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Abstract
Pole-skipping is a property of gravitational waves dictated by their behaviour at horizons of black
holes. It stems from the inability to unambiguously impose ingoing boundary conditions at the horizon
at an infinite discrete set of Fourier modes. The phenomenon has been best understood, when such a
description exists, in terms of dual holographic (AdS/CFT) correlation functions that take the value
of ‘0/0’ at these special points. In this work, we investigate details of pole-skipping purely from
the point of view of classical gravity in 4d massive black hole geometries with flat, spherical and
hyperbolic horizons, and with an arbitrary cosmological constant. We show that pole-skipping points
naturally fall into two categories: the algebraically special points and a set of pole-skipping points that
is common to the even and odd channels of perturbations. Our analysis utilises and generalises (to
arbitrary maximally symmetric horizon topology and cosmological constant) the ‘integrable’ structure
of the Darboux transformations, which relate the master field equations that describe the evolution
of gravitational perturbations in the two channels. Finally, we provide new insights into a number of
special cases: spherical black holes, asymptotically Anti-de Sitter black branes and pole-skipping at
the cosmological horizon in de Sitter space.
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1 Introduction
Decades of studies of linearised perturbations
around gravitational backgrounds have led to
numerous physical insights into astrophysics and
cosmology (see e.g. Ref. [1]), and with the help of
the holographic duality (the AdS/CFT correspon-
dence [2]), more recently also into quantum field
theories (QFTs) (see e.g. Refs. [3–5]). With the
theory of classical linearised gravitational pertur-
bations so thoroughly investigated, it may seem
unlikely that novel and potentially generic features

of these equations could still be found. Never-
theless, recent holographic investigations of the
connection between transport and quantum chaos
in strongly coupled thermal quantum field the-
ories uncovered such a phenomenon now known
as pole-skipping [6–9]. Even though pole-skipping
originated from holography and is in a sense a
statement about QFT correlation functions, the
gravitational incarnation of it (actually, the bet-
ter understood side of the phenomenon) requires
no holography and is in itself worth studying.
The new results on pole-skipping presented in this
paper will focus almost exclusively on their role in
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classical gravity, within the realm of the theory of
general relativity, and our analysis will rely solely
on the vacuum Einstein equations.

What is pole-skipping? Classical gravita-
tional equations of motion for gauge-invariant
(diffeomorphism-invariant) perturbations ψ in
Einstein gravity are second-order differential
equations. This implies the existence of two inde-
pendent solutions, which are, near the horizon,
usually taken to be the ingoing and the out-
going modes. Since, classically, ‘everything’ falls
into a black hole, physical considerations nor-
mally require us to impose the ingoing boundary
conditions at the black hole horizon. For certain
parameters characterising the perturbations in
Fourier space, however, there is no way to select a
unique ingoing mode. In other words, two linearly
independent ingoing modes exist. At each such
special point — and there is a discrete and infinite
set of such points [10, 11] — we therefore obtain an
extra free parameter worth of ‘ingoing’ solutions.
These are the pole-skipping points, which signal an
‘indeterminacy’. The name is due to the fact that
in the holographic description of this phenomenon,
this indeterminacy at asymptotic infinity gives rise
to a dual correlation function that (formally) has
the value of ‘0/0’ [6–8]. Along a Fourier space ‘tra-
jectory’ of a specific pole of the correlator, there
also lies a zero of the correlator that ‘cancels’ the
pole at the pole-skipping point.

In the context of holography and maximally
chaotic conformal field theories (CFTs) with a
large number of local degrees of freedom (large-N
theories), i.e., in spaces with a negative cosmolog-
ical constant, pole-skipping has been thoroughly
investigated. Among various works that have anal-
ysed it are Refs. [10–29]. From the point of view
of effective field theory, the symmetry principles
that lead to pole-skipping were understood in
Refs. [7, 30]. In general, what has been uncovered
is that pole-skipping always occurs at frequencies
ω that are integer multiples of the negative imag-
inary Matsubara frequency, i.e., ω = ωn [10, 11],
where the range of the integer n depends on the
spin of the operator [15]. For bosonic operators,
we have ωn = −2πiTn and for fermionic oper-
ators [31, 32], we have ωn = −2πiT (n + 1/2).
The wavevector associated with each of these
(infinitely many) points can be in general com-
plex. The leading pole-skipping point in the energy

density correlator (the spin-0 component of the
energy-momentum tensor), which was found as
the first such case [6, 7], has been related to max-
imal quantum chaos [33–36] and can be used to
compute the butterfly velocity of propagation of
the chaotic wavefront with the Lyapunov expo-
nent λL = 2πT . Beyond the semi-classical large-N
limit, pole-skipping is less well understood, but
significant progress has also been made for such
theories [37].1

In this work, we focus on studying and classify-
ing pole-skipping points in four dimensional back-
grounds of massive (non-rotating and uncharged)
black holes with maximally symmetric 2d hori-
zons, and with an arbitrary cosmological constant.
Our classification will be based on the special
‘integrable’ structure of gravitational perturbation
equations [40] that can be encoded in the language
of Darboux transformations (for a recent work on
this subject, see Ref. [41]). While this structure
has been known to exist for spherically symmetric
asymptotically flat 4d black holes, to facilitate our
classification, we generalise the formalism of Dar-
boux transformations that relates the even and
odd channels of linearised fluctuations to all con-
sidered black holes: asymptotically Minkowski, de
Sitter and Anti-de Sitter black holes with flat,
spherical and hyperbolic horizons.

Should this be necessary, we stress that four-
dimensional black holes are interesting for a num-
ber of reasons. Black holes in asymptotically Anti-
de Sitter spaces are dual to 3d CFTs in a thermal
state. More importantly for this paper, the special
integrable structure on which our classification is
based is only known to exist in 4d. Furthermore,
we appear to live in four (large) dimensions and
there is little doubt left as to the existence of
black holes in our universe. Finally, since observa-
tional data on gravitational waves is now readily
available, a more thorough study of pole-skipping
exhibited by 4d gravitational waves may also play
a role in future astrophysical and cosmological
investigations.

This paper is structured as follows: In
Section 2, we discuss the geometry of 4d mas-
sive black holes and their gravitational pertur-
bations in two channels distinguished by their
parity transformations: the even and the odd

1See also recent works on the effective field theory of non-
maximal chaos [38, 39].
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channel. In Section 3, we introduce the ‘integrable’
structure encoded in the Darboux transforma-
tions that relate the gravitational wave solutions
between the two channels. In Section 4, we discuss
general properties of pole-skipping and classify
pole-skipping points of 4d black holes. Then, in
Section 5, we analyse a number of physically inter-
esting special cases of our results. Moreover, since
in asymptotically de Sitter spaces, cosmological
horizons with analogous properties to those of the
event horizons exist as well, we also examine prop-
erties of pole-skipping at the cosmological horizon.
Finally, in Section 6, we discuss a number of
outstanding problems and outline some potential
future research directions.

2 Massive 4d black holes and
their perturbations

2.1 The background
In this work, we study static, 4d solutions of the
vacuum Einstein equations with an arbitrary cos-
mological constant Λ. In particular, we focus on
the gravitational solutions, mainly black holes and
black branes, expressed in the coordinate system
xµ = (t, r, χ, ϕ) for which the spatial constant-
r slices are maximally symmetric. Formally, we
express all such geometries as the product space
M × K, where M is a 2d Lorentzian spacetime
with the metric gab and K a 2d maximally sym-
metric Riemannian space with the metric γAB :2

ds2 = gµνdx
µdxν = gabdx

adxb + r2γABdx
AdxB ,

(1)
where

gabdx
adxb = −f(r)dt2 + 1

f(r)
dr2, (2)

γABdx
AdxB =

dχ2

1−Kχ2
+ χ2dϕ. (3)

The ‘emblackening factor’ f(r) is given by

f(r) = K − 2M

r
− Λ

3
r2, (4)

2The Greek, the lower-case Latin and the upper-case Latin
indices are used to run over the following coordinates: µ, ν ∈
{0, 1, 2, 3}, a, b ∈ {0, 1} and A,B ∈ {2, 3}, respectively.

where M is a constant representing the black
hole’s ‘mass’, the Newton’s constant is set to
G = 1 and K is the normalised constant sec-
tional curvature so that K = 1, K = 0 and
K = −1 correspond to spherically, translationally
and hyperbolically symmetric spaces, respectively.
These three choices correspond to the well-known
spherical, planar and hyperbolic black holes. As
is usual, planar black holes will be referred to
as black branes. The asymptotically flat spher-
ical black hole is the simplest and the oldest
known such solution dating back to 1916: the
Schwarzschild black hole.

Black holes described by the spacetime met-
ric (1) have an event horizon at r = r0, which
is the smallest positive real root of the equation
f(r) = 0. In the asymptotically flat (Λ = 0)
and anti-de Sitter (Λ < 0) cases, this solution
is the only physical solution of f(r) = 0. In the
asymptotically de Sitter (Λ > 0) case, however,
there may exist a second physical horizon, which
is known as the cosmological horizon. An event
horizon of a black hole has an associated Hawking
temperature, which is given by

T =
f ′(r0)

4π
, (5)

where the prime (′) denotes a derivative with
respect to the coordinate r. It will also prove
convenient to define the following normalised tem-
perature:

τ ≡ T

T0
= 2Mf ′(r0), (6)

where T0 is the temperature of the asymptoti-
cally flat and spherically symmetric Schwarzschild
black hole:

T0 ≡ T (K = 1,Λ = 0) =
1

8πM
. (7)

We will parameterise the metric in terms of τ by
using the identity

τ2(τ −K2)

3
= 16M2Λ

(
M2Λ− K

9

)
, (8)

and express the position of the event horizon as

r0 = 2M

√
K2 + 3τ −K

τ
. (9)
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Note that in using the expression (8), one must
carefully choose the correct branches of the solu-
tions. We plot the branches of physical solutions
in the parameter space of τ and 4M2Λ for K =
{1, 0,−1} in Figure 1. If the 2d manifold K is
either flat or negatively curved, i.e., for cases with
K = 0 (black brane) or K = −1 (hyperbolic
black hole), the event horizon only exists when the
4d geometry has Λ < 0 and is therefore asymp-
totically Anti-de Sitter. All such spaces with an
event horizon have τ > 0 (positive temperature).
On the other hand, for positively curved K with
K = +1 (spherical black hole), physical solutions
with (real) horizons also exist for non-negative val-
ues of the cosmological constant Λ. In terms of τ ,
τ = 1 corresponds to all asymptotically flat black
holes, τ > 1 to the asymptotically Anti-de Sitter
(AdS) cases and 0 < τ < 1 to the asymptotically
de Sitter (dS) cases. The space described by τ = 0
(M2Λ = 1/9) is called the Nariai space [42, 43]
and is the extremal solution with the overlapping
event and cosmological horizons. For the param-
eter regime of M2Λ > 1/9, the geometry has a
naked singularity. Neither the Nariai space nor the
cases with naked singularities will be of interest to
us in this paper. We will therefore limit ourselves
to geometries with τ > 0. It should be noted that
up to rescalings of the radial coordinate r, the
choice of K and τ completely parameterises all of
the spaces considered here.

2.2 Master perturbation equations
Pole-skipping is a property of linearised gravita-
tional perturbations in spacetimes with horizons.
To facilitate the discussion of pole-skipping in
the next section, we first present a general the-
ory of perturbations of spacetimes described in
Section 2.1 in the language of the gauge-invariant
master fields and master equations (see Refs. [44,
45]).

To write down the linearised perturbation
equations of the background metric (1), we start
by introducing some notation. In particular, let
∇a be the (unperturbed) covariant derivative on
M defined with respect to the metric gab and
DA the (unperturbed) covariant derivative on K
defined with respect to the metric γAB . We can
then introduce a d’Alembertian on M:

□ ≡ gab∇a∇b, (10)

Fig. 1: A representation of the solutions to Eq. (8)
for spherical black holes with K = 1 (blue), black
branes with K = 0 (red) and hyperbolic black
holes with K = −1 (green). The event horizon
branches are depicted with thick solid lines and
the cosmological horizon with a dashed blue line.
The event horizon branch is bijective for all phys-
ical τ while the cosmological horizon branch is
not bijective. Black branes and hyperbolic black
holes only exist in asymptotically AdS spaces with
Λ < 0. Spherical black holes exist for any Λ. The
unphysical solutions with r0 < 0 (thin solid lines)
will not be studied in this work.

and a Laplacian on K:

∆ ≡ γABDADB . (11)

On M, we also introduce a timelike Killing vector
ta and a normalised radial vector ra:

ra ≡ ∂r

∂xa
, (12)

ta ≡ −ϵabrb, (13)

where ϵab is the 2d Levi-Civita tensor. In terms of
their components, we can set rt = 0, rr = 1, tt = 1
and tr = 0.

We can now perturb the metric to first order,
gµν → gµν+δgµν , and decompose the fluctuations
δgµν with respect to the symmetries (isometries)
of the background. It is convenient to expand the
metric perturbations in terms of the scalar eigen-
functions Y (µ,j) of the Laplacian operator on the
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maximally symmetric 2d spatial manifold K:

(∆ + µ)Y (µ,j) = 0, (14)

were j is an index labeling different eigenfunctions
with the same eigenvalue. We will omit the index
j below. In this basis, the equations decouple. For
more details, see Ref. [46].

In the spherical case (K = 1), these eigenfunc-
tions are the spherical harmonics with a discrete
spectrum of non-negative eigenvalues:

µ = ℓ(ℓ+ 1), ℓ ∈ N0. (15)

In the planar case (K = 0), the eigenfunctions are
the Fourier modes with a continuous spectrum of
non-negative eigenvalues:

µ = k2, k ∈ R, (16)

where k is the wavevector. The formalism consid-
ered here and our results will hold also for the
hyperbolic case (K = −1). For details on those
eigenfunctions, we refer the reader to Ref. [46].

We can now use the scalar functions Y (µ) on K
to also introduce vectors and tensors on K, which
are needed to expand the metric (cf. Ref. [47]):

Y
(µ)
A = DAY

(µ), (17a)

X
(µ)
A = ϵA

BY
(µ)
B , (17b)

Y
(µ)
AB = DAY

(µ)
B +

1

2
µY (µ)γAB , (17c)

X
(µ)
AB =

1

2

(
DAX

(µ)
B +DBX

(µ)
A

)
. (17d)

Using these scalars, vectors and tensors, we
can then decompose the perturbed metric as

δg
(µ)
ab (t, r, χ, ϕ) = h

(µ)
ab (t, r)Y (µ)(χ, ϕ), (18a)

δg
(µ)
aB (t, r, χ, ϕ) = j(µ)a (t, r)Y

(µ)
B (χ, ϕ) + v(µ)a X

(µ)
B (χ, ϕ), (18b)

δg
(µ)
AB(t, r, χ, ϕ) = r2

[
w(µ)(t, r)γABY

(µ)(χ, ϕ) + q(µ)(t, r)Y
(µ)
AB (χ, ϕ)

]
+ s(µ)(t, r)X

(µ)
AB(χ, ϕ), (18c)

where h(µ)ab , j(µ)a , v(µ)a , w(µ), q(µ) and s(µ), defined
on M, account for the ten independent compo-
nents of the perturbed metric. We will henceforth
also suppress the superscript µ as well as the
explicit coordinate dependence.

The equations of motion split into two inde-
pendent channels: the even (+) channel that
includes hab, ja, w and q, and the odd (−) chan-
nel that includes va and s (distinguished by how
they transform under parity). By using

ϵa = ja −
1

2
r2∇aq, (19)

we can construct two gauge-invariant functions in
the even channel:

h̄ab = hab −∇aϵb −∇bϵa, (20a)

w̄ = w +
µ

2
q − 2

r
raϵa, (20b)

and one gauge-invariant function in the odd chan-
nel:

v̄a = va −
1

2
∇as+

ra
r
s. (21)

Furthermore, for future use, we also define a
function of the radial coordinate Φ(r):

Φ(r) = µ+ rf ′(r)− 2f(r) = µ− 2K +
6M

r
. (22)

Although not apparent at the moment, the
behaviour of this function will be of crucial impor-
tance for the results of this paper.

Using these gauge-invariant variables and their
first derivatives, one can now define the gauge-
invariant master functions in the even (ψ+) and
the odd (ψ−) channel as follows [48–55]:

ψ+ = r

[
w̄ +

2

Φ(r)

(
rarbh̄ab − rra∇aw̄

)]
, (23a)

ψ− = rϵab
(
∇av̄b −

2

r
rav̄b

)
. (23b)
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If we know the master function, then, by using the
perturbed Einstein equations, we can also recover
all components of the perturbed metric δgµν (see
e.g. Ref. [44]). For a comprehensive review of the
master function formalism in 4d, see Ref. [56].

The gauge-invariant master functions ψ± sat-
isfy the so-called master equations:

(□− V±(r))ψ±(t, r) = 0. (24)

The two respective potentials V±(r) are given by

V+(r) =
72M3 − 12M2r

[
2Λr2 − 3(µ− 2K)

]
+ 6Mr2(µ− 2K)2 + r3µ(µ− 2K)2

r3[6M + r(µ− 2K)]
2 , (25a)

V−(r) =
µr − 6M

r3
. (25b)

In Section 3, we will elucidate the rich hidden
symmetry structure that relates the two poten-
tials, encoded in the Darboux transformations,
which is analogous to certain integrable structures
known in the theory of differential equations.

Eqs. (24) can be further reduced by using the
time translation symmetry of the backgrounds.
We Fourier decompose the time dependence as

ψ±(t, r) = ψ±(r)e
−iωt, (26)

where ω is the frequency. The master equations
(24) can then be written as(

d2

dr2∗
+ ω2

)
ψ±(r) = f(r)V±(r)ψ±(r). (27)

Hence, we have reduced the entire problem of first-
order gravitational perturbations of static black
hole backgrounds to a one-dimensional scattering
problem written as a Schrödinger equation. Here,
have also introduced the ‘tortoise coordinate’ as

dr∗
dr

=
1

f(r)
. (28)

Asymptotically, near the boundary of AdS, near
infinity of the Minkowksi space or near the cos-
mological horizon of dS, the tortoise coordinate
behaves as r∗ → ∞. Near the black hole event
horizon r = r0, r∗ scales as

r∗ ∼ 1

4πT
ln(r − r0), (29)

which implies that r∗ → −∞. Since the product
f(r)V (r) falls exponentially as r∗ → −∞, it fol-
lows that near the horizon, the master equations
simplify to (

d2

dr2∗
+ ω2

)
ψ±(r) = 0. (30)

It is important to note that the above mas-
ter equation formalism breaks down when µ(µ −
2K) = 0 and when ω = 0. Each of those cases will
be studied independently. We also note that for
µ = 0, the first-order perturbation itself exhibits
the same symmetry as the spacetime background
and is a static perturbation of the background
geometry. It can be understood as a ‘perturbation’
of the constant ‘mass’ parameter M . The second
case, µ = 2K, only exists for spherical horizons
with K = 1 and is, given Eq. (15), therefore the
spherical harmonics mode with ℓ = 1. Thus, again,
the perturbation is static. In the odd channel, it is
the perturbation of the angular momentum and in
the even channel, it can be understood as a boost
of the coordinate system. For further details, see
Refs. [45, 57–59]. All perturbations with ℓ ≥ 2 can
be treated directly in the master field formalism.
Finally, note that we will treat µ as a complex
variable throughout most of the discussion.

2.3 Asymptotics and boundary
conditions

The master equations (27) are ordinary second-
order differential equations. Each equation there-
fore has two independent solutions and requires a
choice of two boundary conditions. In general, we
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can express these two solutions in an independent
manner in a way that separates their behaviour
asymptotically far from the horizon (at infinity or
at the cosmological horizon, depending on Λ) and
at the horizon. Asymptotically far, we write (each)
ψ as

ψ = AψA +BψB, (31)
where A and B are arbitrary constants. At the
horizon r = r0, we can instead write

ψ = Cψin +Dψout, (32)

where, now, C andD are arbitrary constants (that
can be related to A and B, and vice versa). Near
the horizon, the two independent solutions are the
ingoing and the outgoing solution.

By using Eq. (30), we see that, at the horizon,
the ingoing and the outgoing solutions behave as

ψin(r → r0) ∼ e−iωr∗ ∼ (r − r0)
− iω

4πT , (33)

ψout(r → r0) ∼ eiωr∗ ∼ (r − r0)
iω

4πT . (34)

Note that by taking ω → −ω, we map an ingo-
ing solution to an outgoing one, and vice versa.
The result in Eq. (34) is ‘universal’ in the sense
that it is dictated by the horizon geometry and
independent of any other details characterising the
background, such as K or Λ.

Asymptotically far from the horizon, the scal-
ing of solutions depends on the curvature of the
spacetime. In the asymptotically flat case (Λ = 0),
r∗ ∼ r, so the product f(r)V (r) → 0 as r → ∞
and the two solutions behave as

ψA
flat(r → ∞) ∼ e−iωr, (35a)

ψB
flat(r → ∞) ∼ eiωr. (35b)

When the space is asymptotically AdS (Λ < 0),
we have

ψA
AdS(r → ∞) ∼ 1 +O(r−2), (35c)

ψB
AdS(r → ∞) ∼ 1

r
+ . . . . (35d)

In the asymptotically dS case (Λ > 0), the
asymptotic geometry has a cosmological horizon
rc (where, also, r∗ → ∞). In analogy with the
behaviour of ψ at the (standard black hole) event

horizon, the solutions are also the ingoing and
outgoing modes:

ψA
dS(r → rc) ∼ e−iωr∗ ∼ (rc − r)

− iω
f′(rc) , (35e)

ψB
dS(r → rc) ∼ eiωr∗ ∼ (rc − r)

iω
f′(rc) . (35f)

As at an event horizon, we can again map an ingo-
ing solution to an outgoing one, and vice versa, by
taking ω → −ω.

With the knowledge of the asymptotic
behaviour of ψ in hand, we can now discuss the
appropriate boundary conditions. Since the event
horizon of a black hole classically absorbs all infor-
mation, it is standard to impose ingoing boundary
conditions at the horizon: i.e.,D = 0 (cf. Eq. (32)).
Such a boundary condition fixes the ratio of B/A
at asymptotic infinity, as it does the ratios of C/A
and C/B, which are important for the time evolu-
tion of gravitational waves.. In the language of the
holography, this choice gives rise to the retarded
dual two-point function of the energy-momentum
tensor that is determined by B/A [60, 61]. Cru-
cially, however, there exist special cases — the
pole-skipping points — where one cannot uniquely
impose the ingoing boundary conditions and end
up with a single mode ψin by setting D = 0 [6, 8].

At infinity, for asymptotically Minkowski and
dS black holes, a standard choice is to set B = 0,
which only keeps the outgoing modes — no pertur-
bation comes from infinity. The resulting solutions
are called the quasinormal modes (QNMs), which
are central to the analysis of gravitational waves.
One could alternatively keep only the ingoing
modes at infinity by using what is called the
‘totally transmissive’ condition and set A = 0.
In asymptotically AdS spaces, which are compact,
one usually either imposes the Dirichlet or the
von Neumann boundary conditions. What we typ-
ically refer to as the QNMs in asymptotically AdS
spaces are the solutions with the Dirichlet bound-
ary conditions and A = 0. In the language of
holography, if the dual correlator is determined by
the ratio of B/A, the QNM solutions with A = 0
directly determine the poles of the corresponding
correlator [62]. Note, however, that when using the
master fields, the relation between these condi-
tions and the QNMs for pure metric perturbations
δgµν is more involved. For a further discussion of
QNMs, see e.g. the review [63].
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3 Darboux transformations

3.1 The formalism
A remarkable fact about the linearised fluctua-
tions of black holes in 4d Einstein gravity, which
was described by Chandrasekhar for asymptoti-
cally flat spaces in Refs. [40, 64, 65], is a special
symmetry transformation that relates the even
and odd channels. There exists a relation between
the two potentials in Eq. (25), which implies that
given a solution of the master equation in one of
the channels, we can directly find a solution in
the other channel (for the same values of ω and
µ) by using a first-order differential operator. This
transformation between the channels, sometimes
referred to as the Chandrasekhar transformation,
is a special case of the Darboux transformations,
introduced already in the late nineteenth century
[66]. While widely studied in the context of exactly
solvable models in quantum mechanics, integra-
bility and supersymmetry (see e.g. Refs. [67–72]),
its application to the theory of black holes was
noticed only later [73].

The formalism of Darboux transformations
allows us to introduce the notion of the so-called
algebraically special modes and frequencies (see
Refs. [41, 73–83]). Even though we only consider
massive black holes here, the formalism can also
extended to the study of charged [84] and rotating
[64, 65, 73] black holes. It is believed that the rich
structure embodied by the formalism of Darboux
transformations is unique to black holes in 4d [85].

In this work, we present this formalism in
what we believe is its most elegant incarnation,
generalising it to cases with an arbitrary cosmolog-
ical constant Λ and maximally symmetric horizon
topology K — i.e., for all backgrounds that were
introduced in Section 2. We begin by writing the
potentials V±(r) in the following form:

f(r)V±(r) = ω̃2 +W (r)2 ± dW (r)

dr∗
, (36)

where
W (r) = −d lnΦ(r)

dr∗
− iω̃. (37)

In this expression, Φ(r) is the function defined in
Eq. (22) and we introduced the frequency ω̃:

ω̃ = i
µ (µ− 2K)

12M
. (38)

Next, we define two linear first-order differen-
tial operators L± (sometimes referred to as the
supersymmetry operators):

L± =W (r)± d

dr∗
. (39)

The master equations (27) in the two channels can
then be written as

L+L−ψ+ =
(
ω2 − ω̃2

)
ψ+, (40a)

L−L+ψ− =
(
ω2 − ω̃2

)
ψ−. (40b)

Using the equations in the form expressed in
Eq. (40), it is now follows that given a solution ψ+

in the even channel, a new function

ψ− = L−ψ+ (41)

will automatically solve the odd channel equation.
Similarly, given a solution ψ− of the odd channel
equation, the function

ψ+ = L+ψ− (42)

will solve the even channel fluctuation equation.
Furthermore, the transformation maps ingoing (or
outgoing) waves at the horizon from one channel
to ingoing (or outgoing) waves at the horizon in
the other channel. In the asymptotically flat case,
the same can be said about the ingoing and out-
going nature of the waves at asymptotic infinity,
which is the property that yields the isospec-
trality (a one-to-one map) of QNMs in the two
channels. As can be inferred from our above gener-
alisation to spacetimes with different asymptotics,
isospectrality is no longer guaranteed when Λ ̸=
0.3

3.2 Algebraically special solutions
The above discussion has important exceptions. In
particular, since the operators L± are first-order
operators, they can have a non-trivial kernel. This
means that there exist functions that are directly
annihilated by these operators. We will denote

3Note that isospectrality can still hold in asymptotically dS
spaces, but that depends on how precisely we define QNMs.
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such special functions by ψ̃±(r). More precisely,
ψ̃±(r) satisfy the following equations:

L−ψ̃+ = 0, (43)

L+ψ̃− = 0. (44)

While ψ∗
± defined in this way do not solve the

master equations (40) in general, they do solve
them for special values of frequencies: ω2 = ω̃2. We
will call such frequencies the algebraically special
frequencies and the solutions (44) the algebraically
special solutions (or modes). Moreover, we will call
the pairs (ω, µ) with ω2 = ω̃2 the algebraically
special points. Explicitly, the algebraically special
solutions are given by

ψ̃+ =
[
Φ(r) eiω̃r∗

]−1
, (45)

ψ̃− =
[
Φ(r) eiω̃r∗

]+1
. (46)

Setting ω2 = ω̃2 does not automatically
imply that a corresponding solution to the master
equation will be an algebraically special solution.
This is because there always exists a second set of
linearly independent solutions (one even and one
odd), call them χ̃±(r), which are not annihilated
by L±. Since it can be shown that

L−χ̃+ = ψ̃− L+χ̃− = ψ̃+, (47)

we can also find explicit solutions for χ∗
+ and χ∗

−:

χ̃+ = ψ̃+

∫
dr∗

ψ̃−

ψ̃+

(48a)

=
[
Φ(r)eiω̃r∗

]−1
∫

dr∗
[
Φ(r)eiω̃r∗

]+2
,

χ̃− = ψ̃−

∫
dr∗

ψ̃+

ψ̃−
(48b)

=
[
Φ(r)eiω̃r∗

]+1
∫

dr∗
[
Φ(r)eiω̃r∗

]−2
,

where the integration constants are chosen so that
we get an ingoing (outgoing) χ̃ for an outgoing
(ingoing) ψ̃.

The form of the above equations is indicative
of the fact that an important subtlety related to
the classification of ingoing and outgoing modes
arises if the function Φ(r) (cf. Eq. (22)) vanishes.
And as it turns out, Φ(r) can indeed vanish at the

horizon. In terms of µ, the equation Φ(r0) = 0 is
solved when

µ = µ̄ ≡ 2K − 6M

r0
= −4πTr0 = K −

√
K2 + 3τ .

(49)
The corresponding value of ω̃ that follows from
Eq. (37) is then ω̃ = 2πT i. We will discuss the
physical significance of this value in Section 4.3.
We know that for ‘generic’ µ (giving some ω = ω̃),
the even master field solution is ingoing and the
odd solution is outgoing at the horizon. If ω = −ω̃,
the opposite is true. If, however, µ = µ̄ so that
Φ(r0) = 0, then eiω̃r∗ ∼ (r − r0)

−1/2 and since
Φ(r) ∼ Φ′(r0)(r − r0), we have

Φ(r)eiω̃r∗ ∼ Φ′(r0)(r − r0)
1/2. (50)

Hence, the nature of the ingoing versus the outgo-
ing modes is reversed as compared to those which
have Φ(r0) ̸= 0. We summarise these properties in
Table 1, where it should be emphasised that the
details of this discussion are specific to the mas-
ter function formalism and do not directly apply
to the ingoing/outgoing properties of the metric
perturbations themselves.4

Φ(r0) ̸= 0 Φ(r0) = 0
ω = ω̃ ω = −ω̃ ω = ω̃ ω = −ω̃

even (+) ingoing outgoing outgoing ingoing
odd (−) outgoing ingoing ingoing outgoing

Table 1: Summary of the behaviour of the alge-
braically special solutions at the event horizon for
Φ(r0) ̸= 0 (µ ̸= µ̄) and Φ(r0) = 0 (µ = µ̄).

4 Pole-skipping in 4d black
hole backgrounds

4.1 Definition, classification and
elementary properties

One way to think of pole-skipping, which was orig-
inally discovered in the context of holography and

4We note that for solutions with Φ(r0) ̸= 0 in asymptotically
flat spacetimes (Λ = 0), the ingoing algebraically special solu-
tions are ingoing also at asymptotic infinity. This means that
for ‘generic’ values of ω, such examples are totally transmis-
sive [74]. This is, however, no longer true for the algebraically
special solutions with µ = µ̄, which have Φ(r0) = 0.
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holography-inspired effective field theories [6–9],
is as a property of quantum field theory corre-
lation functions. While the manifestation of the
phenomenon is indeed perhaps clearest in QFT:
pole-skipping points are points in the frequency-
wavevector (ω, k) space where the correlator takes
the value of ‘0/0’, its interpretation is best under-
stood from the dual (holographic), gravitational
perspective. Moreover, in itself, the phenomenon
requires no reference to a dual QFT. It can be
thought of as purely a property of (linearised)
gravitational waves in black hole spacetimes with
event horizons. This is the perspective that we
take in this paper.

We start by defining what precisely we mean
by pole-skipping in the context of gravity. Mostly,
we will work directly with the gauge-invariant
master equations. Recall that in Section 2.3, we
discussed how the choice of (ingoing) boundary
conditions at the horizon uniquely fixes the ratio
of B/A, where A and B parametrise the two inde-
pendent solutions at the boundary (cf. Eq. (31)).
However, it turns out this this is not always pos-
sible. There exists an infinite sequence of points
(ω, µ) for which imposing the ingoing boundary
condition at the horizon does not determine the
solution uniquely. In other words, despite such
boundary conditions, one still retains two linearly
independent ingoing solutions. This results in a
free parameter and makes the ratio of B/A for-
mally ‘0/0’ in the sense that, while usually finite,
B/A is now a multivalued function at those points
and its value depends on the limit of approach
in the (ω, µ) space. This is pole-skipping. Here,
we will examine the gravitational details of this
mechanism and classify all such points (ω, µ) for
4d black holes introduced in Section 2 from the
viewpoint of Darboux transformations discussed
in Section 3.

Consider the master equations (27). For both,
even and odd channels, the equation is a second-
order ordinary differential equation (ODE):

f(r)ψ′′(r)+f ′(r)ψ′(r)+

(
ω2

f(r)
− V (r)

)
ψ(r) = 0.

(51)
In the language of the Frobenius-Fuchs theory, the
event horizon and, when it exists, the cosmologi-
cal horizon are regular singular points of the ODE,
denoted by r = r0. This means that a local expan-
sion of ψ(r) around r0 requires us to factor out a

singular piece, ψ(r) = (r − r0)
bg(r), where b can

take two values (the ODE is of 2nd order) and g(r)
is analytic at r0. Hence, it can be expanded in a
Taylor series. Depending on the exact details of
the equation, when the two solutions for the expo-
nent b are separated by an integer, one of the two
solutions for g(r) can also be accompanied by a
logarithm. Here, we will state the relevant results
from the Frobenius-Fuchs theory for the case at
hand. For details, see Refs. [86, 87].

Let gin(r) and gout(r) be the two analytic func-
tions at r0 and gin(r0) ̸= 0 and let gout(r0) ̸=
0. The analysis of Eq. (51), which gives b =
±iω/(4πT ), where T is the Hawking temperature
of the horizon then results in the following pos-
sible cases that are distinguished by whether the
frequencies are integer multiples of the negative
imaginary Matsubara frequency, i.e.,

ωn = −2πT in, n ∈ Z, (52)

or not. We note that all pole-skipping points have
n ≥ −1.

Given our above discussion of the exponents b,
we consider the following two cases:

1. iω/2πT /∈ Z

ψin(r) = (r − r0)
− iω

4πT gin(r), (53)

ψout(r) = (r − r0)
iω

4πT gout(r). (54)

The two solutions are the standard ingoing and
outgoing waves and no pole-skipping occurs.

2. iω/2πT ∈ Z
(a) Any case with ω = 0 (i.e., n = 0) is

a static perturbations, which cannot be
accounted for by the formalism described
in Section 2.2. One must perform an inde-
pendent analysis to see whether any pole-
skipping points with ω = 0 exist.5

(b) If iω/2πT > 0, then the solutions are

ψin(r) = (r − r0)
− iω

4πT gin(r) (55a)
+ c ln(r − r0)ψout(r), (55b)

ψout(r) = (r − r0)
iω

4πT gout(r).

5Note that, for example, in holographic duals of black
branes, the (k = 0, ω = 0) point is a ‘hydrodynamic’
pole-skipping point. See Ref. [10].
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Here c = c(ω, µ) is a constant that can
also be zero. If c = 0, then we call r = r0
an apparent singularity of the differential
equation. These points give rise to almost all
pole-skipping solutions.

(c) If iω/2πT < 0, then the solutions are

ψin(r) = (r − r0)
− iω

4πT gin(r), (55c)

ψout(r) = (r − r0)
iω

4πT gout(r) (55d)
+ c ln(r − r0)ψin(r).

This case becomes identical to 2b upon the
following replacements: ω → −ω and ψin ↔
ψout.

.
Let us now focus on the second family of

cases with iω/2πT ∈ Z, which can give rise to
the sought pole-skipping modes. Since these cases
mainly fall into the category 2b, we start by using
the solutions in Eq. (55c). Let us consider points
(ω, µ) that give c(ω, µ) = 0. Having ‘cancelled’ the
logarithm, we have

ψin(r) = (r − r0)
−n

2 gin(r), (56)

ψout(r) = (r − r0)
n
2 gout(r). (57)

In this case, ψin(r) is not the only function that
satisfies the ingoing boundary condition. To see
this, consider another solution ψa

in(r) defined in
the following way:

ψa
in(r) = (r − r0)

−n
2 [gin(r) + a(r − r0)

ngout(r)]

= (r − r0)
−n

2 g̃ain(r). (58)

The function g̃ain(r) is analytic (which would not
be the case if c ̸= 0), with g̃ain(r0) ̸= 0, there-
fore ψa

in(r) represents a legitimate ingoing solution
for any choice of a. In other words, fixing the
ingoing boundary condition at the horizon fails
to uniquely determine the solution of the master
equation — we are left with a free parameter. We
will call such a choice of (ω, µ) an (ingoing) pole-
skipping point. Note that this argument also shows
the necessity for ‘cancelling’ the logarithms and
therefore for having c(ω, µ) = 0.

Due to the fact that there exists a symmetry
between the odd and the even channel, it turns out
that both channels share an infinite set of com-
mon pole-skipping points. To see this, consider

Darboux transforming a solution of Eq. (58) in
any one of the channels. If the original solution
is not an algebraically special solution, then the
Darboux transformed solution is a solution of the
master equation in the other channel. It has the
form

L±ψ
a
in = (r − r0)

−n
2 h̃ain(r), (59)

where h̃ain(r) is an analytic function at r0 with a
free parameter a. Since the values of ω and µ are
unaffected by this transformation and h̃ain(r) still
includes the free parameter a, this means that we
have a pole-skipping point with the same ω and µ
in the other channel as well.

If, instead, a specific pole-skipping solution is
an ingoing algebraically special pole-skipping solu-
tion, then we can write the solution (say, in the
even channel) as

ψ+(r) = ψ̃+(r) + aχ̃+(r), (60)

where ψ̃+ is ingoing. Using the defining property
of the algebraically special modes, it follows that

L−ψ+(r) = aL−χ̃+(r) = aψ̃−(r), (61)

which does not have the pole-skipping form. More-
over, given the same ω, ψ̃− will be ingoing. The
same statement holds also in the odd channel.
While it could still in principle happen that the
algebraically special pole-skipping points were also
common to the two channels, just not related by
the Darboux transformations, as we will see in
Section 4.3, this does not occur (except for the
special case of the ‘hydrodynamic’ pole-skipping
point with n = 0 for K = 0).

What we have shown is therefore that the
Darboux transformations map even (odd) pole-
skipping solutions to odd (even) ones unless the
pole-skipping solutions correspond to the alge-
braically special pole-skipping points.

We now comment also on the cases that fall
into the category 2c. The situation here is very
similar to that in the category 2b. Now, however,
if c(ω, µ) = 0, then it is the outgoing boundary
conditions that fails to uniquely determine the
solution of the master equation. We will call any
such point an (outgoing) pole-skipping point. In
fact, it should be noted that it is generally true
that a shift of ωn → −ωn changes an ingoing pole-
skipping mode in an outgoing one. This property
follows directly from Eqs. (34) and (55) and the
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form of the master equation (27). Unless explicitly
stated otherwise, we will always assume all pole-
skipping points to be the ingoing pole-skipping
points.

Finally, we summarise here the main three
properties of pole-skipping points that have tran-
spired from the master function formalism and
Darboux transformations. For completeness, we
also include in this summary the special cases with
n = 0 and n = ±1 that will be discussed below:

• Pole-skipping points all have frequencies ω =
ωn = −2πT in, with n ≥ −1. The points with
n ≥ 2 all follow straightforwardly from the mas-
ter function formalism. Cases with n = −1 and
n = 1 require special attention in order to deter-
mine what is an ingoing and what an outgoing
solution. The case with n = 0 must be treated
independently.

• If (ωn, µ) is an ingoing pole-skipping point, then
(−ωn, µ) is an outgoing pole-skipping point.

• If (ωn, µ) is a pole-skipping point in the even
(odd) channel, then either

– ω2 = ω̃2, which means that the pole-skipping
point coincides with an algebraically special
point. We will call such points algebraically
special pole-skipping points.
or

– ω2 ̸= ω̃2, which means that the pole-skipping
point is not algebraically special. We will refer
to such pole-skipping points as the common
pole-skipping points because they simultane-
ously exist in both the even and the odd
channels.

4.2 The ratio of ‘B/A’
At the pole-skipping points, the ingoing solution
contains a free parameter (called a) that cannot
be fixed in the usual manner. In the vicinity of
the pole-skipping point, at (ω0 + δω, µ0 + δµ),
however, the solution is nevertheless uniquely
determined. The value of a is determined by the
slope δµ/δω with which we choose to approach the
pole-skipping point. In other words, the limits of
ω → ω0 and µ→ µ0 do not commute.

Consider a solution to the master equation ψ,
which is ingoing at the horizon and has the fol-
lowing asymptotic form ‘at infinity’: AψA +BψB

(cf. Eq. (31)). Due to the dependence of a on
δµ/δω, we expect the coefficients A and B, which

are functions of ω and µ, to be ‘undetermined’
at the pole-skipping point. Moreover, the ratio
B/A that follows from any pole-skipping solution
will also be undetermined. Note that in the holo-
graphic context, this was discussed extensively in
Refs. [8, 11]. Nevertheless, the ‘nature’ of this inde-
terminacy turns out to be such that the quantities
a, A, B, B/A, and similar ratios, can be written
locally as finite, regular fractions. For example, for
the ratio of B/A, we write A(ω, µ)/B(ω, µ), where
the two new independent functions A(ω, µ) and
B(ω, µ) contain no poles. Let A and B be functions
such that A(ω, µ) and B(ω, µ) each has an inde-
pendent ‘line of zeros’ in the (ω, µ) space that goes
through the point (ω0, µ0), where ‘B/A ∼ 0/0’.
We can now expand around this point,

B(ω0 + δω, µ0 + δµ)

A(ω0 + δω, µ0 + δµ)
=

∂ωB(ω, µ) + ∂µB(ω, µ) δµδω
∂ωA(ω, µ) + ∂µA(ω, µ) δµδω

∣∣∣∣∣
(ω,µ)=(ω0,µ0)

,

(62)

having assumed that

∂ωB(ω, µ)
∂µB(ω, µ)

∣∣∣∣
(ω,µ)=(µ0,ω0)

̸= ∂ωA(ω, µ)

∂µA(ω, µ)

∣∣∣∣
(ω,µ)=(µ0,ω0)

.

(63)
Note that this assumption restricts us to the cases
in which the lines of zeros of A and B are not tan-
gential to each other at (ω0, µ0). Eq. (62) explicitly
demonstrates how the ratio depends on the slope
δµ/δω at (ω0, µ0) due to the non-commuting lim-
its of ω → ω0 and µ → µ0. The freedom in the
choice of the slope δµ/δω in Eq. (62) precisely
corresponds to the freedom of the choice of a in
Eq. (58). The line of poles is ’skipped’ by a zero
of B.

4.3 Algebraically special
pole-skipping points

Next, we study explicit details of pole-skipping in
the backgrounds of 4d black holes. As discussed
in Section 4.1, pole-skipping points in 4d can be
divided into two broad categories depending on
whether they are algebraically special or not. We
will first focus on the algebraically special points
and show that they can be completely understood
analytically. Then, we will explicitly demonstrate
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that the remaining pole-skipping points are indeed
common to both the even and odd channels.

Pole-skipping points always require us to set
ω = ωn = −2πT in. From the point of view of
the master fields, finding the corresponding values
of µ then amounts to cancelling the logarith-
mic terms in the near-horizon expansion. Consider
now the pole-skipping modes (58) that are also
algebraically special and ingoing (cf. Section 3.2),
and have n ≥ 2. It is clear that such master fields
contain no logarithmic terms as Φ(r) is an ana-
lytic function at r0, and eiω̃r∗ is of the form (r −
r0)

iω̃/4πT (1 + c1(r − r0) + . . .). The ingoing alge-
braically special points are therefore pole-skipping
points:

ω̃ = ±ωn, n ≥ 2, (64)
where the + and − signs correspond to the even
and odd channels, respectively. Cases with −1 ≤
n ≤ 1 will be discussed below. Eq. (64) then
implies the following relations in the two channels:

even : µ (µ− 2K) = −3nτ,

odd : µ (µ− 2K) = +3nτ,
(65)

which reveal (two) infinite lines of pole-skipping
points per channel. More precisely, in each channel
and for every Matsubara level n ≥ 2 (with the
corresponding frequency ω = ωn), we find a pair
of pole-skipping points:

even : µ− = K −
√
K2 − 3nτ,

µ+ = K +
√
K2 − 3nτ,

odd : µ− = K −
√
K2 + 3nτ,

µ+ = K +
√
K2 + 3nτ.

(66)

While the vales of µ± are real in the odd channel,
they can generally be complex in the even channel.
Eq. (66) therefore provides us with an analytic
solution for all algebraically special pole-skipping
points with n ≥ 2.

Next, we analyse the special cases with n =
1 and n = −1. Since algebraically special points
have to satisfy the condition ω2 = ω̃2, it follows
that all such potential pole-skipping points follow
from a common analysis. We can choose to set
n = 1 so that ω = ω1 = −2πT i. The discussion
then splits into a separate analysis of two cases:
ω̃ = ω1 and ω̃ = −ω1:

• ω̃ = ω1 = −2πiT
In this case, the algebraically special mode is
ingoing in the even channel but not in the odd
channel. This results in a pair of even channel
pole-skipping solutions µ± that obey Eq. (66)
for n = 1:

even : µ− = K −
√
K2 − 3τ , (67)

µ+ = K +
√
K2 − 3τ . (68)

This analysis also implies that no pole-skipping
point with n = −1 exists in the odd channel.

• ω̃ = −ω1 = 2πiT
In this case, the situation is somewhat more
involved. We find two solutions for µ, one of
which is the solution µ̄ from Eq. (49), only
now with the in/outgoing behaviour of the
algebraically special solution at the horizon
reversed. The second solution does not reverse
its in/outgoing character. The two solutions for
µ are therefore

µ− = µ̄ = K −
√
K2 + 3τ , (69)

µ+ = K +
√
K2 + 3τ , (70)

which we analyse separately.

– µ = K +
√
K2 + 3τ :

In this case, the even algebraically special
mode is outgoing and the odd solution is
ingoing. Hence, this pole-skipping point with
n = 1 exists only in the odd channel.

– µ = µ̄ = K −
√
K2 + 3τ :

In this case, the even algebraically special
mode is ingoing and the odd solution is out-
going. It would therefore appear that another
pole-skipping point with n = 1 exists in the
even channel. To understand the situation
better, however, we need to carefully consider
the structure of the master function ψ+(r)
defined in Eq. (23). Schematically, it behaves
as ψ+(r) ∼ δg(r)/Φ(r), where δg(r) is a met-
ric component perturbation from Eq. (18).
Near the horizon, the ingoing ψ+(r) scales
as 1/

√
r − r0 and Φ(r) as (r − r0). Hence,

δg(r) ∼
√
r − r0, which implies that for an

ingoing ψ+(r), we get an outgoing δg(r). This
is therefore not an acceptable pole-skipping
solution for n = 1 from the point of view
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of metric perturbations. At this point, how-
ever, we need to recall the discussion from
Section 4.1, which says that for every out-
going pole-skipping solution with frequency
ω, we also have an ingoing solution with
frequency −ω. Hence, this solution actually
corresponds to a pole-skipping solution ω =
ωn with n = −1. This is the special ‘chaotic’
pole-skipping solution [6–9]. The reason why
it is related to quantum chaos is that ω−1 =
iλL, where λL is the ‘maximal’ Lyapunov
exponent λL = 2πT . Moreover, the value of
µ = µ̄ (introduced in Section 3.2) is related
to the butterfly velocity associated with the
ballistic spread of chaos [6–9, 33–36]. We
also note that our new, general pole-skipping
result at µ = µ̄, which holds for any Λ and any
K, agrees with previously known results for
the planar black brane [8], the non-rotating
limit of the Kerr black hole [19] and the
hyperbolic black hole [27].

It is important to note that these solutions are spe-
cial cases of the algebraically special pole-skipping
points in Eqs. (66). The precise situation will
be summarised below. We also note that a care-
ful analysis of the master fields and equations of
motion reveals that no other pole-skipping points
exist with either n = 1 or n = −1.

Next, we turn our attention to the last special
case: pole-skipping points with ω = 0 (n = 0). The
master field formalism is particularly unsuitable
to find these points (due to singularities) and spe-
cial considerations are necessary to uncover them.
In this case, it is easiest and most transparent
to work directly with the metric perturbations
δgµν (as introduced in Section 2.2). Since these
points also turn out to lie on the branches of alge-
braically special points, we will refer to them by
the same name. In order to ascertain whether such
a solution corresponds (in the limit of ω → 0)
to an ingoing or an outgoing mode, we need to
study the behaviour of the modes in the vicinity
of ω = 0. Let us first consider the even chan-
nel. There, we can reduce the perturbed Einstein
equations to a single second-order equation for
the gauge-invariant variable w̄(r) (cf. Eq. (20)).
In the ingoing Eddington-Finkelstein coordinates,
it can be expanded around the horizon as w̄(r) =
w̄0 + w̄1(r− r0)+ . . .. The Einstein equations give

the following relation:

w̄1 =
µ (µ− 2K) + 2iωr0 (2K + 4πTr0)

r20 (µ− 2iωr0) (4πT − 2iω)
w̄0.

(71)
We find a pole-skipping solution when the numer-
ator and the denominator on the right-hand-side
simultaneously vanish, which for ω = 0 occurs
when

µ = 0. (72)
In the odd channel, the analysis proceeds in an
analogous manner. We expand v̄v(r) = v̄0v +
v̄1v(r − r0) . . ., cf. Eq. (21), and use the Einstein
equations to find

v̄1v = − (µ− 2K − 2iωr0)(4πT − iω)

iωr20(4πT − 2iω)
v̄0v. (73)

The numerator and the denominator of the right-
hand-side now vanish for ω = 0 when

µ = 2K. (74)

These are the only two pole-skipping points with
ω = 0 — one in the even and one in the odd
channel. The solutions are again special cases of
a single branch of the algebraically special solu-
tions ω(µ) in Eq. (66). Note also that for the case
of a black brane (in asymptotically AdS space-
time), both channels have a pole-skipping point
at ω = 0 and µ = 0, which corresponds to the
pole-skipping of the hydrodynamic gapless sound
and diffusive modes in the even and odd chan-
nels, respectively [10]. We note, moreover, that
the above expressions also yield the pole-skipping
points with n = ±1 in both channels.

In summary, in the even channel, the alge-
braically special pole-skipping points with ω = ωn

exist for n ≥ −1. The solutions have the following
values of µ:

n = −1 : µ = K −
√
K2 + 3τ ,

n = 0 : µ = 0,

n ≥ 1 : µ = K ±
√
K2 − 3nτ.

(75)

Only a single solution exists for each of n = −1
and n = 0, while for n ≥ 1, we have a pair of solu-
tions for every n. In the odd channel, algebraically
special pole-skipping solutions exist for n ≥ 0 and
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have the following values of µ:

n = 0 : µ = 2K,

n = 1 : µ = K +
√
K2 + 3τ ,

n ≥ 2 : µ = K ±
√
K2 + 3nτ.

(76)

Here, only a single solution exists for each of n = 0
and n = 1, while for n ≥ 2, we have a pair of
solutions for every n. Finally, it is also important
to note that the ‘chaotic’ pole-skipping solution
with n = −1 in the even channel and the n = 1
solution in the odd channel break the symmetry
of Darboux transformations between the even and
odd channels.

4.4 Common pole-skipping points
In this section, we investigate the remaining infi-
nite set of pole-skipping points and explicitly
verify that, as argued in Section 4.1, they are
indeed common to both channel. The simplest way
to find these points, which need to be analysed
numerically, is by using the ‘determinant method’
first described in Ref. [11] (see also Ref. [18]). As
can be checked explicitly, for example by analysing
pole-skipping directly at the level of metric per-
turbations, all pole-skipping points in black hole
backgrounds considered here with −1 ≤ n ≤ 2 are
algebraically special. Hence, to look for the com-
mon points (all with n ≥ 3), we can employ the
determinant method directly by using the master
field variables ψ±.

The analysis is most conveniently performed
in the ingoing Eddington-Finkelstein (EF) coor-
dinates with v = t + r∗. To write the mas-
ter field equations, we relate ψ± expressed in
the‘Schwarzschild’ coordinates (cf. Eq. (26)) to
those in the EF coordinates as

ψEF(r) = ψ(r)eiωr∗ . (77)

The master equation (27) then takes the following
form in both channels:

f(r)ψ′′
EF(r)+(f ′(r)− 2iω)ψ′

EF(r)−V (r)ψEF(r) = 0.
(78)

In the EF coordinates, the ingoing pole-skipping
solutions arise when we find two analytic (regu-
lar) functions at the horizon. We first expand all
functions that appear in the master equations:

f(r) =

∞∑
n=1

(r − r0)
nfn, (79)

V (r) =

∞∑
n=0

(r − r0)
nVn, (80)

ψEF(r) =

∞∑
n=0

(r − r0)
nψn, (81)

where f1 = 4πT . Eq. (78) then
gives following system of equations:

−V0 f1 − 2iω 0 0 0 · · ·
−V1 2f2 − V0 2(2f1 − 2iω) 0 0 · · ·
−V2 3f3 − V1 6f2 − V0 3(3f1 − 2iω) 0 · · ·
−V3 4f4 − V2 8f3 − V1 12f2 − V0 4(4f1 − 2iω) · · ·
−V4 5f5 − V3 10f4 − V2 15f3 − V1 20f2 − V0 · · ·

...
...

...
...

...
. . .





ψ0

ψ1

ψ2

ψ3

ψ4

...


=



0
0
0
0
0
...


. (82)

We can now use the matrix in the above expres-
sion to find the pole-skipping points by the
following procedure [11]:

1. Set ω = ωn.
2. Calculate the determinant Dn(ωn, µ) of the

upper-left n× n matrix.
3. Solve Dn(ωn, µ) = 0.

The determinant equation is then solved for
increasing values of the integer n. It is important
to note that when analysing a particular channel,
this procedure yields both the algebraically special
and the common pole-skipping points, simulta-
neously. At present, unlike for the algebraically
special modes, the solutions to Dn(ωn, µ) = 0 can-
not be found in analytically in closed form, which
in turn means that no analytic solution exists
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for the common points. The fact that beyond
the algebraically special points, all other pole-
skipping points are shared between the two chan-
nels (which we argued must be true by using the
Darboux transformations in Section 4.1) is there-
fore observed and verified numerically for specific
values of n.

Beyond giving us the values of ω = ωn and µ
at the pole-skipping points, the determinant also
allows us to elaborate on the relation between
pole-skipping and the slope of δµ/δω. In particu-
lar, we start by deriving the relation between ψn

and ψ0:

Dn(ω, µ)

Nn(ω)
ψ0 − (2iω − nf1)ψn = 0, (83)

where

Nn(ω) = (n− 1)! (2iω − f1) (2iω − 2f1) . . .

. . . (2iω − (n− 1)f1) ,
(84)

which holds for any n ≥ 1. All further coefficients,
ψn+1, ψn+2, . . ., are then calculated recursively.
For pole-skipping with ω = ωn and a correspond-
ing µ = µn, where Dn(µn, ωn) = 0, Eq. (83) does
not impose a condition on ψn, leaving us with a
free parameter. Expanding Eq. (83) around this
pole-skipping point then yields

[
Kn(ω, µ)

Nn(ω)
ψ0 − 2iψn

]∣∣∣∣
(ω,µ)=(ωn,µn)

= 0. (85)

Kn(ω, µ) = ∂µDn(ω, µ)
δµ

δω
+ ∂ωDn(ω, µ) (86)

We see that the ratio of ψn and ψ0 explicitly
depends on the slope δµ/δω, as is usual with the
pole-skipping points. It should be noted that if,
furthermore, ∂µDn(ω, µ) = 0, the free parameter
in the solution is lost. Such pole-skipping points,
which do not exhibit standard pole-skipping prop-
erties, are called anomalous [11] or type II [18].
We will encounter them in Section 5.3.

Finally, we can now summarise the known
results for all pole-skipping points, where the
explicit expressions correspond to the alge-
braically special points found in Section 4.3
(cf. Eqs. (75) and (76)). As for the common
points discussed in this section, we only state that
at level n, there exist n − 2 such points (as can

be seen for example in Figure 2). This fact can
also be ascertained from the polynomial order of
the equations Dn(ωn, µ) = 0 at different n. The
results are:

n even channel odd channel
−1 K −

√
K2 + 3τ ×

0 0 2K

1 K +
√
K2 − 3τ K +

√
K2 + 3τ

K −
√
K2 − 3τ ×

≥ 2 K +
√
K2 − 3nτ K +

√
K2 + 3nτ

K −
√
K2 − 3nτ K −

√
K2 + 3nτ

n− 2 common pole-skipping
points with µ < 0

It is also worth stating the following general
facts about pole-skipping in our examples. For
black branes (K = 0), there exists a scaling
transformation that leaves the master equations
invariant up to a multiplicative constant, namely,
τ → α2τ , ω → α2ω, µ → αµ, r → r/α, with
α a constant. This implies that the knowledge of
pole-skipping points at any specific τ allows us
to easily find the pole-skipping points for any τ
via the above rescaling. For spherical and hyper-
bolic black holes (K = ±1), the situation is more
involved. Nevertheless, we observe a symmetry
between the pole-skipping points with K = 1 and
those with K = −1. Here, we only state with-
out proof that given a pole-skipping point (ωn, µn)
with K = 1, there exists a pole-skipping point
with K = −1 at (ωn, µn − 2). This statement can
be easily checked numerically. Moreover, in the
limit of large µ and large τ , the effect of the hori-
zon topology encoded in K becomes negligible so
that all three cases exhibit similar large-parameter
scaling properties to the pole-skipping points of
a black brane (K = 0). More specifically, pole-
skipping values of µ will scale as µn ∝

√
τ , or

equivalently, µn ∝ 3
√
−M2Λ, for µn ≫ 1 and

τ ≫ 1 (or, equivalently, for M2Λ ≪ −1).
We show three examples of the distribution

of the common pole-skipping points for spheri-
cal black holes at different Matsubara levels n in
Figure 2. All those points have µ ∈ R. Then,
in Figure 3, we plot an example of the distri-
bution of all pole-skipping points in the complex
µ plane for the asymptotically flat and spherical
Schwarzschild black hole (K = 1 and τ = 1).
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(c) K = 1, τ = 2

Fig. 2: Locations of the common pole-skipping points (black dots) along the real µ axis for spherical
black holes (K = 1) at different Matsubara levels n. Three panels correspond to three choices of the
parameter τ , giving geometries that are asymptotically dS, flat and AdS (respectively, from left to right).
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Fig. 3: All pole-skipping points plotted in the complex µ plane for six choices of the Matsubara level n
of the asymptotically flat spherical Schwarzschild black hole with K = 1 and τ = 1. Red and blue dots
depict the algebraically special solutions in the even and odd channels, respectively. Black dots are the
common points shared between the two channels.

4.5 More on the algebraically
special pole-skipping points

Using the results from Section 4.4, we can fur-
ther elaborate on the characteristics of the alge-
braically special pole-skipping points. For simplic-
ity (the ability to directly use the master field
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language), we will only focus on points with n ≥ 1.
Recall, however, that the n = 1 master field anal-
ysis also reveals the ‘chaotic’ pole-skipping point
with n = −1 in the even channel. An algebraically
special pole-skipping point always yields a master
field solution of the form

ψEF(r) = ψ̃EF(r) + aχ̃EF(r). (87)

Note that, hereon, we will suppress the subscripts
indicating our use of the ingoing EF coordinates.
As already discussed, the parameter a is the free
parameter that depends on the slope δµ/δω. The
goal of this section is to explicitly derive this
dependence, i.e., the function a(δµ/δω).

This can be done by using the expression in
Eq. (85). Since, by construction, χ̃±(r) will not
have a constant term at the horizon, we can write

ψ0 = ψ̃0. (88)

We can then set ω and µ to the pole-skipping val-
ues ω = ωn and µ = µn, and consider the n-th
order term in the expansion around the horizon,
ψn = ψ̃n + aχ̃n. Using the explicit solutions of
the algebraically special modes from Eqs. (46) and
(48) allows us to first write

χ̃±
n =

1

4πnT ψ̃±
0

, (89)

and then arrive at

a± = 4πnT ψ̃±
0

[
Kn(ω, µ)

2iNn(ω)
ψ̃±
0 − ψ̃±

n

]∣∣∣∣
(ω,µ)=(ωn,µn)

.

(90)
This expression can be simplified by using the fact
that a± = 0 when δω/δµ = ±dω̃/dµ. Hence, in the
two channels, we finally obtain the sought relation

a± = 4πnT ψ̃±
0

(
ψ̃±
n − ∂ωDn(ω, µ)

2iNn(ω)
ψ̃±
0

)
×

(
±dω̃

dµ

δµ

δω
− 1

)∣∣∣∣
(ω,µ)=(ωn,µn)

.

(91)

For a black hole with the spherical horizon
(K = 1) in the asymptotically flat space (Λ = 0)
— i.e., the Schwarzschlid black hole — the above
expression gives a simple relation between a±
and the asymptotic ratio B/A. In particular, the
exponential asymptotic behaviour of the master

functions allows us to use the integrals in Eq. (48)
to argue that given an ingoing ψ̃± at the horizon,
χ̃± will be asymptotically outgoing (in addition to
being outgoing at the horizon by construction). It
then immediately follows that

B±

A±
∝ a±, (92)

where the proportionality factor is independent of
δµ/δω. We can also conclude by using Eq. (62)
that for the algebraically special pole-skipping
points, the line of poles points in the direction
of δω = 0 (i.e., δµ/δω = ∞) while the line of
zeros points in the direction of δω/δµ = ±dω̃/dµ.
Moreover, by setting δµ = 0, which is used when
calculating for example the time evolution of grav-
itational perturbations, we still retain a non-zero
a. This means that, unlike what was previously
argued for in Ref. [74], algebraically special points
that are also pole-skipping points are not totally
transmissive in the appropriate limit.

5 Special cases of pole-skipping
in 4d black hole backgrounds

In this section, we study three explicit examples of
pole-skipping in 4d spacetimes. The first two are
special cases of the analysis in Section 4. Namely,
we consider spherical black holes and a black brane
in an asymptotically AdS space (which is partic-
ularly relevant to the AdS4/CFT3 holography).
At the end, we also investigate certain details
of pole-skipping at the cosmological horizon in
asymptotically dS spaces.

5.1 Spherical black holes
We start by studying the spherically symmetric
(Schwarzschild) black holes with K = 1, but with
any Λ. So far, our treatment of the parameter
µ ∈ C has been kept completely general. However,
for a ‘physical’ gravitational wave propagating in
the spherically symmetric black hole spacetime,
µ = ℓ(ℓ+1) (cf. Eq. (15)), where ℓ is an integer and
ℓ ≥ 0. Note, however, that ℓ = 0 and ℓ = 1 modes
are static perturbations and the modes with ℓ ≥ 2
are dynamical gravitational waves. Hence, µ is also
an integer with µ = 0 and µ = 2 that correspond
to the static perturbations with ℓ = 0 and ℓ = 1,
respectively, and µ ≥ 6 for modes with ℓ ≥ 2.
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Recall now from Section 4.4 that the pole-skipping
points that are not algebraically special have a
negative µ. Hence, if we restrict our attention to
only the ‘physical’ gravitational waves (not their
analytic continuations or the complex structure of
Green’s functions), this fact makes the analysis of
such pole-skipping dramatically simpler for spher-
ical black holes, which are certainly of greatest
interest for astrophysics.

The algebraically special pole-skipping points
are given by Eqs. (75) and (76) with K = 1. In
particular, in the even channel, we have

n = −1 : µ = 1−
√
1 + 3τ ,

n = 0 : µ = 0,

n ≥ 1 : µ = 1±
√
1− 3nτ.

(93)

In the odd channel, we have

n = 0 : µ = 2,

n = 1 : µ = 1 +
√
1 + 3τ ,

n ≥ 2 : µ = 1±
√
1 + 3nτ.

(94)

Recall that τ > 0 and that for ‘physical’
pole-skipping points, we can only have µ =
{0, 2, 6, 12, . . .}. Note also that for the sets of dou-
ble branches (for n ≥ 1 in the even and for n ≥ 2
in the odd channels), it is useful to recall Eq. (65)
for K = 1:

µ (µ− 2) = ∓3nτ, (95)
where − sign corresponds to the even and the +
sign in the odd channel.

By taking into account the possible ranges of
parameters, it is easy to see that in the even
channel, we can only have a single such solution
(cf. Eq. (93)):

(ℓ, n) = {(0, 0)}, (96)

which is a static mode.
On the other hand, in the odd channel, an infi-

nite set of ‘physical’ pole-skipping points exits.
Since µ ≥ 0, the only relevant branch of odd
modes is (cf. Eq. (94))

µ = ℓ (ℓ+ 1) = 1 +
√
1 + 3nτ, n ≥ 0. (97)

The equation has no solution for ℓ = 0 but it can in
principle (depending on the value of τ) be solved

for other integer value of ℓ ≥ 1. The resulting
relation between n and ℓ is

n =
(ℓ− 1) ℓ (ℓ+ 1) (ℓ+ 2)

3τ
. (98)

When is this equation satisfied for integer val-
ues of n ≥ 0 and ℓ ≥ 1? For asymptotically flat
and spherical Schwarzschild black holes, τ = 1
(recall the definition from Eqs. (6)–(8)). Since the
numerator of (98) is a product of four consecu-
tive integers, which is always divisible by 3, it is
clear that an integer n exists for all ℓ = 1, 2, 3, . . .
such that Eq. (98) is satisfied. In other words,
for asymptotically flat black holes, we have one
pole-skipping point in the odd channel of pertur-
bations for every ‘physical’ ℓ. The first few points
are labeled by the following integers:

(ℓ, n) = {(1, 0), (2, 8), (3, 40), (4, 120), (5, 280), . . .}.
(99)

Since the solutions are spherical harmonics, it is
worth keeping in mind that due to the degeneracy
of these solutions (for m ∈ Z with −ℓ ≤ m ≤ ℓ)
each of the above pole-skipping points amounts to
2ℓ + 1 solutions. Note also that the first solution
in the set with ℓ = 1 and n = 0 is a static mode.

We now also consider asymptotically AdS and
dS spaces. In such cases, τ can take a continuum
of values. (Recall the plot from Figure 1.) What
we find from Eq. (98) is that in asymptotically dS
spaces (0 < τ < 1), ‘physical’ pole-skipping modes
exist with integer n for every integer ℓ ≥ 1 if either
τ = 1/3 or τ = 2/3. In asymptotically AdS spaces,
this is possible if τ = 4/3. More generally, if τ
is a rational number, we still obtain an infinite
number of pole-skipping points with integer n but
not necessarily for every ℓ ≥ 1. On the other hand,
if τ is an irrational number, no ‘physical’ pole-
skipping points can be found beyond the static
solution with n = 0.

The main effect of pole-skipping is in the fact
that the ratio of B/A, which characterises the
gravitational waves at asymptotic infinity, is not
uniquely determined and depends on the slope
δµ/δω (cf. Section 4.2). The limits of µ and ω
approaching the pole-skipping point do not com-
mute. If, however, we restrict ourselves to integer
values of µ, then one may justifiably doubt that
such limits are of any relevance to the behaviour
of physical gravitational waves in the backgrounds
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of spherically symmetric black holes. For exam-
ple, if one considers the real-time propagation of
such modes, then the transformation to real time
and space involves a sum over ℓ and an integral
over ω. Hence, for such problems, ℓ and therefore
µ naturally take discrete values.

5.2 Asymptotically AdS black brane
and the dual hydrodynamic
mode

A 4d black hole with a translationally invariant
horizon (K = 0) in an asymptotically AdS space
(Λ < 0) — a black brane — is holographically dual
to a thermal state in a 3d conformal field theory
[3–5]. In terms of its gravitational perturbations,
its lowest, gapless quasinormal mode is dual to a
hydrodynamic mode, i.e., ω(k → 0) = 0. In the
odd channel, this is a diffusive mode and in the
even channel, this is a pair of sound modes. As was
shown in Ref. [28], in the odd channel, the ‘diffu-
sive’ QNM passes through an infinite sequence of
pole-skipping points ω = ωn = −2πT in at the cor-
responding values of wavevectors k = kn, which
can be computed analytically:

kn =
4πT√

3
n1/4, (100)

for n = 0, 1, 2, . . ..
It is easy to check that Eq. (100) is a special

case of our general result from Eq. (76). In partic-
ular, using the fact that for a black brane, K = 0,
µ = k2 (cf. Eq. (16)) and taking Λ = −3 (in units
of the ‘AdS radius’ set to one), then the defining
equation for τ (cf. Eq. (6)) gives

τ =
(4πT )4

33
. (101)

Finally, using Eq. (76) for the odd channel with
k2 real and non-negative, i.e., k2 =

√
3nτ ,

immediately yields the holographic hydrodynamic
pole-skipping result Eq. (100) as its real and
non-negative solution for k = kn.

5.3 The cosmological horizon in
asymptotically dS spaces

In asymptotically dS spaces (Λ > 0), only black
holes with spherical horizons (K = 1) can exist. In

such spaces, the event horizon of a black hole is not
the only place where one can expect pole-skipping
to occur. The second horizon, also a zero of f(r), is
the cosmological horizon at r = rc (cf. Section 2.1).
Just like at r0, at rc too, gravitational pertuba-
tion equations have a regular singular point. The
only difference now is that we want the modes at
rc to be outgoing — they all ‘leave the universe’.
Beyond that, the entire discussion of pole-skipping
at the cosmological horizon follows our analysis
from previous sections.

Before starting with the analysis, it is useful to
note that for the cosmological horizon, f ′(rc) < 0.
Thus, if the definition of the temperature (5) were
to be retained, this would imply that T < 0.
For present purposes, it suffices to formally keep
this definition of the symbol T (which is not the
thermodynamic temperature). For a sensible def-
inition of the Hawking temperature and other
thermodynamic properties of de Sitter space, see
for example Ref. [88]. In terms of τ , we now have
τ ∈ [−1/3, 0) (see Figure 1). Note that τ is now
not a bijective function of 4M2Λ (the parameter
used in Figure 1). We also note that since we will
be looking for outgoing pole-skipping points, we
expect from general arguments that we will find
the resulting frequencies to be ωn = −2πT in with
n ≤ 1 instead of n ≥ −1 (recall our discussion in
Section 4.1). Since T < 0, this, however, means
that ωn do again lie along the negative (or more
precisely, non-positive) imaginary axis for n ≤ 0,
just as for pole-skipping at the event horizon.

We can now repeat the pole-skipping analysis
discussed in previous sections, splitting the points
again into a set of algebraically special and com-
mon pole-skipping points. For the first set, we now
find that in the even channel,

n = 1 : µ = 1−
√
1 + 3τ ,

n = 0 : µ = 0,

n ≤ −1 : µ = 1±
√
1 + 3nτ,

(102)

and in the odd channel,

n = 0 : µ = 2,

n = −1 : µ = 1 +
√
1 + 3τ ,

n ≤ −2 : µ = 1±
√
1− 3nτ.

(103)

As for the common pole-skipping points, we now
have −n − 2 solutions, all with real µ. Hence,
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we find non-trivial common pole-skipping points
for all Matsubara frequencies with n ≤ −3. In
Figure 4, we show the values of the pole-skipping
points in the even and odd channels for three
choices of rc and τ at n = −6. It is worth noting
that the algebraically special points in the even
channel have real µ, while in the odd channel they
have complex µ. In the even channel, we also find
anomalous pole-skipping points.

Next, we turn our attention to the empty de
Sitter space in which only the cosmological horizon
exists. Now, the even and the odd potentials are
the same:

V+(r) = V−(r) =
ℓ (ℓ+ 1)

r2
, (104)

with the emblackening factor reducing to a simple
‘BTZ-like’ quadratic form:

f(r) = 1− r2

r2c
. (105)

It follows that we have T = −1/2πrc. Next, we
introduce a new variable z = 1−r2c/r2 and use the
pole-skipping Matsubara frequencies ω = ωn =
−2πT in to rewrite the master equation as

4 (z − 1) z2ψ′′(z) + 2z (3z − 2)ψ′(z)

+
[
n2 − ℓ (ℓ+ 1) z

]
ψ(z) = 0.

(106)

Near the cosmological horizon (at z = 0) we
have an ingoing and an outgoing solution,

ψ(z → 0) = Cinz
−n/2 + Coutz

n/2, (107)

while for z → −∞ (the location of a stationary
observer at the ‘centre of the universe’),

ψ(z → −∞) = Azℓ/2 +Bz−(ℓ+1)/2. (108)

In the empty de Sitter space, the equation of
motion (106) can easily be solved analytically. Set-
ting Cin = 0 and expanding around z → −∞, we
find that the ratio of B/A behaves as

B(n, ℓ)

A(n, ℓ)
∝ Γ(−1/2− ℓ)

Γ(1/2 + ℓ)

Γ(1 + ℓ+ n)

Γ(n− ℓ)
. (109)

For integer ℓ ≥ 0 and integer n ≤ −1, we therefore
find that an infinite tower of pole-skipping points

exists at the cosmological horizon for parameters
that satisfy the inequality n ≤ −(ℓ + 1). This
result can be directly checked by employing the
determinant method discussed in Section 4.4. As
in the examples containing black holes, there also
exist additional pole-skipping points that are ‘hid-
den’ from the master function formalism. In the
even channel, these pole-skipping points (ℓ, n) are
(0, 0), (1, 1) and (1,−1). Finally, in the odd chan-
nel, the two additional pole-skipping points are
(0,−1) and (1, 0).

6 Discussion and future
directions

In this paper, we classified and discussed vari-
ous details of pole-skipping in the backgrounds of
massive 4d black holes with maximally symmetric
horizons and in spaces with an arbitrary cosmo-
logical constant. Linearised gravitational waves in
such spaces can be decomposed into two channels:
the even and the odd channel of perturbations
(with respect to parity). By considering the sym-
metries of the background, the evolution equations
of the gravitational fluctuations decouple, from
which one may conclude that the two channels
are independent. Nevertheless, at least in 4d, this
is not the case. There exists a special ‘integrable’
structure that relates the solutions in the two
channels: by knowing a solution in one channel,
one is able to generate a solution in the other chan-
nel. This relation is most easily encoded in the
formalism of Darboux transformations, which we
generalised to all black hole geometries considered
in this paper, and then employed it to discuss the
classification of pole-skipping. In particular, owing
to the structure of Darboux transformations, we
separated the pole-skipping points into a category
of algebraically special pole-skipping points (that
could be found analytically) and a set of pole-
skipping points that is common to both channels.
This particular classification is new, rather ‘natu-
ral’, and relates the discussion of pole-skipping to
a large body of literature in general relativity that
had considered algebraically special modes in the
past.

A number of open questions remains to be
tackled in the future. One is the question of
whether any signatures of pole-skipping can be
found in physically accessible gravitational waves.

21



● ●●
●

●
●

●

●

(a) n = −6, τ = − 1
3 , rc = 6M

● ● ●
●

●
●
●

●
●●

(b) n = −6, τ = − 1
4 , rc = 4M

●
●

●
● ● ●

●

●
●●

(c) n = −6, τ = − 1
4 , rc = 12M

Fig. 4: The cosmological horizon pole-skipping points in the complex µ plane plotted for n = −6 and for
three different positions of the cosmological horizon. Red and blue dots depict the algebraically special
solutions in the even and odd channels, respectively. Black dots are the common points shared between
the two channels. In the even channel, the algebraically special points can overlap with common points,
yielding anomalous pole-skipping points, which are plotted with green dots. For a given τ , the solutions
in the two channels can be related by taking µ → 1 − µ. Moreover, note that for the ‘extreme’ value of
τ = −1/3, the spectrum is symmetric across the line of Reµ = 1.

As has now been appreciated for a while, pole-
skipping imposes stringent constraints on the
structure of gravitational wave Green’s functions
in momentum space. However, to fully under-
stand its implications, a thorough analysis of pole-
skipping in position space may likely be important
to find the answer. For the moment, we can com-
ment on the question of indeterminacy of the
response. In Fourier (momentum) space, the non-
commuting nature of the ω and µ limits towards
the pole-skipping point implies that Green’s func-
tions, and in consequence absorption, transmission
and reflection, are not uniquely determined. How-
ever, the transformation to position space involves
integrals of which the contours can avoid these
points (in other words, integrals, or an integral and
a sum, over ω and µ commute) and lead to unique
predictions for absorption and other gravitational
wave observables of interest.

Other interesting research directions include
the analysis of pole-skipping through the lens of
Darboux transformations for charged and rotat-
ing black holes. It would also be interesting to
relate pole-skipping to physical effects in those,
more complicated types of black hole.

Finally, despite the fact that the patterns of
pole-skipping points in higher dimensions show

no apparent commonality between different chan-
nel, a particularly interesting open problem is to
nevertheless try to understand whether potential
hidden, but in some sense similar, new structures
exist in the theory of gravitational perturbations
of higher-dimensional black holes.
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