 12.60.Fr; 14.60 Pq; 14.60.St

I. INTRODUCTION

The mass hierarchy problem is one of the most exciting issues in particle physics that require the
extension of the Standard Model (SM). Some of the experimental data related to flavour problem
including the origin of the quark mass hierarchy [I]lm, < m. < m; and myg < ms < my, the
hierarchy of charged lepton mass m. < m;, < m, and the origin of the tiny of three quark mixing
angles as well as the neutrino mass spectrum and mixings.

Because of mentioned issues, various SM extensions have been implemented such as symmetry
extensions with scalars and/or fermion fields. The B — L model [2H§] is appreciated because the
simplest way is to add three right-handed neutrinos for generating neutrino masses. Although this
model solves many interesting problems such as dark matter [3], the muon anomalous magnetic
moment |4, [8], leptogenesis [, [6] and gravitational wave radiation [7], it cannot provide a satisfactory
explanation for fermion masses and mixing observables. Non-Abelian discrete symmetries have seem

to be the most powerful tool for reproducing the observed mass and mixing patterns of leptona
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and quarks (see, for example, Ref. [9]). Ds symmetry received much attention because it can

provide a predictive depiction of the mentioned patterns [I0H23], however, those previous works are

essentially different from our current study for the following basic points:

(1)

(7)

(8)

Ref. [16] based on Symmetriesﬂ Gpr x D4 x Z4 in which, for the quark sector, up to four
SU(2)r, doublets and three singlets are introduced, and the obtained quark mixing matrix,
whose "13", "23", "31" and "32" entries are zero, is not natural because in fact all the

elements of the quark mixing matrix are non-zero [IJ.

Ref. [17] based on symmetriesﬂ Ggsy X Dy x Zy in which the realistic quark mixing pattern

has not been considered and the quark mass hierarchy is not satisfied.

Ref. [18] based on symmetriesG31 X U (1), x D4 in which five SU(3)y, triplets are used, and
the 1 — 2 mixing of the ordinary quarks is obtained if the D4 symmetry is violated with 1’

symmetry instead of 1 as usual.

Ref. [I9] based on symmetries Gazy X U(1)z x D4 in which the realistic quark mixing matrix

is achievedsatisfied, however, the quark mass hierarchy is not satisfied.

In Ref. [20], the obtained quark mixing matrix, whose "13", "23", "31" and "32" entries are
zero, is not natural because in fact all the elements of the quark mixing matrix are non-zero

[1], and the quark mass hierarchy is not satisfied.

In Ref. [21], the obtained quark mixing matrix, whose "13", "23", "31" and "32" entries are
zero, is not natural because in fact all the elements of the quark mixing matrix are non-zero

[1], and the quark mass hierarchy is not satisfied.

Ref. [22] based on symmetries Gsg1 X Dy X Zy X Z?(’l) X Z?(,Z) X Z16 in which two SU(3)r

triplets and six SU(3)y, singlets are used.

In Ref. 23], the quark mass hierarchy is a bit unnatural since the Yukawa couplings spread

over the region from O(1073) to O(1) (three orders of magnitude difference).

Hence, it would be desirable to propose another D4 flavor model which can overcome the mentioned

limitations of previous studies, especially the quark mass hierarchy, the tiny of quark mixing angles,

the neutrino mass spectrum and mixing pattern.

Y GprL =8SUB)e x SU2)r x U(1)y x U(1)p—_r is the gauge symmetry of B — L model.
2 Gsm = SU(3)e x SU(2)r, x U(1)y is the SM gauge symmetry.



In this study, we propose another Dy model, which differs from those of Refs. [13, 16], by
additionally introducing one doublet (H’) put in 1’ under Dy [13] and using one singlet instead of
one doublet in the quark sector [16]. The properties under Dy of the right handed charged lepton
(l1r) and of the right handed neutrino (v1r), and the properties under Z; of right-hand leptons
IR, laRr, V1R, Var and singlet scalars x, ¢, ¢ in our present work are completely different from those
of Ref. [13|[16]. As a consequence, the charged-leptons, neutrinos and quarks mass hierarchies can
be naturally achieved.

The rest of this work is layout as follows. We present the model description in section[[I} Sections
[T} and [[V] are devoted to the quark and lepton masses and mixings, respectively. Section [V]is for

the numerical analysis. We make some conclusions in Sec. [VI]

II. THE MODEL

The total symmetry of the model is ' = SU(2)r, x U(1)y x U(1)p_1, X D4 X Z4 X Z3 where
lepton, quark and scalar fields, under Dy and Z4, are essentially different from those of Refs. [13]16].
Namely, in this study, the first families of the left handed quark, right handed up-and down quarks
are assigned in 1, _; the two other families of quarks are assigned in 2. To explain the hierarchies
of quark masses, one SU(2), doublet H with B— L = 0 put in 1_ under Dy together with three
flavons p, ¢ and ¢ with B— L = 0 respectively put in 2 and 1, _ under Dy are additional introduced,
i.e., the considered model contains two SU(2)p, doubletsﬂ The particle and scalar contents of the

model is shown in Table [l

Table I. Particle and scalar contents of the model (o = 2, 3).

Fields [|Q1r|Qar|uiR |Uar|diR [dar|| V1L |Yar| LR [lar| ViR |Var|| H | H | p| ¢ | ¢ | X
Uzl 3| 5| 5|35 |3 -1|-1|-1|-1]-1|-1/ 0] 0]0|0]O0]|?2
Dy 14| 2 |1, | 2 |1, 2 (14| 2 14| 2 14| 2 |14 |1 4|21, |1__|1,_
Zy 1 i | =1 |—1|—-1]| —1% 1 1| =1 |—1| ¢ 1 -1 -1|—¢ 1 |-1|-1
Zy el e i R | I ol e | I B I I B

With the given particle content, Q17u1r transforms as (2, %, 0,144, —1) can couple to (He)1,, ;
Q. uar ~ (2, %,O, 1, +1_4+1,4+1__,1) can, respectively, couple to ﬁI,FI’, (ﬁf¢)1++ and
(H'¢)1_; Qiptar ~ (2,5,0,2,4) can couple to (Hp)z and (H'p)a; and Quruir ~ (2,3,0,2, i)

3 see, for instance |24} [25], for a review of the two-Higgs-doublet model (2HDM).



can couple to (Hp*)2 and (ﬁ’ p*)2 to form invariant terms that generate up-quark mass matrix.
The situation is similar to the down quark sector. The Yukawa terms in the quark and lepton

sectors are:

£t = S @uunn, (Ho,, + 2§(@uriar)r, H + 2§ @upuar)s . H
+ W @ptarr, (Ho + % @ptarhr (H9)_ + L@ puar)a(Fo)z
+ 2 @Quunn)a(Hp)s + 2@ pan)o(H' )z + S @upnr)a(H' )2
+ af(QlLle)l-&-+ (Hp)1,, + 23 Qurdar)1, H +14(Qurdar)r , H’
+ Zf(QaLdaR)1++(H <z5)1++ + y—g@aLdaR)l__(H’gb)l__ + ZAfl(Ql Ldar)a(Hp)2
+ j(QaLle) (Hp™)2 + 2 (Q1LdaR) (H'p)2 + ZZ(Q&LdIR)Q(H’p*)QJFH,C’ (1)
"

—-Ly, = - (¢1Ll13)1++ (Hp)1,, + ho(Wurlar)r, H + hs(Worlar)1_ H'
h hs —

. (waLlO&R)1++ (H¢)1++ X (waLlOcR)lii (Hl¢)177
K (wlLVaR)z (Hp )2 + Kz (IEUJV&R)z (]A'f’p*)2
ﬁ (IEaLVaR) (I?RP) + % (djaLVaR) (ﬁ’ )1

y c
97 (Virv 1R)1++ (¢X)1++ + ?/2( GRVaR)1, X+ 2A( VarVaR)1, 4 (9X)1,, + He, (2)

+—

+ o+ o+ o+

where xlfzgd’?), yi’g and zfg 3.4 are the Yukawa-like couplings in the quark sector, 11,23 455 71,2,34 and
y1,2,3 are the Yukawa-like couplings in the lepton sector and A is the cut-off scale of the theory.

It is worthy to note that additional discrete symmetries D4, Z; and Zs play crucial roles
in forbidding undesired terms to get the expected quark and lepton mass matrices which are
listed in Table [[V] For instance, in the absence of Zs, there will be additional invariant terms
(V1plar)2(Hp)2, (V1 plar)2(H'p)2, (Vorlir)2(Hp)2 and (¥, lir)2(H’ p)2 which contribute to the
entries "12", "13", "21" and "31" of the charged lepton matrix. As a result, we cannot obtain the
mass of charged leptons as expected since the charged lepton matrix cannot be diagonalized.

The vacuum expectation value (VEV) of the scalar fields get the form:

(H)y=(0 o), (H)=0 o), (p) =1y (¢) =0y
(p) = (p1); (p1)) = (vp, vp), (X) =y (3)
In fact, the electroweak symmetry breaking scale is of order about one hundred GeV, v? +v? =

(174 GeV)Q. Furthermore, in the 2HDM, the limits of the parameter tg = % are given by [20]
tg =% € [1.0.10.0] or [27] tg = % € [1.0.3.0]. For the purpose of determining the scale of Yukawa



couplings, we consider the case of tg3 = 1.424, i.e.,
v =100GeV, v = 142.40 GeV. (4)

In addition, in order to satisfy the quark mass hierarchy, the VEV of singlets and the cut-off scale

are assumed to be as follows
v, =5 x 101 GeV, v, = 10" GeV, A ~ 10" GeV. (5)

The models with more than one SU(2) [, scalar doublet as in this work, the Flavor Changing Neutral
Current (FCNC) processes such as b — s exist in the Higgs sector. However, they are suppressed
by non-Abelian discrete symmetries [28, 29]. To make such process below the current experimental
limits, some restrictions on the model parameters such as the Yukawa couplings and large masses
for non SM scalars need to be imposed. The considered model contains many free parameters which
allows us freedom to assume that the remaining scalars are sufficiently heavy to fullfil the current
experimental limits. Furthermore, the first two lines of Eq. imply that the off-diagonal Yukawa
couplings in the charged-lepton sector are proportional to % ~ 1072, Therefore, the lepton flavor
violation (LFV) processes, such as [; — [;7, are suppressed by the tiny factor %‘ﬁm—l% associated with

the mentioned small Yukawa couplings and the large mass scale of the heavy scalars mpy [30-33].

A detailed study of FCNC and LFV processes are beyond the scope of this work.

III. QUARK MASS AND MIXING

Using the Clebsch-Gordan coefficients of Dy symmetry [34], from Eq. , when the scalar fields

get the VEVs as, Eq. , the up-and down-quark mass matrices take the following forms:

My =M +6M, (q=u,d), (6)
where
a1q 0 0 0 C1q + €3¢ Cig — C3q
Mq(o) = 0 a2q —+ agq 0 ; 6Mq - C2q + C4q 0 blq + b2q ) (7)
0 0 (2q — A3q Coq — Caq big — bog 0
with
v, ’U¢ 1}¢
a1qg = x‘fvf, ag = x%v, azq = xgvl, big = yva, boy = ygU’X,
) v ) v
= 02 ey = o2 ey = 2 iy = A (g =u,d). ®



Expressions @7 show that, besides two doublets H and H’, one singlet ¢ contributes to Mq(o)
while M, is due to the contribution of two singlets p and ¢. Without the contributions of p
and ¢, M, will be vanished and the quark mass matrices M, in Eq. @ reduce to the diagonal
)

matrices M(EO , i.e., the corresponding quark mixing matrix Vogar = I3x3 which was ruled out by
the recent data. The realistic quark mixing angles are very small [1I] which implies that the quark
mixing matrix is very close to the identity matrix; thus, the second term 6M, in Eq. can be
considered as the perturbed parameter for generating the quark mixing pattern. As a consequence,
the realistic quark mixing pattern can be achieved at the first order of perturbation theory. Indeed,
at the first order of perturbed theory, the matrices 0, contribute to the eigenvectors but they

have no contribution to the eigenvalues of the quark mass matrices M,. The quark masses are

determined as

My = Aly, Me = A2y + A3y, Mg = A2y — G3y,

mq = ai4, Ms = A4 + a3q, Mp = G2q — 434,

and the corresponding perturbed quark mixing matrices are:

1 ClutC3u Clu—C3u 1 Cid+c3d C1d—C3d
Me—MMy, Mt —MMy, ms—myp Mp—Mgy
U =Up = | “utcou 1 bou+biu Ug = UI% = | cadtcad 1 bag+bid (10)
My —Me mi—me ? mg—ms mp—ms ’
Cay—Coy  boy—b1y 1 cad—Cod  bag—big 1
Mt—My  Mt—Me mp—mg  Mp—Ms

with b1 9, and 12344 (¢ = u,d) are given

in Eq. . For simplicity, we consider tha case of

Ylg = Yoq = Yq (¢ = u,d), 234 = 214 = 24, i.€.,

baqg = b1a = ba, b2u = b1y = by, €304 = C14- (11)
The quark mixing matrix, Vogm = VL“VLd T, owns the following entries:
11 2ci4(c1u + c3u)
Yo = G ) (ma — )’
VéIQ(M _ 2b2(clu - C3u) Cly + C3u Céd + Czd7
(mb - ms)(mt - mu) Me — My, mqg —mg
VC%%{M _ Clu — C3u Czd - C§d7 V0211{M _ Cou + Cay QCTd
me — My, mp — My My —Me Mg — Mg
V& =1+ 4bgbu (C2u + cau) (¢34 + Cig) (12)

23
Veikm

32
Veim

(mp — ms)(me —me)

(my —me)(mg —ms)’

2b,,

me — Me
*

+ (C2u + C4u)((

(my — mg)

(cou — cau) (¢34 — Cha)

54 — Cha) 31 _ Cdu — C2u
) VCKM - )
me — mu) Mg — My,
* *
a + Cha) v
» YCKM —
my — mt)

(mp —mgq)(ms —my,)



Comparing the model results on the quark masses and quark mixing matrix in Egs. @ and ((12))
with their corresponding experimental constraints on Vf;.(p as shown in Tab. [T/ (the second column),
we get the explicit expressions of a1y, @2u,d; @3u,ds bu,ds Clu,ds C2u,ds C3u and ¢4y 4 as functions of quark

masses and quark mixing matrix elements as presented in Egs. (Bl]) and (B2)) of Appendix .

Expressions , , and imply that the model parameters a1y, 4, @244, @3u,d> Ou,ds Clu,d;
Cou,d, C3u and ¢4y, ¢ depend on the observed parameters in the quark sector, including quark masses
My, Me, My, Mg, Mg, My and quark mixing matrix elements V;Xp (1,7 = 1,2,3), that have been
determined accurately [I]. At the best-fit points of mentioned parameteraﬂ given in Refs.[1], we
obtain a prediction for the quark mixing matrix and the model’s parameters in the quark sector as

shown in Table [[Ij and Eq. , respectively.

Table II. The best-fit points for quark parameters taken from Ref.[I] and the model prediction.

Observable Best-fit point [I] The model prediction |Percent error (%)
ma[MeV] 2.16 2.16 0
m.[GeV] 1.27 1.27 0
my[GeV] 172.69 172.69 0
ma[MeV] 4.67 1.67 0
ms[MeV] 93.4 93.4 0
my[GeV] 418 418 0

VAL, 0.974352 0.974352 0
Vit 0.224998 0.224998 0
Vi 0.0015275 — 0.003359: 0.0015275 — 0.0033597 0
Vi —0.224865 — 0.0001368717 | —0.224865 — 0.000136871¢ 0
Vim 0.973492 0.973492 0
VE, 0.0418197 0.0418197 0
VC?’I1<M 0.00792247 — 0.00327: 0.00792247 — 0.003273 0
Vi —0.0410911 — 0.0007551137|—0.0410911 — 0.0007551134 0
V3L 0.999118 0.999118 0

4 The best-fit points in Table [[T| correspond to the Wolfenstain parameters[I]: A = 0.2250, A = 0.826, p = 0.159
and 7 = 0.348 which correspond to the mixing angles sin 67, = 0.22500, sin67; = 0.00369, sin i, = 0.04182 and
0L p = 1.444.



a1y = 2.160 x 1072 GeV, ag, = 86.980GeV, az, = —85.710 CeV,

by = (2.308 4+ 0.54137) GeV, ¢1,, = 8.414 + 3.028i GeV,

oy = (—0.614 + 0.2117) GeV, 3, = (—8.269 — 3.170i) GeV,

cau = (0.754 — 0.353i) GeV, a1g = 4.670 x 1073 GeV, agq = 2.140 GeV,
agq = —2.040GeV, by = (—8.658 4+ 0.262:)1072 GeV,

c1a = (—5.080 + 4.9730)1073 GeV, ¢og = (0.193 — 0.0774) GeV,

caq = (—0.204 + 0.087i) GeV. (13)

The Jarlskog invariant in the quark sector, Jgp = Im [VuchbV* vV ], is calculated from Eq. 1'

cs " ub

with the model result in Table [I| (the third column) as J&p, = 3.08 x 107, which coincides with
that of Ref. [1].

Next, comparing Eqgs. and with the aid of Eqgs. -, ones obtain:

|Z10] = 2.16 X 1073, |29, = 0.87, |234| = 0.60, |y1.| = 2.37,
[You| = 1.67, |21 = 1.79, |224| = 0.13, |234| = 1.24, |244] = 0.12,
|z14] = 4.67 x 1073, |@og| = 2.14 X 1072, |34 = 1.43 x 1072,
[y14| = 8.66 x 1072, |y2q| = 6.08 x 1072, |z14| = 1.42 x 1073,

|z0q] = 4.16 x 1072, |234| = 1072, |249] = 3.11 x 1072, (14)

which differ by about three orders of magnitude.

IV. LEPTON MASSES AND MIXINGS

Using the Clebsch-Gordan coefficients of Dy4[34], from Eq. , when the scalar fields get the
VEVs, Eq. (B), we find charged leptons (M) and neutrino (Dirac and right-handed Majorana)

mass matrices (Mp, Mg) as follows

a 0 0 0 —ap+bp ap+bp ar 0 0
M; = 0 ag+as as+as |- Mp=1|0 cp+dp 0 , Mg = 0 br cr 7(15)

0 a4 —as as —asg 0 0 —cp +dp 0 cp br



where
a = (UX‘b) vhi, as = haw, as = hsv', a4 = (%) vha, as = (%) V' hs. (16)
ap = (L) www, bp = (L) awr', ep = (°8) agv, dp = (&) aw’,
ap = %UX%, bR = yavy, cr = %vx%. (17)

e Charged-lepton sector: For simplicity, we consider the case of arg hg = (arg he + 7) and arg hs =
arg hy, i.e, argas = (argag + m) and argas = argay. Yukawa couplings h; (i = 1 + 5) are complex
in general, therefore the matrix M; is complex and its eigenvalues are complex. Let us first define

a Hermitian matrix le = MlMlJf, given by

Ay O 0
mi = MM "=| 0 By, Dpe® |, (18)
0 ’D().@w C(]

wherd’]
Ao = |, Bo = (las| —las])” + (Jas| +las])”, Co = (laz| + las])* + (|aa| = las])”,
Do = 2(Jaz||as| + las|las|)ca; Go = =2(|as[laa| +|aslas|)sa, Do =/ Dj+ G, (19)
0 = arccos (gg) , (= argas — argay. (20)

The matrix ml2 in Eq. is diagonalised by two mixing matrices Vi gy with VferlQVlR =

diag(mZ, m2, mZ), where
1
m? = Ao, m,, = 3 <Bo +CoF \/(Bo —Co)? + 4773) ; (21)
1 0 0
ViL=Vir=|0 ¢ —sy.e” |, (22)
0 s¢.ei9 Cy
where
1
Sy = . (23)
2./1— Bo—Co
\[\/ Bo—Co++/(Bo—Co0)?+4D3
Equations — and yield the following relations:
la1| = me, |ag| = |ag| Dosa + |as|caGo laz| = las|caGo + |as|Dosa
“ (laa]* — as[?) 20 (las|* = las|*)s2a
b —-b
jasl = 5, Jas| = 1, (24)

5 In this work, the following notations are used: Sy = siney, ¢y = cos), sg = sinf, cg = cosh, to = tana, tg =

tan@, ss = sindcop, sij = sinby;, ¢i;j = cosb;; and t;; = tanb;; (ij = 12,13, 23).
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where

o= \/\/(BOCO —x0 + Y0)%2 — 4BoCoyo + BoCo — xo + Yo

2Cy
[ V/(BoCo — o + y0)? — 4BoCoyo + BoCo + o — Yo

b= : (25)

2B,
2 2
caGo + Dgsa caGo — Dgsq,
To = ( P) ) y Yo = ( 2 ) ’ (26)
594 S$9a

By = (mi - mz) 512/) +m?2, Co= (mi - mz) si + mi,

Dy = (mz - mi) coSyCy, Go = (mi - mz) 5054 Cap- (27)

Expressions and — imply that hq depends on me, A, vy and v; he depends on v, my,, m,, 1, 0
and a; h3 depends on v',m,, m-, 1,6 and «; and hg and hs depend on v, A, vy, My, m-, 1,60 and a.
As will see in Sec. with the observed charged leptons me , - [1] and the cut-off scale, the VEV
scales of scalar fields in Eqs (4) and , there exist possible ranges of the model parameters such
that the Yukawa couplings in the charged lepton sector, h; (i = 1 + 5), differ by about two orders

of magnitude, i.e., the charged lepton mass hierarchy is satisfied.

e Neutrino sector: The effective neutrino mass matrix arise from type-I seesaw mechanism

M, = —MDMglMg, obtained from Eq. , as follows:

A —-B —B
Mu - —B1 Cl 03 y (28)
—By (O3 (9

where

A 2b2D 2a2D B (cp +dp) [CLD(bR—f—CR) —bD(bR—CR)]
br+cr  br—cr b%, — % ’
By = (CD - dD) [CLD(bR + CR) + bD(bR — CR)] = bR(CD + dD)2
bk — ¢k ’ bh—c%
b —d 2 2 d2
Oy = R(CzD 2D) , Cs= =z (2CD 2 D)‘ (29)
br —cg br —cg

The mass matrix M, in Eq. owns three eigenvalues and the corresponding mixing matrix as
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follows:

Cy — 2Bony + An% + 712(203 —2Bin1 + 01712)

M =0, A=

n?+n3+1 ’
\e — Cy — 2Bot1 + At% + t2(203 — 2B1t1 + Cltg) 30
3 — tQ +t2 +1 ) ( )
1 2
k1 ni t1
VTR (+k3)  \/ni+n3+1 /B +3+1

_ k1kg ng to
R=| Vo Vaean VEega | (31

1 1 1

VI+k3(A+k2)  /ni+n3+1 \/B+3+1
where new parameters ki 2,7m12 and ¢; 2, own explicit expressions in Appendix E], satisfy the fol-

lowing relations

ki(ni + kong) +1 =0, ki(t; + kate) +1 =0, nity +nota +1 =0, (32)
Cy — Ba(k1 +n1) + Cs(k1ka + n2) + k1 [Anl + C1kang — Bi(kony + ng)] =0, (33)
Cy — Ba(ky + t1) + Cs(kika + t2) + k1 [Aty + Crkats — Bi(katy + t2)] =0, (34)
Cy 4 Csng + Anity — Bingty — Ba(ny + t1) + (C3 — Bing + Cing)te =0, (35)
Co + k1 [2C3ks — 2By + ki (A — 2Biks + C1k3)] = 0. (36)

Depending on the sign of Am3;, the neutrino mass spectrum can be normal or inverted hierarchy
[1]. In the considered model, 0 = m; = A\ < ma = Ay < m3 = A3 for NH and 0 = m3 = A\ <
mi = Ao < mg = Ag for IH. Since the lightest neutrino mass is equal to zero, other neutrino masses

and their sum are given by

mi = 0, mo = \/m%l, mg = \/Am?,’l for NH7

(37)
m1 = \/—Am3;, me =+/Am3; — Am%,, ms =0 for IH.
\/Amgl + \/Amgl for NH,
S, = (39)
\/Am%I — Am3, + \/—Amgl for IH.
The neutrino mass matrix M, in Eq. is diagonalized as
( k1 ni t1
00 O VIFRZ(14E2)  y/n24n2+1 \/E2+2+1
_ k1ko n to
0mp 0 |, Uv= VIFRZ(14E2)  y/n24n2+1 /E2+2+1 for NH,
0 0 ms \/1+k21(1+k2) V' Zi 3+1 \/tQit2+1
T ni+n
Uu M,U, = n11 2 t11 2 k1l 2 (39)
mip 0 0 V2n2+1 B2+ A 1+k2(1+k2)
_ ng to k1ko
0 mz 0 f, U= Vn24n3+1 B34+ \/1+kF(1+k2) for IH,
0 0 0 1 1 1
Vn24n3+1 B34+ 1+kF(1+k3)




12

where A2, A3, k12,112 and ¢ 2 are given in Appendix Q

Expressions and - yield:

_ miti+n3+41 _ na(ti—n1) _ miti+l
k= tl(n%—i-n%)—kfm’ ky = niti+n3+1’ ta = n2 for NH, (40)
_ 1—kin . k‘l(nl—k1k’2)—1 o ko(k14+n1)
ne =g = kl[k1(1+k§)21—1]’ te = kR or IH,
A= _CQ — Bg(k)l + nl) + Clklkgng + C3(k1k72 + n2) - Blkl(k2n1 + n2) (NH and IH) (41)
k1n1 ’
B, - Cs + Ctkiks n (Cy — Baky + C3k1ka)(ny — t1) (NH and TH) (42)
kil (nltg - ngtl)kjl ’
B2 = % + Cgkg (NH and IH), (43)
1
(Co—Bani +Csna)(ki—t1) | (Co—Baki+Cskika)(ni—t1)n
o Cg(kl . nl) 4 (Co=Be t;_kztlz 1=t) 4 (Co=Bs 1n2t13—:112tg 1—t1)m (NH - IH)7 (44)

ki(kani — n2)
( Vam3, VAms, 13 for NH

14+n24n3 ' (I1+nit1)2+n3(1+t3)

G = 12 K (V=3 —/AmE —Am3,)  (1442)/And, A2, for TH (45)
1 T 1+k2 (1+K2 or L,
142k1n1 +k3 [n%+k§(1+n%)] +k1 (1+k3)

1+n?+n3 (14+n1t1)2+n3(1+t9)

( v/ AmZ no v AmEZ (1+nit)ng for NH,

Cs = (VAm—Amdy—y/=Any ) (am+1) /Ko, =&k, (46)
klkg 5 5 3 5 - 1+k22(1+k‘2) fOI" IH
1+2k1n1+ki [n1+k2(1+n1)} ! :

The corresponding leptonic mixing matrix is

(

k1 niy ty
\/(k%+1)]€%+1 V/n2+n3+1 V4241
cd,klkg—&-e—wsw e*w(cu,ean—&-sw) e*ig(sw—ke"ecu,tg) for NII
V)R V/nndt V31 ’
cd,—ewlqusw Cw—ei9n28¢ cw—ewswtg
k241)k2+1 V/n2+n3+1 V4241
v=Ulu, = UG (47)
L
. ni t1 k1
V/ni+ni+1 Vi +E+1 \/(k%_i_l)]f%_i'_l
Oepelinatey) O(sutelepts) epkikate Py
V/n2+n2+1 NGET \/(k§+1)k§+1 ‘
c¢—ei6ngsw cd,—ewsd,tg cw—ewhkgsw
\ V/n2+n3+1 VEHE+L \/(k-g_i_]_)k%_t'_]_
The lepton mixing matrix Uppyins, in the standard parametrization, take the form:
€13C12 512€13 s13e”% 1 0 0
UmpNs = | —cozsio — €Pcios13803 1223 — €0512513503  C13893 0e™m 0 | (48)
5 5 )
512823 — €'°c12023513  —C12523 — €'°C23812513  C13C23 0 0 e

where s;; = sin6;; and c;; = cos0;; with 013,612 and 623 are the reactor, solar and atmospheric

mixing angles, respectively; dcp is the Dirac CP violation phase and n; 2 are the two Majorana CP
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violating phases. Comparing the entries "12" and "13" of two mixing matrices in (47)) and we

get:
m =0, 7 =6 (both NH and IH). (49)

The lepton mixing angles, obtained from Egs. and , are:

£
2 UL GRS for NH, 0
si3 = [Ues|” = k2 for TH (50)
1442 (1+43) ’
2(42 2
5 n3 (3 +t3+1)
@, = Vel ) @iy N 1)
279 U |2 [1+k3(1+k3)]e3
e3 7.2 5 for TH,
(A+k7k3) (1+t7+43)
c? t2+52w09t2+32
$'2 ¥
833 = M - 2 1.2 2t§+21 for NH’ (52)
1— |Ues)? %klkﬁﬁkggkm‘”” for TH,
The Jarlskog invariant in the active sector, determined from Eq. , takes the form [Tl 35]
t1(t2 —
g, mati(te = n2)suCuso Ny g i), (53)

(n?+nd+1) (14 +13)

Comparing Jg; in Eq. and that of the standard parametrization, Jé}; 6126%36238128135238(5,

we obtain:

n1t1 (tg — TZQ)S,Z,C,Z)SQ
(n% + n% + 1) (1 + t% + t%) 0120%3623512513823

The effective neutrino masses [36], obtained from Egs. , and , possess the following

S5 = (NH and IH). (54)

forms:
\Y% Alenl V Amglt%
1 + i3 for NH,
mee Z U NG| = +n1+n2 i (55)
V *Amslnl + V Am21 A”"‘31t1 for IH
1+n3+n3 1+t24+¢2
Am?2. n? AmZ2. 2

3 21717 3101

\/ Ttn+n?  T+o+12 for NH,

for TH,

Z ’U8i|2 m? - 2 2 )2
\/(Am21—Am31)t1 AmSlnl

i=1
1+t3+t3 1+nf+n3
From Egs. (50)-(52), we can express ni,t; and ss in terms of two constrained parameters cg, sy,

2 2 2 2 2 .
and five observable parameters Ams,, Ams3,, s{y, 853, 573 and as follows:

e For NH:
2 442
s2,ctat (1+nit1)si3
e 2 42 2 21221341 R NN (57)
\/(013t1 — st3) stactycist — siystsclsty LIRS
3%(353 — Ci) + ci(cgg + 62985)) + 2\/03012#312/)(3%30%3 — sicisg)
t1 =113 (58)

(C?p - 3%3)2
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e For IH:
31211(333 — ci}) + ci(c%ij) + 02931) — 2\/6303181(8%30%3 — siczsg)
k1= —ti3 S o2 ; (59)
(2~ )
2 2 (12,2 2 2 .2 2
V22, —s° 312012013\/k1 (kPcls — s13) — kictastacis
hp= Y3 T3 . (60)

) 2 2 (.2 2
kisi3 sty + sTocis (s13 — #7)

Expressions 1) and 1’ show that the model parameters ss,ki2,n12 and t12 de-
pend on two constrained parameters cgy, s, and three observable parameters 8%2,8%3, 3%3 while
A, Bi2,C123, (mee) and mg depend on two constrained parameters cg, s, and five observable pa-

2 2 2 2 2
rameters Ams;, Am3;, s7q, 553, 513

V. NUMERICAL ANALYSIS

e For the charged lepton sector, using the values of A, the observed values of the charged lepton
masses [I], m. = 0.51099 MeV,m,, = 105.65837 MeV,m, = 1776.86 MeV and the VEV of scalar
fields in Egs. and ({5)), with the help of Egs. and —, we get |hi| ~ 1072, and h2345
are still depend on three parameters «, 6 and . In the case of s, = —0.95 (a0 = 288.2°), the

Yukawa-like couplings hs 345 depend on two parameters 6 and v which are plotted in Figs. [I| and
2

R A e a5
///
4 il 4
0.6 \\\;\ 55 06—
e is 5.0 ws| 4.5
~—_ = 45 ' 4.0
05} \ —40 03 3.5
s | 733 = ’ 3.0
25 35 | 3.0
0.4 25 0.4} ] 2.5
2 | 2.0 25 — 2.0
| —15
03t~ | 03! |
. ‘ 1103 |h
15\ | 103|h2| 2/ | 3|
0290 0295 0300 0305 0310 0.290 0.295 0.300 0305 0310

Co Cp

Figure 1. 103|hs| (left panel) and 103|hs| (right panel) versus ¢y and s, with ¢y € (0.29,0.31) and s, €
(0.25,0.65).
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Figure 2. |hy| (left panel) and |hs| (right panel) versus cg and s, with ¢g € (0.29,0.31) and sy € (0.25,0.65).

Figures [1] and [2] imply

|ha| =~ |h3| ~ 1072, |hy| =~ |hs| ~ 1071, (61)

which implies that the Yukawa couplings in the charged lepton sector differ from each other by one
order of magnitude for a natural explanation to the charged lepton mass hierarchy.

e For neutrino sector. Equation shows that neutrino masses (mg 3 for NH and m o for IH)
depend on two experimental parameters Am3; and Am2; which have been measured with high
accuracy. In the case of Am3, and Am%, lie in 30 range [37], i.e., Am3; € (69.40,81.40) meV? and
Am3, € (2.47,3.63)10° meV?, we get the allowed regions for m1 23, m; = 0, ma € (8.33,9.02) meV,
m3 = (49.70,51.30) meV for NH, and m; € (48.70,50.30) meV, ma = (49.4,51.0) meV, m3 = 0 for

IH. The sum of neutrino masses are predicted to be

(58.25,60.25) for NH,

Z my, (meV) €
(98.50,101.0) for IH,

(62)

which are in consistent with the limits [38] > m, < 0.15 eV (NH) and > m, < 0.17 eV (IH),
Y m, < 0.14 ¢V [39], > m, < 0.152 ¢V [40] (minimal ACDM + Y m,), > m, < 0.118 eV (high-I
polarization), Y m, < 0.101 ¢V (NPDDE model), > m, < 0.093 ¢V (NPDDE+r model) and the
most aggressive bound is Y m, < 0.078¢V (NPDDE+r with the R16 prior) [40, 41], > m, < 0.183
eV for TH [42], > m, < 0.13 eV (the base dataset) and > m, < 0.11 eV (pol dataset) [43],
S my, < 0.19 eV [,
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In order to determine the possible ranges of the parameters ki 2,m12,t12 and get predictive
values for the Dirac CP viloation phase §, we use the observables Am3;, Am3,, sin? 61, sin? fa3

and sin? @13, whose experimental values given in Table as input parameters.

Table III. The global analysis of neutrino oscillation data [37]

Best — fit point (30 range) (NH)|Best — fit point (30 range) (IH)
Am3, [meV?] 75.0 (69.4 — 81.4) 75.0 (69.4 — 81.4)
|Am3, | [me\/z]
— 2.55(2.47 — 2.63) 2.45 (2.37 — 2.53)
sin? 05 0.318 (0.271 — 0.369) 0.318 (0.271 — 0.369)
sin? O3 0.574 (0.434 — 0.610) 0.578 (0.433 — 0.608)
sin” 04s 2.200 (2.00 — 2.405) 2.225 (2.018 — 2.424)
dop/m 1.08 (0.71 — 1.99) 1.58 (1.11 — 1.96)

At the best-fit values of the lepton mixing angles[37], sin? 615 = 0.318 and sin® ;3 = 2.200 x 1072
for NH while sin? 615 = 0.318 and sin? 613 = 2.225 x 1072 for IH, 55,k1,2,n1,2 and t1 2 depend on
two parameters ¢y and s,. The Dirac CP violating phase ¢ (more precisely, ss) as a function of two
parameters ¢y and sy, with ¢ € (0.29,0.31) and sy, € (0.25,0.65) for both IH and NH, is plotted
in Fig. [3] which implies that

ss € (—0.95, —0.50), i.e., 0° € (288.20, 330.00) (NH and IH). (63)

T 1085
0.6
- -0.50
" -0.55
-0.60
0.5[7°% ~0.65
08 — =0.70
3 -0.75
-0.75 -0.80
04F ] 07 -0.85
-0.90
068 — —0.95
-0.6
0.3 /0.55
-0.5 Ss
0.290 0.295 0.300 0.305 0.310

Co

Figure 3. ss versus ¢y and s, with ¢g € (0.29,0.31) and sy € (0.25,0.65) for both NH and IH.
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The dependence of ki2,n12 and t;2 on two parameters cyp and sy, with ¢y € (0.29,0.31) and

sy € (0.25,0.65) for both TH and NH, are respectively plotted in Figs. and 9]
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These figures imply:

(—1.54,-1.42) for NH,
ki €

(—0.215, —0.170) for IH,

(0.70, 0.875) for NH,
ny €

(—4.50, —2.75) for IH,

(0.30, 1.00) for NH,
t] €

(0.90,1.20) for IH,

(—0.25,0.10) for NH,
ko €

(—4.60,—3.20) for IH,

(0.20,0.80) for NH,
Ny €

ta

(—3.00, —1.60) for IH,

(—5.00, —1.50) for NH,
(—1.50,—0.90) for IH.

€
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Similarly, to determine the possible ranges of the parameters A, Bj,C1 23, (mee) and mg we
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Am3, and Am3, are presented in Figs. and respectively.
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72.54°) and
sy = 0.40(¢p = 23.58°) for both IH and NH, and Am3, and Am3, take the values in their 3
o ranges [37], Am3, € (69.4,81.4)meV? and Am2, € (2.47,2.63)103 meV? (NH) while Am2, €
(—2.53,—2.37)103 meV? (IH). The dependence of A, By 2,C1.23, (mee) and mg on two parameters
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Figures [10] and [15] imply that:
(3.700, 3.925) meV for NH,
(48.00,49.40) meV for IH,

(=7.15,—6.80) meV for NH,
(=5.75, —5.575) meV for IH,

By €

(16.00, 16.60) meV for NH,
(23.00, 23.70) meV for IH,

Cy €

-5.575
—2400+ 1
EE /
-5.625
g /
o -5.65
E 2450t
3 -5.675
-57
—-2500
-5.725
~5.75
/
70 72 74 76 78 80

Am%l (meV?)

—-2500F
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with Am3, €

(3.90,4.25) meV  for NH,
B €
(—4.775,—4.60) meV for IH,
(38.40,39.60) meV for NH,
Cq €
(27.40,28.20) meV for IH.
(—19.00, —18.20) meV for NH,
(s €

(—24.70, —24.00) meV for IH.
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(69.4,81.4) meV? and Am3, €
(2.47,2.63)10° meV? for NH (left panel) and Am2, € (—2.53,—2.37)10° meV? for IH (right panel).

(69.4,81.4)meV? and Am3, €
—2.53,—2.37)10° meV? for TH (right panel).
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Figures [16| and [17] show the predictive regions of the effective neutrino-masses:

(3.700, 3.925) meV for NH,
(48.00,49.40) meV for IH,

(8.75,9.10) meV  for NH,
(48.40,49.80) meV for IH,

(Mee) € mg € (70)
which are below the upper limits for (mee) from KamLAND-Zen [45] (mee) < 61+165meV, GERDA
[46] (mee) < 104 <+ 228 meV and CUORE [47] (mee) < 75+ 350meV, and the constraints for mg

with 8.5meV < mg < 1.1eV for NH and 48meV < mg < 1.1eV for IH [I], mg € (8.90 = 12.60) eV
[48], and mg < 0.8eV [49].
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CONCLUSIONS

We have constructed a gauge B — L model with Dy X Z; X Zs symmetry that can explain

the quark and lepton mass hierarchies and their mixing patterns with the realistic CP phases

via the type-I seesaw mechanism. Six quark mases, three quark mixing angles and CP phase in

the quark sector can get the central values and Yukawa

a range of three orders of magnitude difference by th

couplings in the quark sector are diluted

e perturbation theory at the first order.

For neutrino sector, the smallness of neutrino mass is achieved by the Type-I seesaw mechanism.
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Both inverted and normal neutrino mass hierarchies are in consistent with the experimental data.
The prediction for the sum of neutrino masses is 58.25meV < > m, < 60.25 meV for normal
hierarchy and 98.50meV < > m, < 101.00 meV for inverted hierarchy which are well consistent
with all the recent limits. In addition, the Dirac CP phase is predicted to be 288.20 < 4(°) <
330.00 within the 30 range of experimental constraint. The effective neutrino masses are predicted
to be 3.700meV < (mee) < 3.925 meV, 8.75meV < mg < 9.10meV for normal hierarchy and
48.00meV < (mee) < 49.40 meV and 48.40meV < mg < 49.80meV for inverted hierarchy which

are in consistence with the recent constraints.
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Appendix A: Forbidden terms under the model’s symmetries

Table IV. Yukawa terms forbidden by the model’s symmetries

Yukawa terms

Forbidden by

Garlar)r, H, (Duplar)r . H'; (1 1Var)2(Hp*)2, (11 var)2(H'p*)a;
Parvar)i_y (HO s @arvar)r, (H'9)1,  (Qiruir)i,, (Ho),,,
(Qaruar)i, (Ho)1,,, (Qaruar)t, H,(Qaruar)i H' (Qaruar)i _(H'$)1__;
(Qiruar)2(Hp)2, (Qiruar)2(H'p)2, (Qaruir)2(Hp*)2, (Qaruir)2(H' p*)2,
(Qirdir)1,, (ﬁf¢)1++7 (Qardar)1,, (ff¢)1++7 (QaLdaR)lJr,ff, (QaLdaR)1,+Ef"
(Qardar)1__(H'®)1__; (Qirdar)2(Hp)2, (Qirdar)2(H'p)2,
(Qardir)2(Hp* )2, (Qardir)2(H'p*)

(PIC’I’:x'4V1R)1+4r (¢X*)1++’ (plcRle)lJrJr (p2)1++’ (P?RV13)1++ (p*2)1++;
(PgRVaR)l-H- (¢X*)1++ ’ (ngVaR)1++ (p2)1++ ’ (ngVaR)h--;- (p*2)1++ )

(PSRVQR)Hf X*? (alegL)lwr H2’ (alech)lwr H”.

(Urphir)r, H, (O phr),  HY (O plir), , (H' @)1 5 (b pvar)1, - (Hp*)a,
1) (H'0%)2: Garvim)2(He)r . (Gapvir)2(H'0)1,: (Ppmim),.
(T rVaR)2X, (??RVaR)2(¢X)1++; (QILUIR)1++E’; (QlLulR)1++I/:f/7
(Qiruir)1, (H'¢)1__, (QaLuaR)1++fI7 (QaLuaR)1++f7’, (QarLtar)1, (H'¢):
(Qirdir)1,, H,(Qirdir)1  H', (Qirdir)1, (H'$)1__,
(Qardar)1,, H,(Qardar)r, . H', (Qardar)1, . (H'd)1__

D,

(@11var)2(Hp)a, @1 ,var)2(H'p)2, arvin)2(Hp)a, (barvin)a(Hp*)a,
(arir)2(H'p)2, (Worvir)2(H'p*)2, (Qirtiar)2(Hp*)2, (Qirttar)2(H'p*)2,
(Qaruir)2(Hp)2, (Qaruir)2(H'p)2: (Qirdar)2(Hp*)2, (Qirdar)2(H'p*)2,

(Qardir)2(Hp)2, (Qardin)2(H'p)a

Zy

($11lar)2(Hp)2, (1 1lar)2(H'p)2, (Yarlir)2(Hp )2, Warlir)2(H' p*)2

Z3

26
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Appendix B: The explicit expressions of ai,. 4, G24.d; G3u,d; Du.ds Clu,ds C2u,ds C3u AN Caqy g

as functions of quark masses and quark mixing matrix elements

The explicit expressions of a1y,4, @2u,d> A3u,d> bu,d> Clu,d> C2u,d, C3u and 4y q are:

Me + My Me — My
Aly = My, A2y = — 55 A3y = — 5,
2 2
ms + my Mg — Myp
a1d =Mqg, A2d = — 755 A3d = — 5
2 2

(mg — ms)(me — my,) l—VeXp
Cly = —C3y + > CQCld ( ) s
Copy — (mu - mc) (md - ms) |: 4b:<lbu C4u(cgd + CZd) + Vexp

' czd + g (my —mg)(me —my) — (me —m)(ma — my) ’
o = P [0 = e ) il
2 ZCld(mt —my,) mp — My
2en, = 4b%5by (me — my) (ms —mq) VeXp( — mg)(me — my,)
u * * *
(Czd + C4d)(mb —myg)(me — my) €34 — Cig
(my — mg)(my —my) Vexp( —me)(mq — ms) (me —my)(mg — ms) (B1)

C5q — Cag Coa + Cig Coq F Cig 7

b, = (mp —ms)(me — my){(c5, + i) (2614 + (ma — ms)VHIT] + (ma —ms)* (1 = V55") }
v 4b* (mg — my)? ’
e — (Mo = ma)(my — my) {(1 = V11")(ma — ms)® +2¢] ¢y + hg + (ms = ma)Viy'] }
d 4ci (mg —my) [CZd — g+ V?gp(md — mb)} ’
ch V o Vexp —1 (md - mb)

chy = —d + VeXp ) . g = {2¢4(mg — ms) [mpF g + maGg + mHy|
+(ma — ms)>Tq + 4c3(VEP — 1) [VI3P (mp — ma) + VI3F (ma — mg) ] }/{4c1,VEiT [2¢14 Vi

+(mq —ms) (V3P Ve” = V)] 1,
~ (ms —ma)\/Kig + (ms — ma)P1q + VI (mg — mg) [(V5Y — 1)VEP — VP VEP]
C1q = 4V‘i§pVeXp 4V(i>>2cpvexp ;

where

VP D(VPVSP V), Gy VIRV 4 (VP - VEP)VSP — VP 4 V]
FVEP - VEP _ YOP _ YO (YEP L yEPYSP) L yEP[yEP L (VP _ )y OP)
(VP 4 VEP) L VEEP) 4 VSP(VEER — VEPVER 4 VERVED) 1 VERVERC_ VED).

T, = (1 - VEP)[VEP(1 — VEP) + VEPVEP], (B2)

Kuy = (VI + VEPVER)VEP - VIPVERVEY — VEPVERVER + (Vi - VIV
_VEPVEP 4 VEPVIFI? 4 A(VEP — 1) (VIPVEP — VEPVEP) (VESVEP _ VPV,

P g = (VeXP VeXP Vi;pVeXP)VeXp (Vi;{pvexp Vexp)vexp )
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Appendix C: The explicit expressions of k; 5,112 and ¢; 2 as functions of

a/DabD7cDa fD7gDva'R7bR and CR

The explicit expressions of k1 2,n12 and t; 2 are:

CD—dD aD—bD (Cl)

ap +bp’ 2_CD—i-dD7
ny = {aQD(bD — aD) bR + CR) — bD [(CR — bR)(bQD + 2CDdD) + (C%) -+ d%)CR]

1=

(
—ap [b3(br — cr) + 2¢pdp(br + cr) + (¢} + d3)cr] + (ap — bD)\/K}
/{(ep — ) (¥
ny = {(ep +dp){[(ap +bp)? + (cp — dp)*|ck + (a} — b)erbr + 2(cpdp — apbp)V
~brv/A}}/{ (ep — dp) [Phbr(cr — br) + abbr(br + c) + brer(ch + db) — erVA] }, (C3)

t1 = {aQD(bD — aD)(bR + CR) +bp [(b2D + QCDdD)(bR — CR) — (C2D + d2D)CR]

cr —br) + ah(br + cr) + [(cp + dp)® — QGDbD]CR}}a (C2)

—ap [bQD(bR - CR) + CQDCR -+ QCDdD(bR + CR) + CRdzD] + (bD — GD)\/Z}
/{(CD — dD) [b%(cR — bR) — 2apbpep + a%(bR + CR) -+ CR<CD + dD)2] }, (C4)
ty = {(CD + dD){ [(aD -+ bD)2 + (CD — dD)Q] C%{ + (CL2D — bZD)CRbR + Q(CDdD — CLDbD)b%

—H)R\/Z] }}/{(CD — dD) [b%bR(CR — bR) + a%bR(bR + CR) + bRCR(C% + d%) + CR\/E] }, (C5)

where

A = ab(br + cr)? + [bhbr — (bh + cb)cr]” + 8apbpepdp(ch — by) + chdb

+2[2b%,ch, — bhbrer + (b — ch)ek|dT, + 2a%,(bg + cr) [bD (br — cr) + cr(ch + db)]. (C6)
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