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SURJECTIVITY OF POLYNOMIAL MAPS ON MATRICES

SAIKAT PANJA, PRACHI SAINI, AND ANUPAM SINGH

ABSTRACT. For n > 2, we consider the map on M, (K) given by evaluation of a
polynomial f(Xi,...,X,,) over the field K. In this article, we explore the image
of the diagonal map given by f = (51X{cl + 52X§2 + oo+ 6y XEm in terms of
the solution of certain equations over K. In particular, we show that for m > 2,
the diagonal map is surjective when (a) K = C, (b) K =T, for large enough g¢.
Moreover, when K = R and m = 2 it is surjective except when n is odd, k1, k2o
are both even, and 9192 > 0 (in that case the image misses negative scalars), and
the map is surjective for m > 3. We further show that on M, (H) the diagonal

map is surjective for m > 2, where H is the algebra of Hamiltonian quaternions.

1. INTRODUCTION

Let A be an associative algebra over a field K. Let f(Xj,...,X,,) be a poly-
nomial over K in non-commuting variables. Such a polynomial defines a map
w: A™ — A given by evaluation (x1,2,...,2,) — f(z1,...,2,). These maps
are called polynomial maps, and a fundamental question is understanding their
image. In recent years this problem has attracted a lot of attention including in

Tud
). Several deep results have been proved for word maps on finite simple groups
(see the articles ﬂﬂ, Iﬂ, Iﬂ]) In this article, we look for certain analogous results
for matrix algebras. Here we deal with a particular map, namely given by diagonal

the context of groups, algebras and Lie algebras etc. (e.g. see the articles ﬂﬁ,

polynomials.
Given integers ki, ko, ..., k, > 1, and 61,...,9,, € K all non-zero, we consider
the diagonal polynomial

F(X1, o, X)) = 01X 4 5, X57 4 -+ 0, X (1.1)
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in m-variables. We call the corresponding map w a diagonal map. The main
question here is to understand how big the image is. In particular, we would like
to see if this map is surjective and find the smallest m with this property. When
ki = ... = k,, = k the Equation [[LT is a k-form. Such a k-form is said to be
universal on A if the map w is surjective. Also, the well-known matrix Waring
problem considers 6; = 9, = - -+ = d,, = 1 for a k-form and asks for the smallest m
so that the form is universal, i.,e., w is surjective. The universality of the quadratic
form (k = 2 case) over a field is a well-studied problem including the arithmetic
aspects (e.g. in the work of Bhargava B], M]) Voloch looked at diagonal forms
over function fields in [31]. We are interested in looking at this problem when A is
the matrix algebra M, (K) and obtain results over certain fields such as K = C,R
and F, (also over the skew-field H). The Waring problem is well-studied for matrix
algebra see Richman @] Vaserstein @ Katre ﬂﬁ], ﬂﬁ], Garge E], ﬂ§], Bresar-

Semrl ([5], [6], [7]) etc. More general problems about the images of polynomial
maps on a ebras are b cons1dered by Kanel-Below, Yavich, Kunyavskii, Rowen

. (see ] M]) For a survey of recent results one can look
into iﬁ and ‘j

Motivated by the results obtained for the Waring-like problem in the case of
non-abelian finite simple groups (see @], ] and [20]), Larsen asked the question
(see ﬂﬁ]) if every element of M, (K) can be written as a sum of two k-th powers
for “large enough” K. This question is answered in the affirmative in a series of
two papers |17] and @ over finite fields [F,. In particular, in @] it is shown that
(see Theorem 1.1) there exists a constant A/ (k) (which depends only on k) such
that for all ¢ > N (k) the map given by X* + Y'* is surjective on M, (TF,).

In this article, we obtain more general results about the image of the diagonal
map w given by the polynomial in Equation [[LTJon M, (K) such as when invertible
matrices and nilpotent matrices are in the image depending on if we have solutions
to certain equations (which are usually k-forms) over the underlying field K. These
results are collected in Section [3l With the help of these, we obtain the following
results in Section ] and [Bl over various fields:

Theorem 1.1. Let m be a positive integer andn > 2. Given integers ki, ko, ... ky >
1, and 01,...,0,, € K all non-zero, consider the diagonal map w: M,(K)™ —
M,(K) forn > 2 given by

w(zy, ..., Ty) —511' +52x o O

Then we have the following:
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(1) When K = C, the map w is surjective for all m > 2.

(2) When K = F, and m > 2, there exists a constant N which depends on
ki,..., ky such that for all ¢ > N the map w is surjective.

(8) When K = R and m = 2, the map w is surjective except when n is odd,
0102 > 0 and ki, ko are both even (in that case the image misses negative

scalar matrices). It is surjective for m > 3.
(4) On M, (H) the map w is surjective for all m > 2.

Since, in general, the power maps need not be surjective, m = 2 is the smallest
possible with the property that w could be surjective. This clearly generalises the
known results for the Matrix Waring problem in @] to a more general diagonal
map on one hand, and on the other hand, it generalises the work of Richman ,

|. The result on H for ¢; € R follows quite easily by using the canonical form
theory which we mention in Section [l We further hope to apply our method to
some more polynomial maps and obtain similar results. Throughout the article
I € M,,(K) will denote the n x n identity matrix in M, (K).

2. PRELIMINARIES

In this section, we set up a method that reduces the problem of finding a solution
to a matrix equation f(Xi,...X,,) = A for all A € M, (K) to that of Jordan
Matrices over extensions of K. Recall that an irreducible separable polynomial is
one which does not have repeated roots over an algebraic closure. We will call a
polynomial to be separable if all of its irreducible factors are separable.

2.1. Reduction to Jordan Matrices. Let K be a field and A € M,,(K). We are
interested in finding a solution to the equation f(Xi, Xs,...,X,,) = A. That
is, we want to know if A is in the image of the map w: A™ — A given by
(r1,29, ..., xm) — f(z1,22,...,2y). For P € GL,(K) we can re-write the equa-
tion as

f(PX, P PXy,P™' ... PX,,P7')= PAP™,

thus it is enough to consider a canonical form of A up to similarity. Further,
if we have a block diagonal matrix A = diag(Ay,..., A,), and have a solution
to each f(Xi,Xs,...,X,,) = A; for 1 < i < r, then we have a solution to
f(Xy, Xs, ..., X,,) = A by taking solution as the block diagonal matrices with
blocks being the solutions of the earlier equation.



4 PANJA S., SAINI P., AND SINGH A.

Further, let A has its characteristic polynomial separable and is given by ['_, p;(z)*
t.

where p; are irreducible polynomials then a canonical form of A is @ Gé pi i)
i=1j=1

where {s;(1),...,s;(t;)} is a partition of s;. This notation will be abbreviated in the

subsequent discussion by omitting the limits when they are clear from the context.

The notation .J,; refers to a block matrix with [ blocks each of size d = deg(p(z))

and the entries as follows:

& I 00 0 0
¢, I —do
P 10 0 « 0 -—-a
N 01 0 0 - —ay
Jp1 = o where €= . . . . .
B 0+ 0 1 0 —ag_s
<p I 00 0 - 1 —ag_1
QP

is the companion matrix corresponding to p(z) = 2%+ay_ 2%+ -+a1x+ag. The
matrix .J,; is also referred to as a Jordan matrix corresponding to p(x) and [. Let
L = K(«) be a field extension that has a root o of p(x). Then, we consider the map
R: M;(L) — M;4(K) induced by the left-multiplication map by « on L over K.
Clearly, this map is a ring homomorphism and maps the matrix J,; to J,;. Under
the homomorphism R we can carry forward a solution of f(Xi, Xo, ..., X;) = Jay
to that of f(Xi,Xs,...,X,,) = Jp;. This argument can be used to reduce the
problem of finding the solution to that of Jordan matrices .J,; for all a in various
extensions of K. We can summarise this as follows:

Proposition 2.1. Let K be a field and A € M,(K) with a separable characteristic
polynomial. Then, the equation f(X1,Xs,...,Xn) = A in M,(K) has a solu-
tion if f(X1,Xa, ..., Xon) = Jay has a solution in M)(K(a)) for all o which are
eigenvalues of A over K.

We use this to reduce the problem to solve Equation[[.I]to that for Jordan matrices.
We demonstrate this by an example.

0 -1 1 0
) 1 0 0 1 . . .
Example 2.2. Consider 0 —1 over R with characteristic polynomial
1 0

L
(T?% + 1)* which becomes < ) over C. We can write this as a sum of squares

L
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2

2w . o .
where (s = e&"* = cos %” +¢sin - = ¢+ 1s which gives us

over C as follows:

0 -1 1 0 c —s ¢ s\° (000 0\

1001_80—80 000 O
0 —1| 0o of F c —s
1 0 0 0 s c

Our goal is to show Theorem [I1] which solves Equation [LIl This requires to
understand if the equation §X* + fY* = A has a solution in M, (K) for a given
A € M,(K). We note that without loss of generality, we may assume § = 1. Thus,
because of Proposition [Z1] our problem gets reduced to the following:

Proposition 2.3. The equation X* + BY* = A has a solution in M,(K) if
the equation X™ + BY* = J,; has a solution in M;(K(a)) for all o which are
eigenvalues of A over K and l > 1.

In view of this, we will explicitly deal with the equation
Xk ppyke = A (2.1)

with 5 # 0 in the following two cases for A and n > 1:

e the invertible case when A = J,,, where a # 0, and

e the nilpotent case when A = Jy,,
in the Section 3l We further note that A is invertible if and only if none of the p;(z)
(appearing in the factorization of the minimal polynomial) are the polynomial z,
i.e., in the extension fields we need to deal with J,,, with a # 0.

3. DIAGONAL WORD

In this section, we look at Equation 2.J Without loss of generality, we may
assume ki > ko > 2. Note that if one of the k; = 1 then the equation always has
a solution.

3.1. Invertible Elements in the image. We begin with considering A = J, ,,
ie, if X* 4 BY* = J,. with a # 0 has a solution in M,(K). We have the
following:
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Lemma 3.1. Let ki, ks be integers and o € K*. Suppose the equation X*1 +pY*2 =
a has two solutions (a,b) and (c,d) satisfying a® # ' and b2 # d** over K.
Then, the equation X*' + BY*2 = J, . has a solution in M,(K)s where M, (K),
denotes the set of diagonalisable matrices.

Proof. For n = 1 we are already given the required solution. So, we may assume
n > 2. We have solutions (a,b), (c,d) € K x K such that a* # ¢* and b2 # d*2,
a = a" + Bb*? and o = ¢* + Bd*2. With this in mind, we consider the following
block diagonal matrices,

(1) whenniseven G, = P (

n

ak

0 1) and , = (95°%) (ﬁd'” , )@(ﬁd’”),

e\ 0 pb*
2

2

(2) whennisodd G, = @ (akl L ) @(a*) and H,, = (Bb*2) P (ﬁdk2 L )

n—1 0 Ck1 (n—1) 0 5bk2
2 3

Thus, we get J,., = G, +H,. Since a™ £ 1 and b2 # d*2, we get that G, and H,,
both are diagonalisable matrices, in fact, similar to diag{a*',c* a* c* ...} and
Bdiag{b*2, d*2, b*2 d*> ...} respectively. Clearly, G, is similar to a matrix which is
k1-power of a diagonal matrix, and H,, is similar to 8 times ky-power of a diagonal
matrix. Hence J,, = B* + 8C* where B,C € M,(K),. O

We can use Proposition 2.1 with this Lemma to show when invertible elements are
in the image of the diagonal word map. Suppose A € M, (K) with a separable
characteristic polynomial and each eigenvalue of A over K satisfies the properties
of the Lemma above then A is in the image.

Remark 3.2. We note that the above proof works for & = 0 too as long as we
have required solutions over K.

Here is an example that the image of w could have nilpotent elements.

Example 3.3. Consider w: My(K); x My(K); — My(K) given by w(xq,x9) =
22 + x3. Suppose char(K) # 2, and X?+ 1 = 0 has a solution in K, say ¢, then we

2 2
. (01 I L 0 :
can write = 2] + . In the case char(K) = 2 we can write
0 0 0 1 0 ¢

La)-(a) (i)

3.2. Jordan nilpotent elements in the image when n > 2k;. Now we are
interested in getting nilpotent elements in the image of X* 4 3Y*2. We assume
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k1 > ko. We show that the large-size nilpotents are always in the image. We recall
the notion of the Junction matrix from Section 5 of ﬂﬁ]

Definition 3.4. Let n > 1 be a positive integer. Let (ny,nso,...,ng) be partition
of n with 1 < n; <ny <...<ng. The Junction matrix associated with the given
partition of n is

3(n17n2,---,nk) = Cnyngt1 T €(n1+n2),(n1+n2+1) +o At €(n1+no+..4np_1),(n1+ng+...+ng_1+1)

where e; ; is the matrix with 1 at i place and 0 elsewhere.
We begin with the following:

Lemma 3.5. Suppose n > 2k, and (ny,ns, ..., ny) be partition of n with alln; > 2.
Then, the junction matric Jm, ny,..ny) = B.B* for some B € M,(K).

Proof. Let {e1,es,...,e,} be the standard basis of K" and the matrix J(n, n,....ny)
corresponds to a linear transformation given by mapping €, 4no+-tni;1) 10 €(ny4not-tns)
and others to 0. Reordering the basis elements to
{617 €2, .., eni—l’ 6ni+27 <o 6, 6n17 e(n1+1)> 6(n1+n2)7 6(n1+n2+1)7 ey
E(ni+no+-+ng_1)> e(n1+n2+---+nk,1+1)}

gives a conjugate of the junction matrix J,, ns,....n,), say C. The matrix

o @ m @(@y)

n—2(k—1

We can also see that C' is conjugate to SC as C' is a nilpotent matrix. Hence,

J(n1mo,...my) 15 conjugate to SC. Now consider B = &P Jo,1) D Joox—1 and
n—(2k—1)

by Lemma 6.1 of @], B* is conjugate to C'. Therefore, J(ni,na,...ny) 18 conjugate to

BB*. O

Theorem 3.6. Let ki > ky > 2 be positive integers. For n > 2ky the Jordan
nilpotent matriz Jy . is in the image of f(X,Y) = X" + gY*,

Proof. We begin with considering J(]{ln. Let us denote n’ = [7+] and n" = [-].

Since n > 2ki, we have n” > n’ > 2. We find m such that m = n (mod k)
and 0 < m < k;. Then, from Miller’s Lemma (Lemma 2 @]) we get that J(lfj1 is

conjugate to
']F('](I)?r) = (@ JO,n’) @ <@ J(],nﬂ) .

ki—m
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Now, we consider J = Jy,,—JF (J(lffn). The matrix J is a junction matrix associated

to the following partition of n: | n’,...,n',n”,...,n" |. From the Lemma it
——— — —

k1—m m

follows that J is conjugate to SB*2. This completes the proof. O
Thus, all nilpotent matrices of index > 2k; are in the image.

3.3. Nilpotent elements in the image. Now we develop another method to get
nilpotent matrices in the image depending on the existence of solutions of certain
equations over the base field. Let us begin with the following n-by-n matrix for
n >3 and € # 0 in K|

t
M = M(e,x,y, 2) = (EJ(],(n—l) x)
y z

over the field K where x = (21,9, ...,2,1) andy = (y1,¥2, ..., Yn_1) are elements
of K» ! and !x denotes the transpose of the vector x. Note that €Jo,(n—1) 18
conjugate to Jy (,—1y. The characteristic polynomial of M is

n—1 n—1
xu(T) = T — 21" — <Z x,-yi) T2 ¢ <Z :L',-yi_l) T3 — ... (3.1)
i=1 =2

n—1
- 7 < > !L"z'yz'—j+2> T = = @ @y + Tpayn) T — €2y
i=j—1
We wish to understand when M is a k power regular semisimple element (i.e., with
distinct diagonal entries). We recall that the elementary symmetric polynomials
are

Ei(Xla---aXn>: Z Xj Xj X]Z
1<G1<g2<+<ji<n

and [['_ (T —z,) =T — &y (1, .., 2) T oo+ (=1)"En(1, . . -, ).

Definition 3.7. Let K be a field and )y, ..., \, be a solution of X¥ + X§¥ +... +
X = o over K. We say the solution is regular if \¥ # )\f for ¢ # j. Further, if
none of the \; are 0 we say the solution is non-zero regular.

Note that if 0 appears in a regular solution then it can appear at most once. We
have the following,

Lemma 3.8. Letn >3, and i1, . . ., ji, be a reqular solution of X+ X5+ -+ XF =
z over K. Then, for a given 'y with y; # 0 (similarly for a given x with x,_1 # 0)
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there exists x (respectively y ) such that the matriz M(e,x,y, z) is conjugate to the
k power regular semisimple element diag(u¥, ..., uk).

Proof. Let us write M = M(e,x,y, z) and we have expression for x,/(7") in the
Equation Bl We require x(T) = (T — pi)(T — p&) - - - (T — pk) which leads to
having a solution to the following system of equations:
s o= &l =S
Y1+ -+ Tp1Yn-1 = —82(,11]16’ s 7#2)
Toyi + T3Ys + A+ TpoYnz = € Es(pf, .., pk)

Tpn_oU1 + Tp_1Ys = (—1)"6_(”_3)5n_1(u1f, k)
Ty = (1) OIE () = (1) e T T Tk

Clearly, the first equation is satisfied. We write the remaining equations in matrix
form as follows:

Yr Y2 o Yn—a T —E(uk, ..., pk)
0 v - Yn T2 B
0 0 -y ) \@u (=D)rHte =2k

Since y; # 0 the matrix is invertible and we have a solution.
Now, we can also write the above equations taking the bottom one first and
thinking of y; as variables as follows:

Tpep 0 o0 n (=) Hle 2k
Tpn—2 Tp—1 *°° 0 Y2 B
1 X2 o Tp—1 Yn—1 _gQ(M]fa B >:U“]:L)
Since x,_1 # 0 we have a solution to this equation. O

Corollary 3.9. Letn > 3, Ay, ..., \, be a reqular solution of X+ X5+ .+ XF =1
over K and e € K* with € # —1. Then, the matriz M (e, (1 + €)e,_1,y,1) is a
k power reqular semisimple element where y; = %gn_iﬂ()\’f, oA ) and
e,.1=1(0,...,0,1).

Corollary 3.10. Letn > 3, ji1, ..., iy be a reqular solution of XF+X5+. ..+ X* =

—% over K with p, = 0. Then, for a given y with y; # 0 there exists x with
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Tn_1 = 0 such that the matriz M(1,x,y,—1) is conjugate to B times a k power

reqular semisimple element.

Proof. The proof follows along the similar lines as for the Lemma B.8 by equating
xu(T) to (T — Buk)--- (T — Buk) by noting that the equation x,_;y; = 0 will
ensure x,_1 = 0. ]

Theorem 3.11. Let n > 3 and K be a field with |K| > 2 and suppose

(1) the equations XJ* + X3* +---+ X" =1 has a regular solution, and
(2) in addition, forn >3, X2+ X524+ XF = —% has a non-zero reqular
solution.

Then, the nilpotent matriz Jo,, is in the image of f(X,Y) = Xk 4 gy*z,

Proof. 1t is enough to show that the Jordan nilpotent matrix .Jy, is in the image
of f(X,Y) = X"+ BY*2. Let € € K* such that 1 + ¢ # 0. We write

(]. + E)J07(n_1) (]_ + 6) ten_l + tX)

M(E,(l+€)en—17y71>+M(17X7 _yv_l) = ( 0 0

where e, 1 = (0,...,0,1) and x = (x1,...,2,-2,0). The matrix on the right-
hand side is conjugate to Jy,. The first matrix on the left side is k;th power of
a diagonalisable matrix (follows from Corollary B.9). It also ensures y; # 0. The
second matrix is § times a koth power of a diagonalisable matrix (follows from

Corollary B.I0). O

Theorem 3.12. Let K be a field with |K| > 2. Suppose the equation XJ? + X3* =
—% has a regular solution. Then, the nilpotent matrixz Jyo is in the image of
f(X,Y) =Xk 4 pyr,

Proof. Let (A1, A2) be a regular solution of X 4+ X5 = —%. We write

bo)-G D)5 5)

Now, the first matrix on the right is an idempotent and hence is ki-th power of

itself. For the second matrix to conjugate to diag(A\™, A\52), we need \¥2 4\ = —%

and )\]fz)\gz = % Determining y gives us the desired result. O

4. IMAGE OF DIAGONAL POLYNOMIAL OVER C AND [,

We use the results obtained in the previous section to obtain some surjectivity
results over particular fields for the diagonal word map.
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4.1. Diagonal polynomial over C. We demonstrate an application of our earlier
results. Note that this result will still hold for any algebraically closed field of
characteristic 0, but we choose to state it for C.

Theorem 4.1. Let K = C and k1, ky > 1 be integers and [ be a non-zero element
in C. Then, the map w: M,(C), x M,(C), — M,(C) given by w(xy,z5) = i +
ﬁzgz, where M, (C)y is the set of semisimple matrices, is surjective.

Proof. Let A be in M, (C). Then, the Jordan canonical form of A is the direct
sum of the Jordan matrices J,; where o € C. Now, we look at the equation
XM 4+ BY*2 = o over C. Take any a,c € C such that a** # ¢ and consider
the equations AY* = o — a® and BY* = a — *'. We can easily find solutions
required in the Lemma B.1] thus J,; is in the image. The same argument works
for Jordan nilpotent matrices in the view of remark (or alternatively we can
use Theorem [B.17], for o = 0 case). This proves the required result. O

Corollary 4.2. Letm > 2, andw: M,(C)"™ — M, (C) given by w(x1,xs, ..., xy) =
5128 4 a2 o £ 5 akfm . Then, w(M,(C)s) = M, (C). Thus, w is surjective.

4.2. Over finite field. The result in this section is a generalisation of that in ﬂﬁ]
The proof is along similar lines too thus we keep it short.

The proof relies on having enough solutions of the equation X* + 8Y*2 = ¢ over
the field F,, for large enough ¢. The solution of polynomial equations over finite
fields has a long history with some fundamental results such as the Chevalley-
Warning theorem and Lang-Weil bound etc. We begin with some of these results
regarding the number of solutions which will be used in the main proof. We recall
a version of Lang-Weil theorem @, Theorem 5A].

Theorem 4.3. Consider the polynomial equation 51Xf1 + oot 0, XEm =1 where
0; € Fy and k; > 0 for all i. Then the number of solutions S of this equation in
[ satisfies
m—1 ]_ _m/2
1S —q™ Y < kikoe kg T (1——) -
q
The next lemma is along a similar line as Proposition A.3 [18§].

Lemma 4.4. For ki > ky > 2 and o, € F*

o » consider the polynomial

F(X1,X,) = XM + X — a.

Then, for q > kiks, there exists solutions (a,b) and (c,d) to F(X;, X5) = 0 such
that a** # c* and b*> # d*2.
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Proof. By Theorem 3] we have the following inequality about the number of
solutions S of the equation F(X;, X5) =0 and m = 2,

1S —q| < kikan/q (L) .

q—1

Observe that _L < 2 < k;. Therefore, we have [S — ¢| < k3ks\/q. Suppose (a,b)
and (c, d) are solutions of FI(X;, Xy) = 0. If a® = ¢ then F(X;, X5) = 0 has at
most k2 solutions as (a, (x,b) and (¢, (x,d), where (i, refers to a root of unity if it
exists, are also the possibility for solutions. Similarly, for b*2 = d*2, there are at
most k7 solutions possible. So, we need to have

S > q—khy/g> K+ k2 +1

i.e., we want \/q(/q—Fkiks) > ki-+k3+1. For this to be satisfied, it suffices to have
Va4 > kik3. In that case, we get /q(\/q — kiks) > \/q > kik3 > 4k3 > kI + k3 + 1
as ko > 2. O

Corollary 4.5. Let ki, ky > 1 be integers and o € Fy,. Then, there exist a constant
N1 (depending on ki and ko only) such that for all ¢ > Ny, the matriz J,, €
M, (F,) can be written as B¥ + BC*2 for some B,C € M,(F,) both diagonalisable.

Proof. Using Lemma 4] there exists a constant N; (depending on ki, ks only)
such that for ¢ > Ny, and a € F, there exist solutions (a,b), (c,d) € Fg such that
akt £ & oand V72 £ d*?, o = a" + Bb*2 and a = & + Bd*2 for ¢ > N;. Now we
can simply use the Lemma [B.1] to get the required solution. 0

Now, we recall Proposition 2.3 from ] and Proposition A.2 from @] which
guarantees regular solutions to certain equations over [F,.

Lemma 4.6. Lety € F; andn > 2 be an integer. Then, there exists a constant Na,
depending on k and n, such that for all ¢ > Ny the equation XF+ X5+ -+ XF =5
has a regular solution over F,. In fact, it always has a non-zero regular solution
when n > 3.

Proposition 4.7. Let |K| > 2. For every integer ky > ky > 1, and 5 € [y there
exists a constant N3, depending on ki, ko and n only, such that for all ¢ > N3 the
Jordan nilpotent matriz Jy ., is in the image of X* + BY*2.

Proof. In view of Lemma above the required hypothesis of Theorem and [3.17]
are satisfied if ¢ > AN3. Note that N3 is the maximum of the constants required
in the hypothesis of the referred Theorems for various choices of k; and ko for
different n. Thus, we have the required result. O
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Now we are ready to prove the main result of this section,

Theorem 4.8. Let k1, ko > 1 and n > 2 be integers and [ be a non-zero element
in the finite field F,. Consider the map w: M, (F,) x M, (F,) — M, (F,) given by
w(zy,xy) = 2 + Bak2. Then, there exists a constant N (ky, ky) (which depends
only on ki and ky) such that for all ¢ > N (k1, k), the map w is surjective.

Proof. In the view of Proposition 2.1] the problem is reduced to dealing with J,
for all extensions of F, where | < n. The case of o # 0 is covered by Corollary
for all ¢ > N, where N depends on k; and ko only. The case of Jy; for | > 2k, is
covered by Theorem which works for any ¢. For the case of Jy; with [ < 2k,
we use Proposition 7 which works for ¢ > N5 depending on kq, ky and [ as well.
Thus, if we take ¢ > N where N is the maximum of A and various N5 for [ < 2k;
(which are finitely many) we get the result. Note that A depends on k; and ko
only. O

Corollary 4.9. Form > 2, there exists a constant N depending only on ky, ..., kn,
such that for allq > N the map w: M, (F,)™ — M, (F,) given by w(x1, o, ..., Tm)
ST A+ Goxh? - Gy is surjective.

5. IMAGE OF DIAGONAL WORD OVER R

In this section, we consider the diagonal polynomials with coefficients in R and
look at its image over M, (R). Our main theorems in this section are as follows:

Theorem 5.1. Let K = R, ky > ky > kg > 1 be integers and [, be non-zero
elements in R. Then, the map w: M,(R)> — M,(R) given by w(xy,xs,x3) =
ot 4 Bakr ¢ yaks s surjective.

Theorem 5.2. Let K =R, k; > ko > 1 be integers and § > 0 in R. Then, the
map w: M,(R) x M,(R) = M,(R) given by w(xy,xy) = 2 + Bak2 is surjective if
and only if one of the following holds

(i) n is even,

(11) n is odd and one of the ki or ke is odd.
Further, when n is odd and ky, ko both are even the image is M, (R)\{\L, | A < 0}.

We may assume that all of the coefficients of the diagonal polynomial are positive.
That is, we are dealing with 51x]f1 + 52x§2 + o+ pxkm where §; > 0 real for all
7. Because for :cll’“ + B:L’;” with 8 < 0, following a similar argument as for C in
Section .]], the equations required in the Theorem B.11] have solutions over
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R, hence the map given by z%' + S5 would be surjective. In fact, without loss
of generality, we may assume that J; = 1 as J; > 0 has a k;-th root. Thus in what
follows, we will be dealing with the map given by %' + 252 + ... 4 zF» The rest
of the section is devoted to the proof of these statements.

We begin by recalling a result from Richman (see Theorem 6 ]) which also
uses the work of Griffin and Krusemeyer from [9]:

Theorem 5.3 (Richman, Griffin-Krusemeyer). Let k be a field with characteristic
not equal to 2 and n be odd. Then, a scalar matriz cI,, € M, (K) is a sum of two
squares if and only if ¢ is a sum of two squares in K.

Thus in view of this, we have,

Corollary 5.4. Let n be odd and ki, ko both even. Suppose B > 0 is a real number.
Then, a scalar matriz \I,, € M,(R) for A\ < 0 can not be written as A¥ + 3B*2
where A, B € M, (R).

Proof. If we can write A, € M,(R) as A* + 8B*2 then \I,, € M,(R) is also a
sum of two squares in M, (R), and then by the above Theorem of Richman A is a
sum of two squares. This is not possible for A < 0. O

The rest of the proof is devoted to essentially showing that these are the only
exceptions. The proof will be divided into three cases:

Case 1: When one of the k; or ko is odd.
Case 2: Both k; and ky are even and n is even.
Case 3: Both k; and ky are even and n is odd.

5.1. Case 1 when one of the k; or k; is odd: The proof when k; or ks is odd is
simpler. Let A € M,,(R). Then, A is conjugate to the direct sum of Jordan blocks

(1) Ja; where a > 0 in R,

(2) Ja,; where a < 0 in R, and

(3) Jp(z); where p(x) is degree 2 irreducible polynomial over R.
Using Proposition 2.1 we can realise J,,),; of the kind .J,; for some A € C where
we can use Theorem [.T] to prove the result. Thus, we need to deal with J,; where
a € R. We may assume ko is odd. Note that when « # 0, we are done using
Lemma B] as the equation X* + Y*2 = o has required solutions (in the view of
k2 being odd).

When o = 0 we can use Theorem B.I1] and to get the result as we have

solutions of required kind over R (once again in view of ky being odd).
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5.2. Case 2 when n is even and ki, ks both even: In this case, we wish to show
that the equation p(x1, ) = 2% + 252 = A where A is in M, (R) and n is even,
always has a solution in M, (R). Since the equation is closed under conjugation we
may consider A in its canonical form. The blocks appearing in the canonical form
of A will be as follows:

(1) Jaom where a € R and m > 1.

(2) Jay2m1—1 DB Jag2my—1 for aq, an € R and my, mg > 1 (because n is even).

(3) Jf(z)m where f is an irreducible polynomial of degree 2 over R, and the
particular case m = 1 refers to the 2 x 2 companion matrix €; .

~ sin =~  cos kl
1

cos - —sin -
Denote 7,,, = (@& 7@ --- & 7) where 7 = ( k1 kl) then 781 = —1I,,,.
k1

vV
m—times

k
Thus, for a real number & > 0, <§ﬁrm) = —&1s,,. Also, we note that for £ > 0

ko

and n = 5%, the Jordan matrix J, ; has the property that (J, )
Jes.
In view of the discussion above we need to deal with the three kinds of blocks.

is conjugate to

In each of these cases, we show that the matrix is in the image of w(zy, z3).

(1) When « > 0, we know J, 2, has k;-th root, so we are done. When o < 0
pick b > 0 such that ¥ + o > 0, we write

1 gl
Ja,2m = _¢I2m + J(a+1li),2m = (,lvb 1 Tm) + J(a+w)7277%'

ko

Now, note that Ju 4 21 is a ko-th power as it is a conjugate of (J ka) .

(2) In the case of Jy, 2mi—1 B Jag2ms—1 if both ay, o are positive it has ki-th
root. Else, we pick ¢/ > 0 such that ¢ + a1 > 0 and ¢ + as > 0 and write

Jar,2mi—1 D Jag 2me—1 = = VLo 4mo—1) T (Jar+p.2m1-1 D Jagt,2ma—1)-

Now, =9 1(m, 4ms—1) is @ ki-th root and Jo, 14, 2m; —1 D Jag44p,2ma—1 1 @ kp-th
root.

(3) In this case we can use Lemma [B.1] and go over the extension C where we
can find the solution and realise it over R.

5.3. Case 3 when n is odd and ki, ks both even: In this case, we wish to
show that the equation p(x1,2s) = 2}* + 25> = A where A is in M,(R) and n is
odd, has a solution in M, (R) except when A is a negative scalar matrix. The fact
that negative scalars are not in the image follows from Corollary 5.4l Since the
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equation is closed under conjugation we can work with the canonical form of A.
The canonical form of A is a direct sum of the following:
(1) Jaygy B Jagt, B -+ D Ja,y, where oy € R and [; even.
(2) Jagty B Jogty @ -+ @ Jo, 1, where a; € R and [; odd (s must be odd as n is
odd).
(3) ®Jf,(x),m where f; is an irreducible polynomial of degree 2 over R. The
particular case ¢ = 1, m = 1 refers to the 2 x 2 companion matrix €; .

We first prove some Lemma.

Lemma 5.5. Let m > 3. Let dy,ds, ... ,d, be non-negative reals. Consider the
matrie

—d; 1

—dy 1
—d; 1
M = _ € M, (R)
—dp—1 1
_al _a2 e . _am_l _(dm _I_ 1)

Then, ajs can be chosen in such a way that the matriz M is k-th power of some
diagonalizable matriz in M,,(R).

Proof. The characteristic polynomial of M is given by x(7)

=7 4T <1 + > di) + T2 < >oodid,+ Y d; +am_1> +

1<i<m 1<iy <ig<m 1<i<m—1
Tm—3 ( Z dildizdig + Z dildi2 + Q1 < Z dz) + CLm_Q) +
1<i1<i2<i3<m 1<i1<2<m—1 1<i<m—2
A > diydiy .. di,, A+ as(dy +dy) +ag | +

1<i1 <i<i3<...<irm—1<m

(dldg e dm—l(dm + 1) + dldg e dm_gam_l + ...+ d1a2 + al) .

We claim that we can choose \i,...,\,,_o positive reals and \,,_1, \,,, a pair
of non-real complex conjugates such that xp (T) = (T — A1) -+ (T — M\p_o)(T —
Am—1)(T — A\) and \; # Aj for all ¢ # j. This will help us ensure that M is
conjugate to a regular semisimple element which is k-th power. For this, we need
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to solve the following system of equations,

o di+1==E0 A M),

1<i<m

Z di, d;, + Z di_'_am—l:(_1)252(>\17--’7)‘m—17)‘m)7

1<iy <ia<m 1<I<m—1

Z dildigdig + Z dildig + Q1 < Z dz> “+ Qyp—2

1< <ia<iz<m 1<i1 <ia<m—1 1<i<m—2

= (=13&(A1, -y A1y Am),

Z dildh...dimfl+...+a3(d1+d2)+a2

1<i1<i9<iz<...<im—1<m
= (_1)m_15m—1()\17 SR >\m—17 )‘m)a
d1d2 . dm + d1d2 . dm_1 + ...+ CLle +a; = (—1)m8()\1, cey >\m—17 )\m)

Now, we simply pick Aq, ..., \,,_2 positive reals and \,,_1, A,,, a pair of non-real
complex conjugate such that

m—2
- Z di_l:51(>\17"'7>\m—27)‘m—17>\m):Zki_'_)\m—l_'_)\m
1<i<m =1

and \; # \; for all ¢ # j. This ensures each A; for 1 < ¢ < m — 2 has a real k-th
root. Further note that when k is even the real part of A\, has to be negative and
we will see that the requirement of k-th root forces a pair of complex conjugates.
We note that since A, and \,, are a pair of complex conjugate the &;(Aq, ..., Ay,)
are in R. Thus, the above equations determine the value of a; which are real num-
bers. This proves that we can choose a; in such a way that M is conjugate to
M = diag(\y, ..., Am_s) ® ¢; where \; are positive reals and €; is companion
matrix of the real polynomial 72 — (Ay,_1 + Ap)T + A1 A, Clearly, M has a k-th
root in M,,(R) because scalars on the diagonal are positive and the 2 x 2 block
can be thought of as an element in C. Hence M is a k-th power. U

Next we have the following,
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Lemma 5.6. Letn > 3 and dy, ..., d, be non-negative reals. Consider the matrix
T € M,(R) as follows:

—d; 1
—dy 1

—dp—1 1
—d,

Then, there exist matrices B and C' in M, (R) such that T = B¥ 4 C*2.

0O 0 --- 0
Proof. Let us consider a matrix B = [ 0 0 --- 0 | and observe that
ai as -+ ap_q1 1
B* = B. Now, from Lemma we can choose aq, ..., a,_1 such that the matrix
T — B, which is in the required form, is ko-th power, say C*2. Thus T = B* +
Chz, O

Proposition 5.7. Let n be odd and A € M,(R). Suppose the odd-size Jordan
blocks appearing in the canonical form of A are all of the size > 3. Then, A is in
the image of 2% + x52.

Proof. The Jordan blocks of the kind J, o; and Jy(;); can be taken care of as in the
Subsection as they are of even size. For the Jordan blocks of the kind J, -1
we can use Lemma as they are of size > 3. O

Lemma 5.8. All diagonal matrices in M,,(R), when m is even, and the diagonal
matrices with at least 2 distinct diagonals, when m is odd, are in the image of
k1 k2

T+ 2y

Proof. When m is even the diagonal matrices belonging to the image are covered
in Section Now for m odd, we are done if even one of the diagonal entries
is positive. So, we may assume all of the diagonal entries are negative. We need
to deal with diag(A;, A2, Az, ...) where \; < 0 for all i and A\; # As. Note that
A1
A2

As (because \; # Ag).

diag(A1, A2, Az, .. .) is similar to
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a1 Qg

M = (Al )\1> _Lkl - (_ )\llﬂ—l A _1 k1> .
2 a1 2 — Qg

We claim that we can choose ay and a; such that the characteristic polynomial of
the above matrix M is xp(T) = (T'+ A\ ) (T — p) with g # —\;. For this we need
to have —\; + 1 = A\ 4+ Ay — al' and =\ = A\ (Mo — ') + a;a¥ ™', The first
equation would require aIO“ = 2)\; + A2 — p which can be solved by choosing p so
that 2\; + Ay — £ > 0 (this means p < 2A\; + Ay < 0 < —A;). The second equation

gives a;. Thus, we can make M similar to diag(—M\;, 1) with u # —X;. Hence,

Now, we consider the matrix L = <0 O) and note that

)\1 1 L kl

is similar to diag(—A1, i, As, . ..) where —A; > 0. Now, M has one of the diagonal
entries positive (and remaining part is even size) so it is a ko-th power by the
earlier argument. This completes the proof. 0

Lemma 5.9. Let | > 1 and o,& € R. The matrices Joo @ (§) and Jp; & (§) are
in the image of x5 + 242,

Proof. First we deal with J, o @ (£). From the argument in Section we know
that J, 9 is in the image of 2% + 25 and hence if € > 0 (it has roots) we are done.
Thus, we may assume & < 0.

Write m = 2l for simplicity and consider wq, ws, ..., w,, € R such that w; #
0. Take L to be a matrix with first m — 1 rows 0 and the last row to be
(W, Wp—1, - - . ;w1 ). Then,

Q 1 0 0
0 « 1 0
Jom — LF' =
- o 1
_wmwlfl_l _wm_lwlfl_l Ce el oo — wlfl
We claim that we can choose wy,ws, ..., w,, in such a way that the characteristic

polynomial of J, ,, — L is (X + &)™ (X — ) with A # —¢. Following a similar



20 PANJA S., SAINI P., AND SINGH A.

calculation as in the proof of Lemma [E5 we need to ensure tr(J,,, — L) =
—(m — 1)¢ + A, that is, ma — w? = —(m — 1)¢ + X. Thus, we need to have a
solution for w¥ = ma + (m — 1)€ — X which can be insured by choosing A < 0, in
fact take A < £ < 0. This allows us that J, ,,, — L* is conjugate to My @ (A\) where
only eigen values of M; is —¢ which is positive. Thus, M; = M*? for some M.

k1
L
Now, let us write u** = £ =X\ > 0 and A\ = —v*'. Then, (‘]O‘vm 5) _ ( ) —
U

MPF2
Jom — LFY
( ’ ¢ k1> Is conjugate to A . Now all we need to show
—u

A
is that Al is a ko-th power where A < 0. Equivalently, enough to show —1I, is a

ko
cos - —sin -
ko-th power. This can be done using —1 = [ =~ *2 Fa)
S1n Ko COS iy
Now, let us deal with Jy; @ (£). Once again, from the argument in Section

we know that J;; is in the image of 25" 4+ 252 and hence if £ > 0 we are done. We

need to deal with the case when & < 0.
First, we consider the case of | = 1 with f(z) = 2? + byz + by and €; =

0 —b
(1 b1> € My(R). Let wy,ws be two real numbers with w; non-zero. Consider
—bo

the matrix L = ( 00 ) . Then,
wo W1

k1 0 —by 0
¢ L
( f f) B ( ) = | 1w by —wit 0
u
0 0 £—ul

and we claim that with a choice of wy, ws and u we can make this a ko-th power.
Note that the characteristic polynomial of €; — L* is T? + (by + wi*)T + by (1 —

wywi' ™). To make €; — L* conjugate to a diagonal matrix diag(—¢, \) with
A # —& we need to equate trace and determinant, i.e, —§ + X\ = —by — wlfl and
—EX = b (1 —wyw' ™). We fix, A < 0 such that € =X > 0 and —by + & — X\ > 0,
which ensures, solution for u** = & — X > 0 (to get u) and w¥" = —by + u*'. The

second equation gives wo and with this choice of u,w; and ws we get:

ky —¢
Q:f - L - A = Mg.
§ u \
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Now, —¢& > 0 which has ko-th root and A < 0 we can use the earlier trick on 2 x 2
block by using ko-th root of —I to get the job done.
Now for [ > 1, let L be a size 2 matrix as above for some w; and wy. Consider

¢ I 000 ...00\"
¢ I 000 ..00
000 ..00
0= ¢ I
¢, 000 ..LO0
¢ 000 ..0u

Then, the characteristic polynomial of Q is f(T)""1(T + &)(T — \)? equal to the
minimal polynomial and hence @) is similar to J¢;_y & M. Since Jg,—1 is ko — th
power and M, is ko-th power so is (). This completes the proof. O

5.4. Proof of the Theorem.

Proof of Theorem When n is even the proof follows from the argument in
Section 5.1 and Now, suppose n > 3 is odd and kq, ks is both even. The
negative real scalar matrices are not in the image, as follows from Corollary G4
It remains to show that every matrix in M, (R) is in the image of 2%* + x5 unless
it is of the form —A[,, where X\ is a positive real.

Let A € M,(R). From Proposition (5.7 if all odd-size Jordan blocks appearing
in the canonical form of A are of size > 3 then we are done. So, we may assume
that the odd-size Jordan blocks are of size 1. Since n is odd there has to be at
least one block of size 1. Now we claim that if A has at least 1 even size Jordan
block then A is in the image. For this we can combine one even-size block with a
size 1 block and use Lemma and the remaining parts will be even-size blocks.
Thus, we are left with the case when A has no blocks of even size (and no blocks
of odd size > 3). That is, A is a diagonal matrix. Once again if A has at least 2
distinct entries on the diagonal we are done with Lemma 5.8 Thus, A must be a

scalar matrix of the form \I,,.
O

Proof of Theorem [5.1l From the proof above all we need to show that A,
when A\ < 0 and n odd is of the form z* + 252 4 25, For this we write I, =
diag(A, ..., A, 0) + diag(0,...,0,\). Here, the first one is k;-th power using Tni
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from Section For the second one again we use the argument from Section

0
on < )\) and write it as a sum of ky and k3 powers. O

6. IMAGES OF DIAGONAL POLYNOMIAL OVER REAL QUATERNIONS

In this section, we look at the diagonal polynomial over M, (H) where H is
Hamilton’s real quaternion division algebra. We show that the map w(zy,x2) =
¥ 4 Bab? is surjective when 3 # 0. This easily implies the surjectivity of the
diagonal map for all m > 2. The result here is surprisingly easy to obtain due
to the canonical form theory for matrices in M, (H). We begin with the following
result due to Wiegmann and Liping (See @, Theorem 1], also , Lemma 3]).

Lemma 6.1. Fvery n x n matriz with real quaternion elements is similar under
a matriz transformation with real quaternion elements to a matriz in (complez)
Jordan normal form with diagonal elements of the form a + bi, b > 0. That is to
say if A € M, (H), then A is similar to a matriz of the form

J<A) = '])\1,”1 D J>\2,n2 S...0 JAkv”k’

with Ay = ay + ib, € C being right eigenvalues of A. Furthermore, by € R can
be chosen to be non-negative. In this decomposition J(A) is uniquely determined
by A up to the order of Jordan blocks Jy, ,,, and J(A) is said to be the Jordan

canonical form of A corresponding to mazximal subfield C of H.

This Lemma reduces the problem to look for A € M,,(H) as an image of diagonal
polynomial to that of A € M, (C). We call a matrix A € M,,(H) to be invertible
if there exists B € M, (H) such that AB = BA = I. Note that any matrix
A € M, (H) has finitely many conjugacy classes of left eigenvalues (i.e. a € H such
that A-v = a - v for some v € H"). Since the number of conjugacy classes in H
are infinite, given any matrix A € M, (H), there exists A € H such that X is not a
left eigenvalue of A, and consequently A — A - I is invertible (see ﬂﬂ, Proposition
5.3.4]). Now we are ready to state and prove the final result of this article.

Theorem 6.2. Let 0 # 3 € H. Then the map w(xy, x2) = 2 + Bak? is surjective
on M,(H). In particular, any matriz in M,(H) can be written as a sum of two
k-th powers.

Proof. If A € M,,(H) is invertible it can be written as X** for some matrix X in

M,,(H), since it is so in M,,(C). Hence A is in the image of w, by setting x5 to be
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the zero matrix. Next, assume A € M, (H) is not invertible. Choose A € H such
that A\*2 does not belong to the set of left eigenvalues of A. Fix n € H such that
n*2 = 3. This can be done as 1 can be conjugated to a complex number, thanks to
Lemma Then for x5 = (A\/n) - I, the matrix A — S2*? is an invertible matrix
(since 0 is not a left eigenvalue of A — B2z*2) and hence the map is surjective by
the previous argument. 0
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