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—— Abstract

Treewidth serves as an important parameter that, when bounded, yields tractability for a wide class

of problems. For example, graph problems expressible in Monadic Second Order (MSO) logic and
QUANTIFIED SAT or, more generally, QUANTIFIED CSP, are fixed-parameter tractable parameterized
by the treewidth of the input’s (primal) graph plus the length of the MSO-formula [Courcelle,
Information & Computation 1990] and the quantifier rank [Chen, ECAI 2004], respectively. The
algorithms generated by these (meta-)results have running times whose dependence on treewidth is
a tower of exponents. A conditional lower bound by Fichte, Hecher, and Pfandler [LICS 2020] shows
that, for QUANTIFIED SAT, the height of this tower is equal to the number of quantifier alternations.
These types of lower bounds, which show that at least double-exponential factors in the running time
are necessary, exhibit the extraordinary level of computational hardness for such problems, and are
rare in the current literature: there are only a handful of such lower bounds (for treewidth and vertex
cover parameterizations) and all of them are for problems that are #NP-complete, ¥5-complete,
I15-complete, or complete for even higher levels of the polynomial hierarchy.

Our results demonstrate, for the first time, that it is not necessary to go higher up in the
polynomial hierarchy to achieve double-exponential lower bounds: we derive double-exponential
lower bounds in the treewidth (tw) and the vertex cover number (vc), for natural, important, and
well-studied NP-complete graph problems. Specifically, we design a technique to obtain such lower
bounds and show its wversatility by applying it to three different problems: METRIC DIMENSION,
STRONG METRIC DIMENSION, and GEODETIC SET. We prove that these problems do not admit
220(tw) -n®M_time algorithms, even on bounded diameter graphs, unless the ETH fails (here, n is the
number of vertices in the graph). In fact, for STRONG METRIC DIMENSION, the double-exponential
lower bound holds even for the vertex cover number. We further complement all our lower bounds
with matching (and sometimes non-trivial) upper bounds.

For the conditional lower bounds, we design and use a novel, yet simple technique based on
Sperner families of sets. We believe that the amenability of our technique will lead to obtaining

* An extended abstract of parts of this paper was presented in [46].
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such lower bounds for many other problems in NP.
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1 Introduction

Many interesting computational problems turn out to be intractable. In these cases, identi-
fying parameters under which the problems become tractable is desirable. In the area of
parameterized complexity, treewidth is a cornerstone parameter since a large class of problems
become tractable on graphs of bounded treewidth.

Courcelle’s celebrated theorem [22] states that the class of graph problems expressible in
Monadic Second-Order Logic (MSOL) of constant size is fixed-parameter tractable (FPT)
when parameterized by the treewidth of the graph. That is, such problems admit algorithms
whose running time is of the form f(tw) - poly(n), where tw is the treewidth of the input,
n is the size of the input, and f is a function that depends only on tw. Similarly, a result
by Chen [21] shows that the QUANTIFIED SAT (Q-SAT) problem can also be solved in
time f(tw) - poly(n), where tw is the treewidth of the primal graph of the input formula
and f is a function that depends only on tw and the number of quantifier alternations in
the input formula. Q-SAT is a generalization of SAT that allows universal and existential
quantifications over the variables. Note that Q-SAT with k quantifier alternations is IT}-
complete or 37-complete. Unfortunately, in both of the aforementioned results, the function
f is a tower of exponents whose height depends roughly on the size of the MSOL and input
formulas, respectively. For Q-SAT, the height of this tower equals the number of quantifier
alternations in the Q-SAT instance [21].

Over the years, the focus shifted to making such FPT algorithms as efficient as possible.
Thus, a natural question is to ask when this higher-exponential dependence on treewidth
is necessary. There is a rich literature that provides (conditional) lower bounds on this
dependency for many problems, and these bounds are commonly of the form 2°(*%) or, in
some unusual cases, 2°(%198%) (e o [25 78]) and even 2°(PV(¥) (e.g. (24, 87]). Most
notably, these lower bounds are far from the tower of exponents upper bounds given by the
(meta-)results discussed above. In this work, we develop a simple technique that allows to
prove double-exponential dependence on the treewidth tw and the vertex cover number vc,
two of the most fundamental graph parameters. Notably, these are the first such results
for problems in NP, and we believe that the amenability of our technique will lead to many
more similar results for other problems in NP.

Indeed, after a preprint of this paper appeared on arxiv, our technique was also used to
prove double-exponential dependence on ve for an NP-complete machine learning problem [19]
and double-exponential dependence on the solution size and tw for NP-complete identification
problems like TEST COVER and LOCATING-DOMINATING SET [17].

Double-exponential lower bounds: treewidth and vertex cover parameterizations. Fichte,
Hecher, and Pfander [42] recently proved that, assuming the Exponential Time Hypothesis?
(ETH), Q-SAT with k quantifier alternations cannot be solved in time significantly better
than a tower of exponents of height k in the treewidth. This exemplifies an interesting but
expected trait of this problem: its complexity, in terms of the height of the exponential tower
in tw, increases with each quantifier alternation. It strengthened the result that appeared
n [76], where conditional double-exponential lower bounds for IVSAT and VISAT were
given. The results in [76] also yield a double-exponential lower bound in vc of the primal
graph for both problems. Besides these results, there are only a handful of other problems
known to require higher-exponential dependence in the treewidth of the input graph (or the

! The Exponential Time Hypothesis roughly states that n-variable 3-SAT cannot be solved in time 20(n)
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primal graph of the input formula). Specifically, the IT5-complete k-CHOOSABILITY problem
and the X%-complete k-CHOOSABILITY DELETION problem admit a double-exponential and
a triple-exponential lower bound in treewidth [80], respectively. Recently, the E%-complete
problems CYCLE HiTPACK and H-HITPACK, for a fixed graph H, were shown to admit
tight algorithms that are double-exponential in the treewidth [44]. Further, the Ef,—complete
problem CORE STABILITY was shown to admit a tight double-exponential lower bound in the
treewidth, even on graphs of bounded degree [53]. Lastly, the #NP-complete counting problem
PROJECTED MODEL COUNTING admits a double-exponential lower bound in tw [40, 41]. For
other double-exponential lower bounds, see [1, 26, 45, 53, 61, 69, 71, 72, 75, 79, 88, 94] and
Section 3.1.

All the double- (or higher) exponential lower bounds in treewidth mentioned so far are
for problems that are #NP-complete, 35-complete, IT5-complete, or complete for even higher
levels of the polynomial hierarchy. To quote [80]: “II5-completeness of these problems already
gives sufficient explanation why double- [...] exponential dependence on treewidth is needed.
[- .. ] the quantifier alternations in the problem definitions are the common underlying reasons
for being in the higher levels of the polynomial hierarchy and for requiring unusually large
dependence on treewidth.”

As mentioned above, we develop a technique that allows to demonstrate, for the first
time, that it is not necessary to go to higher levels of the polynomial hierarchy to achieve
double-exponential lower bounds in the treewidth or the vertex cover number of the graph.

We prove that three natural and well-studied NP-complete problems admit double-
exponential lower bounds in tw or vc, under the ETH. These are the first problems in

NP known to admit such lower bounds.?

NP-complete metric-based graph problems. We study three metric-based graph problems.
These problems are METRIC DIMENSION, STRONG METRIC DIMENSION, and GEODETIC SET,
and they arise from network design and network monitoring. Apart from serving as examples
for double-exponential dependence on treewidth and the amenability of our technique, these
problems are of interest in their own right, and possess a rich literature both in the algorithms
and discrete mathematics communities (see Section 3.2). Their non-local nature has posed
interesting algorithmic challenges and our results, as we explain later, supplement the already
vast literature on the structural parameterizations of these problems. Below we define the
three above-mentioned problems formally, and particularly focus on METRIC DIMENSION as
it is the most popular and well-studied of the three.

METRIC DIMENSION

Input: A graph G and a positive integer k.

Question: Does there exist S C V(G) such that |S| < k and, for any pair of vertices
u,v € V(G), there exists a vertex w € S with d(w, u) # d(w,v)?

The METRIC DIMENSION problem dates back to the 70s [55, 92]. As in geolocation
problems, the aim is to distinguish the vertices of a graph via their distances to a solution
set. METRIC DIMENSION was first shown to be NP-complete in general graphs in Garey

2 While it may be possible to artificially engineer a graph problem or graph representation of a problem in
NP that admits such lower bounds (although, to the best of our knowledge, this has not been done), we
emphasize that this is not the case for these three natural and well-established graph problems in NP.
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and Johnson’s book [51, GT61], and this was later extended to many restricted graph
classes [29, 36, 47], including graphs of diameter 2 [47] and graphs of pathwidth 24 [77]. In
a seminal paper, METRIC DIMENSION was proven to be W[2]-hard parameterized by the
solution size k, even in subcubic bipartite graphs [56]. This drove the subsequent meticulous
study of the problem under structural parameterizations.

In particular, the complexity of METRIC DIMENSION parameterized by treewidth remained
an intriguing open problem for a long time. Recently, it was shown that METRIC DIMENSION
is para-NP-hard parameterized by pathwidth (pw) [77] (an earlier result [12] showed that
it is W[1]-hard for pathwidth). A subsequent paper showed that the problem is W[1]-hard
parameterized by the combined parameter feedback vertex set number (fvs) plus pathwidth
of the graph [50]. See Section 3.2 for more related work on METRIC DIMENSION.

We conclude this part with the definitions of the remaining two problems, both of which
are known to be NP-Complete [16, 85]. GEODETIC SET is also W[1]-hard parameterized by
the solution size, feedback vertex set number, and pathwidth, combined [66].

STRONG METRIC DIMENSION

Input: A graph G and a positive integer k.

Question: Does there exist S C V(G) such that |S| < k and, for any pair of vertices
u,v € V(QG), there exists a vertex w € S such that either u lies on some shortest path

between v and w, or v lies on some shortest path between v and w?

GEODETIC SET

Input: A graph G and a positive integer k.

Question: Does there exist S C V(G) such that |S| < k and, for any vertex u € V(G),
there are two vertices s1, so € S such that a shortest path from s; to s contains u?

Our technical contributions. As METRIC DIMENSION and GEODETIC SET are NP-complete
on bounded diameter graphs or on bounded treewidth graphs, we study their parameterized
complexity with tw + diam as the parameter and prove the following results.

1. METRIC DIMENSION and GEODETIC SET do not admit algorithms running in time
o (atam)*( @M for any computable function f, unless the ETH fails. (Sections 5, 6)

2. STRONG METRIC DIMENSION does not even admit an algorithm with a running

2279 pO() ynless the ETH fails. This also implies the problem does not

time of
admit a kernelization algorithm that outputs an instance with 2°("®) vertices, unless

the ETH fails (Section 7).

The above lower bounds for tw+ diam, in particular, imply that METRIC DIMENSION and
GEODETIC SET on graphs of bounded diameter cannot admit 227 O _time algorithms,
unless the ETH fails. The reduction in Section 5 also works for fvs and td for METRIC
DIMENSION, and the reduction in Section 6 works for td for GEODETIC SET.

We show that all our lower bounds are tight by providing algorithms (kernelization
algorithms, respectively) with matching running times (guarantees, respectively).
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. O (tw
1. METRIC DIMENSION and GEODETIC SET admit algorithms running in time 292" .

n®™). (Sections 8.1, 8.2)

2. STRONG METRIC DIMENSION admits an algorithm running in time 22¢
and a kernel with 20("®) vertices. (Section 8.3)

) o)

The (kernelization) algorithms for the vc parameterization are very simple, whereas the
algorithms for the tw+ diam parameter are highly non-trivial and require showing interesting
locality properties in the instance. Further, for our tw 4+ diam parameterized algorithms, the
(double-exponential) dependency of treewidth in the running time is unusual (and rightly
so, as exhibited by our lower bounds), as most natural graph problems in NP for which a
dedicated algorithm (i.e., not relying on Courcelle’s theorem) parameterized by treewidth is
known, can be solved in time 20 . pO1)  9O(twlog(tw)) . O() o1 2O(Poly(tw)) . pO1)

Finally, our reductions rely on a novel, yet simple technique based on Sperner families of
sets that allows to encode particular SAT relations across large sets of variables and clauses
into relatively small vertex-separators. As mentioned before, we believe that this technique
is the key to obtaining such lower bound results for other problems in NP. In particular, as
witnessed by our results, our technique has the additional features that it even allows to
prove such lower bounds in very restricted cases, such as bounded diameter graphs, and is
not specific to any one structural parameter, as it also works for, e.g., the feedback vertex
set number and treedepth. We elaborate on our technique in the next section.

2  Technical Overview

In this section, we present an overview of our lower bound techniques. We first exhibit our
technique to obtain the double-exponential lower bounds in its most general setting. Then,
we continue with the problem-specific tools we developed that are required for the reductions.

The first integral part of our technique is to reduce from a variant of 3-SAT known as
3-PARTITIONED-3-SAT that was introduced in [74]. In this problem, the input is a formula
1 in 3-CNF form, together with a partition of the set of its variables into three disjoint
sets X, X# X7 with | X®| = |X#| = |X7| = n, and such that no clause contains more
than one variable from each of X, X# and X7. The objective is to determine whether
is satisfiable. Unless the ETH fails, 3-PARTITIONED-3-SAT does not admit an algorithm
running in time 2°(" [74, Theorem 3].

Typical reductions from satisfiability problems to graph problems usually entail repres-
enting the satisfiability problem by its incidence graph, in which each variable is represented
by two vertices corresponding to its positive and negative literals. In this representation,
a clause vertex is adjacent to a literal vertex if and only if it contains that literal in %
(see Figure 1 (left) for an illustration). However, this naive approach does not lead to any
structural parameters of the incidence graph being of bounded size. The core idea of our
technique is to instead represent the relationships between clause and literal vertices via
edges from these two sets of vertices to “small” separators (three separators in the case of
3-PARTITIONED-3-SAT) that encode these relationships.

Formally, this is achieved as follows. For a positive integer p, define F;, as the collection of
subsets of [2p] that contains exactly p integers. We critically use the fact that no set in F, is
contained in any other set in F,, (such a collection of sets are called a Sperner family). Let ¢
be a positive integer such that ¢ < (2;’). We define set-rep : [¢] — F, as a one-to-one function
by arbitrarily assigning a set in F, to an integer in [¢]. By the asymptotic estimation of the
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set-rep

Ae

c1
AJ’ ﬁ'

B\ =7
c (Ty VT

(z¢ Vv 2%V E)
@ vTl)

o[/

Figure 1 Graph representations of 3-Partitioned-3-SAT. (Left) incidence graph represent-
ation. (Right) representation with small separators using our technique. Note, for example, that z{
appears as a positive literal in the clause Cy. Thus, on the left, t5 is the only literal vertex in A“
incident to c1, while on the right, 5 is the only literal vertex in A® that does not share a common
neighbor with ¢; in V*. The edges from ¢z to each vertex in V¢ are omitted for clarity.

p
the asymptotic function and have ¢ < ‘21—2 = 2P, Thus, p = O(log¥).

Let ¢ be an instance of 3-PARTITIONED-3-SAT on 3n variables, and let p be the smallest
integer such that 2n < (2;’). In particular, p = O(logn). Define set-rep : [2n] — F,, as above.
Rename the variables in X* to & for all ¢ € [n]. For each variable z{, add two vertices tJ;
and f§_; corresponding to the positive and negative literals of =, respectively. Let A~ =
{t5;, f5;_11 i € [n]}. Add a walidation portal with 2p vertices, denoted by V* = {vf', ..., v3,}.
For each i € [n], add the edge t5;v5, for each p’ € set-rep(2i). Similarly, for each i € [n], add
the edge f3;_,vy for each p’ € set-rep(2¢ — 1). Repeat the above steps for 8 and ~.

Now, for each clause C; (j € [m]) in ¢, add a clause vertex ¢;. Let § € {«, 8,v}. For all
i € [n] and j € [m)], if the variable 2 appears as a positive (negative, respectively) literal in the
clause C; in v, then add the edge ijg/ for each p’ € [2p]\set-rep(2i) (p’ € [2p]\set-rep(2i—1),
respectively). For all j € [m], if no variable from X° appears in C; in v, then make c;
adjacent to all the vertices in V°. See Figure 1 (right) for an illustration.

As a clause contains at most one variable from X? in v, cj and tgi ( fgifl, respectively)
do not share a common neighbor in V? if and only if the clause C; contains xf as a
positive (negative, respectively) literal in 1. For the reductions, we use this representation
of the relationship between clause and literal vertices. Since p = O(logn), this ensures
that tw(G) = O(logn), which we exploit along with the fact that, unless the ETH fails,
3-PARTITIONED-3-SAT does not admit an algorithm running in time 20",

central binomial coefficient, (2;) ~ [59]. To get the upper bound of p, we scale down

2.1 Basic Tools for Lower Bounds

For brevity, we focus on METRIC DIMENSION and explain our problem-specific tools in
this context. We use two such simple tools: the bit representation gadget and the set
representation gadget. The set representation gadget is the problem-specific implementation
of the above technique, and it uses the bit representation gadget.

Before going further, we need to define some terms related to METRIC DIMENSION. The
set S defined in the problem statement of METRIC DIMENSION is called a resolving set of
G. A subset of vertices S’ C V(G) resolves a pair of vertices u,v € V(G) if there exists a
vertex w € S’ such that d(w,u) # d(w,v). Lastly, a vertex u € V(G) is distinguished by a
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nullifier(X)
o}

bit-rep(X)

Figure 2 Set Identifying Gadget. The blue box represents bit-rep(X) and the yellow lines
represent that nullifier(X) is adjacent to each vertex in bit-rep(X) U N(X), and y. is adjacent to each
vertex in X. Also, G’ is not necessarily restricted to the graph induced by the vertices in X U N(X).

subset of vertices S” C V(G) if, for any v € V(Q) \ {u}, there exists a vertex w € S’ such
that d(w,u) # d(w,v).

Bit Representation Gadget to Identify Sets. Suppose we are given a graph G’ and a subset
X C V(@) of its vertices. Further, suppose that we want to add a vertex set X to G’ to
obtain a new graph G with the following properties. We want that each vertex in X U X is
distinguished by vertices in X that must be in any resolving set S of G, and that no vertex
in X1 can resolve any “critical pair” of vertices in G. Roughly, a pair of vertices is critical if
it forces certain “types” of vertices to be in any resolving set S of GG, and the selection of the
specific vertices of those types depends on the solution to the problem being reduced from
(which, in our case, is 3-PARTITIONED-3-SAT [74]). We refer to the graph induced by the
vertices of X T, along with the edges connecting X to G, as the Set Identifying Gadget for
the set X. Given a graph G’ and a non-empty subset X C V(G’) of its vertices, to construct
such a graph G, we add vertices and edges to G’ as follows (see Figure 2):

The vertex set X+ that we are aiming to add is the union of a set bit-rep(X) and a special

vertex denoted by nullifier(X).

First, let X = {z; | i € [|X|]}, and set ¢ := [log(|X| +2)] + 1. We select this value for ¢

to (1) uniquely represent each integer in [|X|] by its bit-representation in binary (note

that we start from 1 and not 0), (2) ensure that the only vertex whose bit-representation

contains all 1’s is nullifier(X), and (3) reserve one spot for an additional vertex .

For every i € [g], add three vertices y2,v;,y?, and add the path (y2,v:,y?).

Add 3 vertices y2, y,, 42 and the path (y¢, ., y?). Add edges to make {y; | i € [¢]}U{ys}

a clique. Make y, adjacent to each vertex in X. Let bit-rep(X) = {y;,y%, 92 | i €

[q]} U {yx, y¢, 90} and denote its subset by bits(X) = {yf', y? | i € [q]} U {y¥, 42}

For every integer j € [|X]|], let bin(j) denote the binary representation of j using ¢ bits.

Connect x; with y; if the i'" bit (going from left to right) in bin(j) is 1.

Add a vertex, denoted by nullifier(X), and connect it to each vertex in {y; | i € [q]} U{yx}-

For every vertex u € V(G) \ (X U X™) such that u is adjacent to some vertex in X,

add an edge between u and nullifier(X). We add this vertex to ensure that vertices in

bit-rep(X) do not resolve critical pairs in V(G).

Set Representation Gadget. We define set-rep : [¢] — F, as in Section 2, and recall that
p = O(log{). Suppose we have a “large” collection of vertices, say A = {a1,az,...,ar}, and

a “large” collection of critical pairs C' = {(c3,c%), (¢3,¢5), ..., {c2,cr)}. Moreover, we are
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Figure 3 Set Representation Gadget. Let ¢(q) =1, i.e., only a; in A can resolve the critical
pair (cg,cy). Let the vertices in V be indexed from top to bottom and let set-rep(i) = {2,4,5}. By
construction, the only vertices in V' that ¢ is not adjacent to are vz, v4, and vs (this is highlighted
by red-dotted edges). Thus, dist(ai,cy) = 2 and dist(ai, ¢;) > 2, and hence, a; resolves (cg, c;). For
any other vertex in A, say a;, set-rep(j) \ set-rep(¢) is non-empty, and thus, a; cannot resolve (cg, c;).

given an injective function ¢ : [m] — [¢]. The objective is to design a gadget such that only
ag(q) € A can resolve a critical pair (cg,c;) € C for any ¢ € [m], while keeping the treewidth
of this part of the graph of order O(log(]A|)). With this in mind, we do the following.

Add vertices and edges to identify the set A and to add critical pairs in C' (for each
critical pair in C', both vertices share the same bit-representation in the Set Identifying
Gadget for C).

Add a wvalidation portal, a clique on 2p vertices, denoted by V = {vi,va,...,v2,}, and
vertices and edges to identify it.

For every i € [¢] and for every p’ € set-rep(i), add the edge (a;, vy ).

For every critical pair (cg, c;), make c; adjacent to every vertex in V', and add every edge
of the form (cj,v,) for p’ € [2p] \ set-rep(¢(q)). Note that the vertices in V that are
indexed using integers in set-rep(¢(q)) are not adjacent with c;.

See Figure 3 for an illustration. Now, consider a critical pair (cj,c;) and suppose i = ¢(q).
By the construction, N(a;) N N(c§) # 0, whereas N(a;) N N(c}) = 0. Hence, a; resolves
the critical pair (cg, ;) as d(a;, cg) = 2 and d(aj;, cj) > 2.

For any other vertex in A, say a;, set-rep(j) \ set-rep() is a non-empty set. So, there are
paths from a; to c¢j and a; to ¢ through vertices in V' with indices in set-rep(j)\ set-rep(i).

This implies that d(a;,cy) = d(aj,c};) = 2 and a; cannot resolve the pair (cg, c;).

2.2 Sketch of the Lower Bound Proof for Metric Dimension

With these tools in hand, we present an overview of the reduction from 3-PARTITIONED-3-SAT
used to prove Theorem 6, which we restate here for convenience.

Theorem 6. Unless the ETH fails, METRIC DIMENSION does not admit an algorithm running
oW for any computable function f: N — N.

in time 27(dtam)
The reduction in the proof of Theorem 6 takes as input an instance ¢ of 3-PARTITIONED-
3-SAT on 3n variables and returns (G, k) as an instance of METRIC DIMENSION such that
tw(G) = O(log(n)) and diam(G) = O(1). In the following, we mention a crude outline of the
reduction, omitting some technical details. For the formal proof, please refer to Section 5.
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nullifier(X®) nullifier(A%) nullifier(V%) nullifier(C)
o o

O

(bit-rep(x*)) (bit-rep(A”)] bit-rep(v*) ] - [bit-rep(C) ]

Figure 4 Reduction for proof of Theorem 6. Yellow lines represent that vertex is connected
to every vertex in the set the edge goes to. Green edges denote adjacencies with respect to set-rep,
e.g., t5; is adjacent to v; € V' if j € set-rep(2i). Purple lines also indicate adjacencies with respect
to set-rep, but in a complementary way, i.e., if T; € cq, then, for every p’ € [2p] \ set-rep(2i), we have

(v, cq) € E(G), and if T; € ¢q, then, for all p" € [2p] \ set-rep(2i — 1), we have (v, c;) € E(G).

2.2.1 Reduction

We rename the variables in X to z for ¢ € [n]. For every variable z¢, we add a critical

pair (2%, x{"") of vertices. We denote X = {x"°, z"* | i € [n]}.

A % %

For each variable z%, we add the vertices t3; and f$_,. Let A* = {t3;, f_,| ¢ € [n]}.

For every i € [n], we add the edges (z7°,t$;) and (27°, f&_,) which will ensure that any

a,0

resolving set contains at least one vertex in {t%;, f5:_,, 2%, ;" } for every i € [n].

Let p be the smallest integer such that 2n < (2;’) In particular, p = O(logn). Define

set-rep : [2n] — F, as in Section 2.

We add a walidation portal, a clique on 2p vertices, denoted by V* = {v{,vg,... v5,}.

For each i € [n], we add the edge (£5;,vy,) for every p’ € set-rep(2i). Similarly, for each

i € [n], we add the edge (fs5;_;,vy) for every p’ € set-rep(2i — 1).

We repeat the above steps to construct X7, A% VB X7 AY V7.

For every clause C; in ¢, we introduce a pair (cg,cy) of vertices. Let C' be the collection

of vertices in such pairs.

We add edges across C' and the portals as follows. Consider a clause Cy in ¢ and the
*yin C. Let 0 € {«a,8,7}. As ¢ is an instance of 3-

° ¢

corresponding critical pair <cq, .

PARTITIONED-3-SAT, at most one variable in X°® appears in Cy, say 9 for some i € [n].
We add all edges of the form (vf,/, ) for every p' € [2p]. If 0 appears as a positive literal

q

in Cy, then we add the edge (vg ct) for every p’ € [2p] \ set-rep(2¢) (which corresponds

1y Cq

to tgi). If xf appears as a negative literal in Cy, then we add the edge (vg,,c*

q

p' € [2p] \ set-rep(2i — 1) (which corresponds to f3; ;). Note that if 27 appears as a
positive (negative, respectively) literal in Cy, then the vertices in V% whose indices are
in set-rep(2i) (set-rep(2i — 1), respectively) are not adjacent to c;. If no variable in X0

appears in Cy, then we make each vertex in V9 adjacent to both cq and cp.

For all the sets mentioned above, we add vertices and edges to identify them as shown in
Figure 4 (for each critical pair, both vertices share the same bit-representation in their Set
Identifying Gadget). This concludes the construction of G. The reduction returns (G, k) as

an instance of METRIC DIMENSION for some appropriate value of k.

) for every

11
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2.2.2 Correctness of the Reduction

We give an informal description of the proof of correctness of the reverse direction here. Fix
5 € {a, 8,7}. For all i € [n], the only vertices that can resolve the critical pair (z>°, 22*)
are the vertices in {xf’o,x?’*} U {t3;, f3,_,}. This fact and the budget k ensure that any
resolving set of G contains exactly one vertex from {tJ,, 3, ;} U {x?’o, xf’*} for all 4 € [n].
This naturally corresponds to an assignment of the variable ¢ if a vertex from {t3;, 3, 1} is
in the resolving set. However, if a vertex from {xf’o, mf’*} is in the resolving set, then we
can see this as giving an arbitrary assignment to the variable z¢. Suppose the clause C,
contains the variable x0 as a positive literal. By the construction, every vertex in V0 that is
adjacent to tJ; is not adjacent to c;. However, cg is adjacent to every vertex in V9. Hence,
d(t3;,¢g) = 2, whereas d(t3;,c}) > 2. Thus, t3; resolves the critical pair (c{,c}). Consider
any other vertex in A°, say tgj. Since set-rep(2¢) is not a subset of set-rep(2j) (as both
have the same cardinality), there is at least one integer, say p’, in set-rep(27) \ set-rep(2i).
The vertex vg, € V9 is adjacent to tgj, g, and cj. Hence, tgj cannot resolve the critical
pair (cg, c;) as both these vertices are at distance 2 from it. Also, as v is an instance of
3-PARTITIONED-3-SAT, C; contains at most one variable in X9 which is azf in this case.
This also helps to encode the fact that at most one vertex from A% should be able to resolve
(e]

the critical pair (cj, cj). Since vertices in X % cannot resolve critical pairs (cg,cy) in C, then

finding a resolving set in G corresponds to finding a satisfying assignment for .

2.2.3 Lower Bounds Obtained from the Reduction

Let Z ={ViUXT | X e {X%A°V°C},d e {apB,7}} Note that |Z| = O(log(n)) and
G — Z is a collection of Ps’s and isolated vertices. Hence, tw(G), fvs(G), and td(G) are
upper bounded by O(log(n)). Also, G has constant diameter. Thus, if there is an algorithm
for METRIC DIMENSION that runs in time 2/(@am)*® (op 9f(d1an)?®? o1 of (atam)?y "ph oy
there is an algorithm solving 3-PARTITIONED-3-SAT in time 2°(™ | contradicting the ETH.

3 Related Work

3.1 Double-Exponential Lower Bounds

It is long known that certain algorithmic tasks cannot be solved in less than double-exponential
time. In the realm of classical complexity, this is captured by the complexity class 2-
EXPTIME, with some problems that are complete for that class, for example, PRESBURGER
ARITHMETIC [43], the ASYNCHRONOUS REACTIVE MODULE SYNTHESIS arising from linear
temporal logic [89] or PLANNING WITH PARTIAL OBSERVABILITY [90].

In the realm of parameterized complexity as well, it is known that certain problems have
a fixed-parameter-tractable running time that requires a double-exponential dependency in
the parameter, such as EDGE CLIQUE COVER [26], MULTI-TEAM FORMATION [79], MODAL
SATISFIABILITY [1], and DISTINCT VECTORS [88].

When it comes to structural parameterized algorithms, treewidth is one of the main
success stories of the field, as many problems are FPT when parameterized by the treewidth of
the input. This is witnessed by the famous theorem of Courcelle that states that all problems
expressible in MSOL can be solved by a linear-time FPT algorithm [22], and by a similar
result of Chen for the QUANTIFIED SAT and QUANTIFIED CSP problems [21] (here, we
consider the treewidth of the primal graph of the input relational structure). Unfortunately,
the dependence in treewidth is notoriously “galactic”: a tower of exponentials whose height
depends on the number of quantifier alternations in the MSOL formula, and in the SAT
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instance, respectively. Moreover, Chen [21] showed that the height of this tower is equal to
the number of quantifier alternations in the QUANTIFIED SAT instance.

However, note that QUANTIFIED SAT and MSO MODEL CHECKING ON TREES (even
for FO formulas) are PSPACE-complete problems [3, 48]. There are few natural prob-
lems that have been shown to admit (at least) double-exponential lower bounds with
respect to treewidth. The II5-complete k~-CHOOSABILITY problem and the X-complete k-
CHOOSABILITY DELETION problem admit a double-exponential and a triple-exponential lower
bound in treewidth [80], respectively. Double-exponential lower bounds for the ¥5-complete
IVSAT and IT5-complete VISAT problems were shown in [76]. Recently, the Zf,—complete
problems CYCLE HiTPACK and H-HITPACK, for a fixed graph H, were shown to admit
tight algorithms that are double-exponential in the treewidth [44]. Further, the Ef,—complete
problem CORE STABILITY was shown to admit a tight double-exponential lower bound in the
treewidth, even on graphs of bounded degree [53]. Lastly, the #NP-complete counting prob-
lem PROJECTED MODEL COUNTING admits a double-exponential lower bound in tw [40, 41].
Similar lower bounds were obtained in [75] for problems from artificial intelligence (abstract
argumentation, abduction, circumscription, and the computation of minimal unsatisfiable
sets in unsatisfiable formulas), with these problems also lying in the second level of the
polynomial hierarchy.

With respect to the vertex cover parameter (of the primal graph of the input relational
structure), the X5-complete problem 3V-CSP also requires a double-exponential dependency
in its running time [76].

A double-exponential lower bound is also known for COLORING with respect to the smaller
parameter cliguewidth [45]. However, in contrast with the aforementioned ones, this problem
is only XP and not FPT parameterized by the cliquewidth. As another example, we know
that ILP FEASIBILITY admits a double-exponential lower bound when parameterized by the
dual treedepth of the input matrix [69].

3.2 Metric Graph Problems

Metric graph problems are defined using either distance values or shortest paths in the graph.
Metric-based graph problems are ubiquitous in computer science, for example, the classic
(SINGLE-SOURCE) SHORTEST PATH, (GRAPHIC) TRAVELING SALESPERSON PROBLEM or
STEINER TREE fall into this category. Those are fundamental problems, often stemming from
applications in network design, for which a lot of algorithmic research has been done. Among
these, metric-based graph packing and covering problems such as, for example, DISTANCE
DOMINATION [60] or SCATTERED SET [65], have recently gained a lot of attention. Their
non-local nature leads to non-trivial algorithmic properties that differ from most classic
graph problems with a more local nature. This is the case in particular for treewidth-based
algorithms. In this paper, we focus on three problems arising from network design (GEODETIC
SET) and network monitoring (METRIC DIMENSION and STRONG METRIC DIMENSION).
These problems have far-reaching applications, as exemplified by, e.g., the recent work [11],
in which it was shown that enumerating minimal solution sets for the metric dimension
problem in (general) graphs and the geodetic set problem in split graphs is equivalent to
enumerating minimal transversals of hypergraphs, arguably the most important open problem
in algorithmic enumeration.

Metric Dimension. METRIC DIMENSION was introduced in the 1970s independently by
Harary and Melter [55] and Slater [92] as a network monitoring problem. METRIC DIMENSION
and its variants (see, e.g., [9, 10, 37, 49, 54, 64, 91, 93]) are very well-studied and have
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numerous applications such as in graph isomorphism testing [5], network discovery [7], image
processing [82], chemistry [62], graph reconstruction [81] or genomics [95]. In fact, METRIC
DIMENSION was first shown to be NP-complete in general graphs in Garey and Johnson’s
book [51], and this was later extended to unit disk graphs [58], split graphs, bipartite
graphs, co-bipartite graphs, and line graphs of bipartite graphs [36], bounded-degree planar
graphs [29], and interval and permutation graphs of diameter 2 [47]. On the tractable
side, METRIC DIMENSION admits linear-time algorithms on trees [92], cographs [36], chain
graphs [39], cactus block graphs [57], and bipartite distance-hereditary graphs [84], and a
polynomial-time algorithm on outerplanar graphs [29].

Due to the NP-hardness results, the focus has now shifted to studying its parameterized
complexity, in search of tractable instances. In a seminal paper, it was proven that METRIC
DIMENSION is W[2]-hard parameterized by the solution size k, even in subcubic bipartite
graphs [56]. This paper was the driving motivation behind the subsequent meticulous study of
METRIC DIMENSION under structural parameterizations. Several different parameterizations
have been studied for this problem, that we now elaborate on (see also [50, Figure 1]).

In terms of structural parameterizions for METRIC DIMENSION, through careful design,
kernelization, and /or meta-results, it was proven that there is an XP algorithm parameterized
by the feedback edge set number in [36], and FPT algorithms parameterized by the max
leaf number in [35], the modular-width and the treelength plus the maximum degree in [8],
the treedepth and the clique-width plus the diameter in [52], and the distance to cluster
(co-cluster, respectively) in [50]. Recently, an FPT algorithm parameterized by the treewidth
in chordal graphs was given in [13]. On the negative side, METRIC DIMENSION is W[1]-
hard parameterized by the pathwidth on graphs of constant degree [12], para-NP-hard
parameterized by the pathwidth [77], and W[1]-hard parameterized by the combined parameter
feedback vertex set number plus pathwidth [50]. Lastly, it is not computable (unless the ETH
fails) in time 2°(™) on bipartite graphs, and in time 2°0V®) on planar bipartite graphs [6].

Strong Metric Dimension. Albeit less well-studied than METRIC DIMENSION, the STRONG
METRIC DIMENSION problem, which was introduced by Seb& and Tannier in 2004 [91] as
a strengthening of METRIC DIMENSION, enjoys interesting applications in coin-weighing
problems and other areas of algorithms and combinatorics. Here, we are given a graph G and
an integer k, and we are seeking a solution set S of size at most k, called a strong resolving
set, such that, for any pair of vertices u,v € V(G), there exists a vertex w € S such that
either u lies on some shortest path between v and w, or v lies on some shortest path between
u and w. The size of the smallest such set S is called the strong metric dimension of G. It is
clear from the definition that any strong resolving set is also a resolving set.

In the seminal paper introducing the problem, it was used to design an efficient algorithm
for the graph problem CONNECTED JOIN EXISTENCE [91]. Interestingly, it was shown
in [85] that the problem on an instance (G,k) can be reduced (in polynomial time) to
an instance (G',k) of VERTEX COVER where V(G) = V(G’) and the edges of G’ join a
set of suitably defined critical pairs (see also [73] for further studies of this reduction).
Consequently, algorithmic results known for VERTEX COVER can be applied to STRONG
METRIC DIMENSION: in particular, the problem is FPT when parameterized by the solution
size. On the other hand, it was shown in [27] that many hardness results known for VERTEX
COVER can also be transferred to STRONG METRIC DIMENSION.

Geodetic Set. GEODETIC SET was introduced in 1993 by Harary, Loukakis, and Tsouros
in [54]. It can be seen as a network design problem, where one seeks to determine the optimal
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locations of public transportation hubs in a road network, while minimizing the total number
of such hubs [16]. Other applications are mentioned in [34]. More generally, GEODETIC SET
is part of the area of geodesic convexity in graphs: see, e.g., the paper [38] or the book [86].

As is often the case with metric-based problems, GEODETIC SET is computationally hard,
even for very structured graphs. Its NP-hardness was claimed in the seminal paper [54]
(see [33] for the earliest explicit proofs). This is known to hold even for graphs that
belong to various structured input graph classes, such as interval graphs [15], co-bipartite
graphs [34], line graphs [16], graphs of diameter 2 [16], and subcubic (planar bipartite) grid
graphs of arbitrarily large girth [15, 18] (see also [4, 14, 31, 32] for various earlier hardness
results). GEODETIC SET can be solved in polynomial time on split graphs [32, 33] and, more
generally, well-partitioned chordal graphs [2], outerplanar graphs [83], ptolemaic graphs [38],
cographs [32] and, more generally, distance-hereditary graphs [63], block-cactus graphs [34],
solid grid graphs [15, 18], and proper interval graphs [34].

The parameterized complexity of GEODETIC SET was first addressed by Kellerhals and
Koana in [66]. They observed that the reduction from [32] implies that the problem is
W(2]-hard when parameterized by the solution size (even for chordal bipartite graphs).
The above-mentioned hardness results for structural graph classes motivated the authors
of [66] to investigate structural parameterizations of GEODETIC SET. They proved the
problem to be W[1]-hard for the parameters solution size, feedback vertex set number, and
pathwidth, combined [66]. On the positive side, they showed that GEODETIC SET is FPT
for the parameters treedepth, modular-width (more generally, clique-width plus diameter),
and feedback edge set number [66]. The problem is also FPT on chordal graphs when
parameterized by the treewidth [15].

The approximability of GEODETIC SET was also studied. Its minimization variant is
NP-hard to approximate within a factor of o(logn), even for diameter 2 graphs [16] and
subcubic bipartite graphs of arbitrarily large girth [28]. It can be approximated in polynomial
time within a factor of n'/3logn [16] (but the best possible approximation factor is unknown).

4 Preliminaries

In this paper, all logarithms are to the base 2. For an integer a, we let [a] = {1,...,a}.

Graph theory. We use standard graph-theoretic notation and refer the reader to [30] for
any undefined notation. For an undirected graph G, the sets V(G) and E(G) denote its set
of vertices and edges, respectively. Two vertices u,v € V(G) are adjacent or neighbors if
(u,v) € E(G). The open neighborhood of a vertex u € V(G), denoted by N (u) := Ng(u), is the
set of vertices that are neighbors of u. The closed neighborhood of a vertex u € V(G) is denoted

by N[u] := Ng[u] := Ng(u) U {u}. For any X C V(G) and u € V(G), Nx(u) = Ng(u) N X.
Any two vertices u, v € V(G) are true twins if N[u] = N[v], and are false twins if N(u) = N(v).

Observe that if u and v are true twins, then (u,v) € E(G), but if they are only false twins,
then (u,v) ¢ E(G). For a subset S of V(G), we say that the vertices in S are true (false,
respectively) twins if, for any u,v € S, u and v are true (false, respectively) twins. The
distance between two vertices u,v € V(G) in G, denoted by d(u,v) := dg(u,v), is the length
of a (u,v)-shortest path in G. For a subset S of V(G), we define N[S] = (J, g N[v] and
N(S) = NIS]\ S. For a subset S of V(G), we denote the graph obtained by deleting S from
G by G — S. We denote the subgraph of G induced on the set S by G[S]. For a graph G, a
set X C V(G) is a vertex cover of G if V(G) \ X is an independent set. We denote by ve(G)
the size of a minimum vertex cover in G. When G is clear from the context, we simply say
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vc. For a graph G, a set X C V(G) is a feedback vertex set of G if V(G) \ X is an acyclic
graph. We define the notation of the feedback vertex set number in the analogous way.

Tree decompositions. A tree decomposition of a graph G is a pair (T, X'), where T is a
tree and X := {X; : ¢ € V(T)} is a collection of subsets of V(G), called bags, satisfying the
following conditions: (i) U;cy (1) Xi = V(G), (ii) for every edge (u,v) € E(G), there is a bag
that contains both u and v, and (iii) for every vertex v € V(G), the set of nodes of T whose
bags contain v induces a (connected) subtree of T'.

The maximum size of a bag minus one is called the width of T. The minimum width of a
tree decomposition of G is the treewidth of G.

We consider a rooted tree decomposition by fixing a root of T' and orienting the tree edges
from the root toward the leaves. A rooted tree decomposition is nice (see [68]) if each node i
of T has at most two children and falls into one of the four types:

Join node: ¢ has exactly two children ¢; and iy with X; = X;, = X,,.

Introduce node: i has a unique child ¢ with X, = X; \ {v}, where v € V(G) \ Xy .

Forget node: ¢ has a unique child ¢ with X; = X, \ {v}, where v € X,.

Leaf node: i is a leaf of T with |X;| = 1.

For a node i of T, we denote by T; the subtree of T rooted at i, and by G;, the subgraph of
G induced by the vertices of the bags in T;.

For a graph G, a set S C V(G) is a separator for two non-adjacent vertices z,y € V(G)

if x and y belong to two different connected components of G — X.

Parameterized Complexity. An instance of a parameterized problem II comprises an input
I, which is an input of the classical instance of the problem, and an integer ¢, which is
called the parameter. A problem II is said to be fized-parameter tractable or in FPT if given
an instance (I, /) of I, we can decide whether or not (I, /) is a YEs-instance of II in time
() - 111°M for some computable function f whose value depends only on .

A kernelization algorithm for IT is a polynomial-time algorithm that takes as input an
instance (I, /) of IT and returns an equivalent instance (I’,¢') of II with |I'|, ¢’ < f(¢), where
f is a function that depends only on the initial parameter £. If such an algorithm exists for
I1, we say that II admits a kernel of size f(£). If f is a polynomial or exponential function of
£, we say that II admits a polynomial or exponential kernel, respectively. If II is a graph
problem, then I contains a graph, say GG, and I’ contains a graph, say G’. In this case, we
say that II admits a kernel with f(¢) vertices if the number of vertices of G’ is at most f(¢).

It is typical to describe a kernelization algorithm as a series of reduction rules. A reduction
rule is a polynomial time algorithm that takes as an input an instance of a problem and
outputs another (usually reduced) instance. A reduction rule said to be applicable on an
instance if the output instance is different from the input instance. A reduction rule is safe
if the input instance is a YES-instance if and only if the output instance is a YES-instance.
For more on parameterized complexity and related terminologies, we refer the reader to the
recent book by Cygan et al. [23].

(Strong) Metric Dimension. A subset of vertices S C V(G) resolves a pair of vertices
u,v € V(G) if there exists a vertex w € S such that d(w,u) # d(w,v). A subset of vertices
S C V(G) is a resolving set of G if it resolves all pairs of vertices u,v € V(G). A vertex
u € V(G) is distinguished by a subset of vertices S C V(Q) if, for any v € V(G) \ {u},
there exists a vertex w € S such that d(w,u) # d(w,v). For an ordered subset of vertices
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S ={s1,...,s8,} C V(G) and a single vertex u € V(G), the distance vector of S with respect

to w is r(Slu) := (d(s1,u),...,d(sk,u)). The next observation is used throughout the paper.

» Observation 1. Let G be a graph. For any (true or false) twins u,v € V(G) and any
w e V(G)\ {u,v}, dlu,w) = d(v,w), and so, for any resolving set S of G, S N {u,v} # 0.

Proof. As w € V(G) \ {u, v}, and w and v are (true or false) twins, the shortest (u,w)- and
(v, w)-paths contain a vertex of N := N(u)\ {v} = N(v)\ {u}, and d(u,w) = d(v,w). Hence,
any resolving set S of G contains at least one of u and v. |

A vertex s € V(G) strongly resolves a pair of vertices u, v € V(G) if there exists a shortest
path from u to s containing v, or a shortest path from v to s containing u. A subset S C V(G)

is a strong resolving set is every pair of vertices in V' (G) is strongly resolved by a vertex in S.

Geodetic Set. A subset S C V(G) is a geodetic set if for every u € V(G), the following
holds: there exist s1,s5 € S such that u lies on a shortest path from s; to so. The following
simple observation is used throughout the paper. Recall that a vertex is simplicial if its
neighborhood forms a clique.

» Observation 2 ([20]). If a graph G contains a simplicial vertex v, then v belongs to any
geodetic set of G.

Proof. Observe that v does not belong to any shortest path between any pair x, y of vertices
(both distinct from v). <

This gives the following observation as an immediate corollary.

» Observation 3. If a graph G contains a degree-1 vertex v, then v belongs to any geodetic
set of G.

3-Partitioned-3-SAT. Most of our lower bound proofs consist of reductions from the
3-PARTITIONED-3-SAT problem, a version of 3-SAT introduced in [74] and defined as
follows.

3-PARTITIONED-3-SAT

Input: A formula ¢ in 3-CNF form, together with a partition of the set of its variables
into three disjoint sets X, X?, X7, with |X®| = |X?| = |X7| = n, and such that no
clause contains more than one variable from each of X*, X# and X7.

Question: Determine whether v is satisfiable.

The authors of [74] also proved the following.

» Proposition 4 ([74, Theorem 3]). Unless the ETH fails, 3-PARTITIONED-3-SAT does not
admit an algorithm running in time 2°0")

We will also use the following restricted version of the above problem.

EXACT-3-PARTITIONED-3-SAT

Input: A formula ¢ in 3-CNF form, together with a partition of the set of its variables
into three disjoint sets X, X# X7, with |X®| = |X?| = |X7| = n, and every clause
contains exactly one variable from each of X, X# and X7.

Question: Determine whether v is satisfiable.
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For completeness, we repeat the polynomial-time reduction in [74] from 3-SAT to 3-
PARTITIONED-3-SAT that increases the number of variables and clauses by a constant factor.
Importantly, we make a simple change to adapt the proof for EXACT-3-PARTITIONED-3-SAT.

» Proposition 5. [7/, Theorem 3] Unless the ETH fails, 3-PARTITIONED-3-SAT or EXACT-
3-PARTITIONED-3-SAT does not admit an algorithm running in time 2°(").

Proof. Let 9 be a 3-SAT formula of m clauses and n variables. We can assume, without
loss of generality, that every variable is used in some clause and every clause contains at

least two literals. Suppose X = {z1,...,x,} is the set of variables in ¥. We construct an
equivalent instance v’ of 3-PARTITIONED-3-SAT as follows:
B

For every i € [n], we introduce three variables z&, z;, and z, corresponding to the
variable x;, to ¢’.

For every clause, e.g., C = (z; V ~x; V x;), we introduce the clause C" = (2 Vv ﬁx? V)
to ¢’. In an analogous way, for every clause C' = (z; V z;), we introduce ¢’ = (¢ V x?)

For every i € [n], we introduce the clauses (—z® V z), (=2 v 27), and (z& v —a]).

K3 3
Define X® = {z% | i € [n]}, and X”, X7 in the analogous way. Note that 1’ is a valid
instance of 3-PARTITIONED-3-SAT as its variable set is divided into three equal parts, X, X?,
and X7, and each clause contains at most one variable from each of these parts. To see that
1 and ¢’ are equivalent instances, consider a satisfying assignment 7 : X — {True,False}
for ¢). Consider the assignment ' : X® U X% U X7 + {True,False} defined as follows:
' (xd) = w’(x?) =7'(z]) = m(z;) for all i € [n]. It is easy to verify that the assignment 7’/
is a satisfying assignment for 1)’. In the reverse direction, consider a satisfying assignment
7' X*UXP U X7+ {True, False} for ¢’. Note that the clauses added in the third step
above are all satisfied if and only if the variables z¢', xf , and z] share the same assignment,
i.e., either all are True or all are False. Hence, 7' (z$) = W’(xf) =7'(z]). It is easy to see
that m : X — {True,False}, where 7(z;) = n'(z%) for all i € [n], is a satisfying assignment
for ¢. As the number of variables in 1’ is at most 3 times the number of variables in v, if
3-PARTITIONED-3-SAT admits an algorithm running in time 2°(™), so does 3-SAT, which
contradicts the ETH. This completes the first part of the proposition.
To prove the second part, we add the following steps to the above reduction.
We add the variables zf, arg , Ty to X, X B and X7, respectively.
We add the following clauses:
(mag v ~ag Vo),
(2§ V =zl v —a), (-ag vV ah v —ad), (-a§ v -zh v zd), and
(g vzl v ), (x§ vV —ab v ad), (xg vzl v —a]).
For every clause that has only two literals, we add z].
By the construction above, each clause that had only two literals contained literals correspond-
ing to variables in X® and X#. Thus, 9’ is a valid instance of EXACT-3-PARTITIONED-3-SAT.
Now, it suffices to note that any satisfying assignment 7’ for ¢' must set x§, a:g , and z to
False. Then, the other arguments are similar to those mentioned in the above paragraph. =

5 Metric Dimension: Lower Bound Regarding Diameter plus
Treewidth

The aim of this section is to prove the following theorem.

» Theorem 6. Unless the ETH fails, METRIC DIMENSION does not admit an algorithm

running in time 9f (atam)”™ ) O(1) for any computable function f:N+— N.
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nullifier(B) nullifier(A)
o——0

nullifioer(X) -—

bit-rep(B) b*

bit-rep(A)

bit-rep(X)

Figure 5 Set Identifying Gadget (left). The blue box represents bit-rep(X) and the yellow
lines represent that every vertex in bit-rep(X) is adjacent to nullifier(X), nullifier(X) is adjacent to
every vertex in N(X), and y, is adjacent to every vertex in X. Note that G’ is not necessarily

restricted to the graph induced by the vertices in X U N(X). Vertex Selector Gadget (right).

For X € {B, A}, the blue box represents bit-rep(X), the blue link represents the connection with
respect to the binary representation, and the yellow line represents that nullifier(X) is connected to
every vertex in the set. The dotted lines highlight the absence of edges.

To this end, we present a reduction from 3-PARTITIONED-3-SAT to METRIC DIMENSION.

The reduction takes as input an instance ¢ of 3-PARTITIONED-3-SAT on 3n variables (see
Section 4 for a definition of this problem), and returns (G, k) as an instance of METRIC
DIMENSION such that tw(G) = O(log(n)) and diam(G) = O(1). Before presenting the
reduction, we first introduce some preliminary tools.

5.1 Preliminary Tools
5.1.1 Set Identifying Gadget

Suppose that we are given a graph G’ and a subset X C V(G’) of its vertices. Further,
suppose that we want to add a vertex set X' to G’ in order to obtain a new graph G with
the following properties. We want that each vertex in X U X+ will be distinguished by
vertices in X that must be in any resolving set S of G, and no vertex in X can resolve
any “critical pair” of vertices in V(G) (critical pairs will be defined in the next subsection).

We refer to the graph induced by the vertices of X ™, along with the edges connecting
X™T to G', as the Set Identifying Gadget for the set X.

Given a graph G’ and a non-empty subset X C V(G’) of its vertices, to construct such a
graph G, we add vertices and edges to G’ as follows:

The vertex set X+ that we are aiming to add is the union of a set bit-rep(X) and a special

vertex denoted by nullifier(X).

First, let X = {x; | ¢ € [|X|]}, and set ¢ := [log(|X| +2)] + 1. We select this value for ¢

to (1) uniquely represent each integer in [|X|] by its bit-representation in binary (note

that we start from 1 and not 0), (2) ensure that the only vertex whose bit-representation

contains all 1’s is nullifier(X), and (3) reserve one spot for an additional vertex y,.

For every i € [g], add three vertices y¢,y;,y?, and add the path (y¢,y;, y?).

Add three vertices 2, y,, %, and add the path (y%,y,,%%). Add all the edges to make
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{yi | i€ [q]} U{y.} into a clique. Make y, adjacent to each vertex v € X. We denote
bit-rep(X) = {yi,yf, 47 | i € [g]} U {ye,yd 92} and its subset bits(X) = {yf,y} | i €
[q]} U {y2, 4"} for convenience in a later case analysis.
For every integer j € [|X]|], let bin(j) denote the binary representation of j using ¢ bits.
Connect z; with y; if the i bit (going from left to right) in bin(j) is 1.
Add a vertex, denoted by nullifier(X), and make it adjacent to every vertex in {y; |
i € [q]} U{yx}. One can think of the vertex nullifier(X) as the only vertex whose
bit-representation contains all 1’s.
For every vertex u € V(G) \ (X U X™) such that u is adjacent to some vertex in X,
add an edge between u and nullifier(X). We add this vertex to ensure that vertices in
bit-rep(X) do not resolve critical pairs in V(G).
This completes the construction of G. The properties of G are not proven yet, but just given
as an intuition behind its construction. See Figure 5 for an illustration.

5.1.2 Gadget to Add Critical Pairs

Any resolving set needs to resolve all pairs of vertices in the input graph. As we will see, some
pairs, which we call critical pairs, are harder to resolve than others. In fact, the non-trivial
part will be to resolve all of the critical pairs.

Suppose that we need to have many critical pairs in a graph G, say (c?,cf) for every
i € [m] for some m € N. Define C' := {c{,c¢f | i € [m]}. We then add bit-rep(C) and
nullifier(C') as mentioned above (taking C' as the set X'), but the connection across {c{, c¢f
and bit-rep(C) is defined by bin(i), i.e., connect both ¢ and ¢/ with the j-th vertex of
bit-rep(C) if the j** digit (going from left to right) in bin(i) is 1. Hence, bit-rep(C) can
resolve any pair of the form (¢, c}), (c7,cg), or (cf,c}) as long as i # £. As before, bit-rep(C)
can also resolve all pairs with one vertex in C' U bit-rep(C) U {nullifier(C)}, but no critical
pair of vertices. Again, when these facts will be used, they will be proven formally.

5.1.3 Vertex Selector Gadgets

Suppose that we are given a collection of sets A;, As, ..., A4 of vertices in a graph G, and
we want to ensure that any resolving set of G includes at least one vertex from A; for every
i € [¢]. In the following, we construct a gadget that achieves a slightly weaker objective.

Let A= |J A;. Add a set identifying gadget for A as mentioned in Subsection 5.1.1.
i€lq

For every ¢ [E] [q], add two vertices by and b}. Use the gadget mentioned in Subsection 5.1.2
to make all the pairs of the form (b7, b}) critical pairs.
For every a € A;, add an edge (a,b;). We highlight that we do not make a adjacent
to bF by a dotted line in Figure 5. Also, add the edges (a, nullifier(B)), (b9, nullifier(A)),
(br, nullifier(A)), and (nullifier(A), nullifier(B)).

This completes the construction.
Note that the only vertices that can resolve a critical pair (b, b)), apart from b$ and b},

are the vertices in A;. Hence, every resolving set contains at least one vertex in {b9, b7} U A,.

1771

Again, when used, these facts will be proven formally.

5.1.4 Set Representation

For a positive integer p, define 7, as the collection of subsets of [2p] that contains exactly
p integers. We critically use the fact that no set in F, is contained in any other set in F,
(such a collection of sets are called a Sperner family). Let £ be a positive integer such that
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Figure 6 A toy example to illustrate the application of set-rep. See Subsection 5.1. Suppose
that ¢(q) = 4, i.e., we want to add gadgets such that only a; in A can resolve the critical pair
(cg,cy). Suppose that the vertices in V' are indexed from top to bottom and set-rep(i) = {2,4, 5}.
By the construction, the only vertices in V' that ¢ is not adjacent to are vz, v, and vs (this fact is
highlighted with red-dotted edges). Thus, dist(as, cq) = 2 and dist(as, c;) > 2, and hence, a; resolves
the critical pair {(cq,cy). For any other vertex in A, say aj, set-rep(j) \ set-rep(¢) is a non-empty set.
Hence, there are shortest paths from a; to ¢y, and a; to ¢ through the vertices in V' with indices in
set-rep(j) \ set-rep(z). This implies that dist(a;, cy) = dist(a;, c;) = 2 and a; cannot resolve the pair
(cg,cy)- The sets bit-rep(X) and nullifier(X) are omitted for X € {4,V,C}.

< (2;’). We define set-rep : [¢] — F,, as a one-to-one function by arbitrarily assigning a set
in F, to an integer in [¢]. By the asymptotic estimation of the central binomial coefficient,

(pr ) ~ \/4:7) [59]. To get the upper bound of p, we scale down the asymptotic function and

have ¢ < ‘2% = 2P, Thus, p = O(log¥).

We mention an application of such a function in the context of METRIC DIMENSION.
Suppose that we have a “large” collection of vertices, say A = {a1,aq,...,as}, and a “large”
collection of critical pairs C = {{c5,¢}), (¢3,¢5),...,{c,, ) }. Moreover, we are given an
injective function ¢ : [m] > [¢]. The objective is to design a gadget such that only ay) € A
can resolve a critical pair (cj,c;) € C for any g € [m], while keeping the treewidth of this
part of the graph of order O(log(]A|)). We add the following vertices and edges in order to
achieve this objective.

Add vertices and edges as mentioned in Subsection 5.1.1 and in Subsection 5.1.2, respect-
ively, to identify the set A and to add critical pairs in C.

Add a walidation portal, a clique on 2p vertices, denoted by V' = {v1,v2,...,v2,}, and
vertices and edges to identify it.

For every ¢ € [{] and for every p’ € set-rep(i), add the edge (a;, vy ).

For every critical pair (cg, c;), make c; adjacent to every vertex in V', and add every edge
of the form (cj,v,) for p’ € [2p] \ set-rep(¢(q)). Note that the vertices in V' that are
indexed using integers in set-rep(¢(q)) are not adjacent with cj.

See Figure 6 for an illustration.

5.2 Reduction

Consider an instance v of 3-PARTITIONED-3-SAT, with X X? X7 the partition of the
variable set. From 1), we construct the graph G as follows. We describe the construction of
X, with the constructions for X# and X7 being analogous. We rename the variables in X
to ¢ for i € [n].
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. . * . .
For every variable z¢, we add a pair ("%, 2{"") of vertices. We add vertices and edges

K3 K3

as mentioned in Subsection 5.1.2 to make all pairs of the form (z{"°, z"*) critical in the
graph G. We denote X = {x"°,2{"" | i € [n]} as the collection of vertices in the critical
pairs. We remark that we do not convert X into a clique.

For every variable z$, we add the vertices ¢3; and f$_,. Formally, A® = {t3;, f$&:_,| i €
[n]}, and hence, |A%| = 2n. We add vertices and edges as mentioned in Subsection 5.1.1
in order to identify the set A% in G.

We would like that any resolving set contains at least one vertex in {¢3;, f$;_;} for every
i € [n], but instead we add the construction mentioned in Subsection 5.1.3 that achieves
the slightly weaker objective as mentioned there. As before, instead of adding two new
vertices, we use (z;"°, z{"*) as the necessary critical pair. Formally, for every i € [n], we
add the edges (z7°,t%;) and (z"°, f$:_,). We add edges to make nullifier(X“) adjacent
to every vertex in A%, and nullifier(A®) adjacent to every vertex in X . Also, we add the
edge (nullifier(X®), nullifier(A%)).

Let p be the smallest positive integer such that 2n < (QPP). In particular, p = O(logn).
Moreover, define set-rep : [2n] — F,, as mentioned in Subsection 5.1.

We add a wvalidation portal, a clique on 2p vertices, denoted by V< = {v{,v,... v }.
We add vertices and edges to identify V' as mentioned in Subsection 5.1.1. We add the
edge (nullifier(V®), nullifier(A*)) and make nullifier(A%) adjacent to every vertex in V.
We note that we do not add edges across nullifier(V*) and A*.

We add edges across A% and the validation portal as follows: for each i € [n], we add
the edge (t9;, vy,) for every p' € set-rep(2i). Similarly, for each i € [n], we add the edge
(f$i_1,vp) for every p € set-rep(2i — 1).

We repeat the above steps to construct X%, A% V8 X7 AY V7, and their related vertices
and edges.

For every clause Cy in v, we introduce a pair <cg, cé) of vertices. We add vertices and
edges to make each pair of the form (cj, cj) a critical pair as mentioned in Subsection 5.1.2.
Let C be the collection of the vertices in such pairs.

We add edges across C and the portals as follows. Consider a clause C, in ¢ and the
corresponding critical pair (cg,c;) in C. Suppose 0 € {a,3,7}. As ¢ is an instance of
3-PARTITIONED-3-SAT, there is at most one variable in X° that appears in C,. Suppose
that variable is z¢ for some i € [n].

We add all edges of the form (vg, ,cg) for every p’ € [2p]. If x9 appears as a positive literal
in Cy, then we add the edge (vg,, cy) for every p" € [2p] \ set-rep(2i) (which corresponds
to t3;). If 20 appears as a negative literal in C,, then we add the edge (vz,, cy) for every
p’ € [2p] \ set-rep(2i — 1) (which corresponds to f9; ;). We remark that if 20 appears as
a positive (negative, respectively) literal in Cy, then the vertices in V9 whose indices are
in set-rep(2i) (set-rep(2i — 1), respectively) are not adjacent to c; . If there is no variable
in X° that appears in Cy, then we make every vertex in V' adjacent to both ¢ and cg.

Finally, we add the edge (nullifier(V?), nullifier(C)). See Figure 7.

This concludes the construction of G. The reduction returns (G, k) as an instance of
METRIC DIMENSION where

k = 3-(n+([log(|X*|/2+2)]+1)+([log(|A%[+2)1+1)+([log(|V*|+2)]+1))+[log(|C[+2) ] +1.

5.3 Correctness of the Reduction

Suppose, given an instance ¥ of 3-PARTITIONED-3-SAT, that the reduction returns (G, k)
as an instance of METRIC DIMENSION. We first prove the following lemma, which will be
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nullifier(X®) nullifier(A%) nullifier(V®) nullifier(C)
o O- o o

[ bit-rep(X“)] [bit-rep(A")] [bit-rep(V“) ] [ bit-rep(C) }

Figure 7 Overview of the reduction. For any set X € {X% A% V* C}, the blue rectangle

attached to it via the blue edge represents bit-rep(X). The yellow thick line represents that vertex is
connected to every vertex in the set the edge goes to. Note that nullifier(V%) is not adjacent to any
vertex in A%. Green edges denote adjacencies with respect to set-rep, i.e., t3; is adjacent to v; € V'
if j € set-rep(2¢). The same holds for f2;—; for all ¢ € [n]. Purple lines also indicate adjacencies with
respect to set-rep, but in a complementary way, i.e., if z; € cq, then, for all p’ € [2p] \ set-rep(21),
we have that (v, c;) € E(G), and if T; € ¢q, then, for all p’ € [2p] \ set-rep(2i — 1), we have that
(vpr,cq) € BE(G).

helpful in proving the correctness of the reduction.

» Lemma 7. For any resolving set S of G and for all X € {X?, A%, V%, C} and§ € {o, 3,7},

1.
2,

S contains at least one vertex from each pair of false twins in bits(X).

Vertices in bits(X) N S resolve any non-critical pair of vertices (u,v) when ue X UX™*
and v € V(QG).

Vertices in X N S cannot resolve any critical pair of vertices <x?,’o,:17f/’*> nor (cg,cy)
foralli € [n], &' € {a, 8,7}, and q € [m].

Proof. 1. By Observation 1, the statement follows for all X € {X‘S,A‘S,V‘S,C} and 6 €

{o, 8,7}

. For all X € {X° A% V9 C} and § € {a, 8,7}, note that nullifier(X) is distinguished by

S N bits(X) since it is the only vertex in G that is at distance 2 from every vertex in
bits(X). We now do a case analysis for the remaining non-critical pairs of vertices (u, v)
assuming that nullifier(X) ¢ {u,v} (also, suppose that both u and v are not in S, as
otherwise, they are obviously distinguished):
Casei: u,v € X UXT.
Case i(a): u,v € X or u,v € bit-rep(X) \ bits(X). In the first case, let j be the
digit in the binary representation of the subscript of u that is not equal to the j*™
digit in the binary representation of the subscript of v (such a j exists since (u,v)
is not a critical pair). In the second case, without loss of generality, let u = y;
and v = y;. By the first item of the statement of the lemma (1.), without loss of
generality, y¢ € S N bits(X). Then, in both cases, d(yf,u) # d(y$,v).
Case i(b): v € X and v € bit-rep(X). Without loss of generality, y¢ € S N bits(X)
(by 1.). Then, d(y,u) = 2 and, for all v € bits(X) \ {3°}, d(y2,v) = 3. Without
loss of generality, let y; be adjacent to u and let y? € S N bits(X) (by 1.). Then, for
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v =1y’ 3=d(y?v) # d(y?,u) = 2. If v € bit-rep(X) \ bits(X), then, without loss
of generality, v = y; and y? € SN bits(X) (by 1.), and 1 = d(y§,v) < d(y§,u).
Case i(c): u,v € bits(X). Without loss of generality, u = y? and y? € S (by 1.).
Then, 2 = d(y¢,u) # d(y?,v) = 3.
Case i(d): w € bits(X) and v € bit-rep(X) \ bits(X). Without loss of generality,
v=y; and y¢ € S (by 1.). Then, 1 =d(y?,v) < d(y¢,u).

Caseii: u€ X UXT and v € V(G) \ (X UXT). Foreachu € XUXT, there exists
w € bits(X) NS such that d(u,w) < 2, while, for each v € V(G) \ (X U X*) and
w € bits(X) NS, we have d(v,w) > 3.

3. Forall X € {X° A° Vo § € {a,B,q},ue XT, ve {cg,cy}, and g € [m], we have
that d(u,v) = d(u, nullifier(V%)) + 1. Further, for X = C and all u € X T and ¢ € [m],
either d(u,cg) = d(u,cy) =1, d(u,cy) = d(u,c}) = 2, or d(u,cy) = d(u,c}) = 3 by the
construction in Subsection 5.1.2 and since bit-rep(X) \ bits(X) is a clique. Hence, for
all X € {X?% A% V° C} and 6 € {a, 3,7}, vertices in XT NS cannot resolve a pair of

vertices (cf, c}) for any ¢ € [m].

For all § € {, 8,7}, if v € X9, then, for all X € {X% A% V9 C}, & € {o,B,7}
such that § # &', and u € X T, we have that d(u,v) = d(u, nullifier(A°)) + 1. Similarly,
for all § € {a,B,7}, if v € X?, then, for all X € {A% V°} and v € X, we have
that d(u,v) = d(u,nullifier(A%)) + 1. Lastly, for each (z2°,22*), 6 € {a, 3,7}, and
i € [n],if X = X9, then, for all u € X ¥, either d(u,z>°) = d(u,20™) = 1, d(u,z°°) =
d(u,z0%) = 2, or d(u, 22°) = d(u,2]™) = 3 by the construction in Subsection 5.1.2 and

since bit-rep(X) \ bits(X) is a clique. <

» Lemma 8. If ¢ is a satisfiable 3-PARTITIONED-3-SAT formula, then G admits a resolving
set of size k.

Proof. Suppose m: X*U X# U X7 + {True, False} is a satisfying assignment for ¢». We
construct a resolving set S of size k for G using this assignment.

For every § € {a, 3,7} and i € [n], if 7(20) = True, then let ¢, € S, and otherwise, let
19,1 €S. For every X € {B% A% V? C} and § € {«, 3,7}, add one vertex from each pair
of false twins in bits(X) to S. Note that the size of S is k.

In the remaining part of the proof, we show that S is a resolving set of G. First, we prove

that all critical pairs are resolved by S in the following claim.

> Claim 9. All critical pairs are resolved by S.

Proof. For each i € [n] and ¢ € {a, 5,7}, the critical pair <a:?’°, mf’*> is resolved by the vertex
SN A° by the construction. For each g € [m], the clause C, is satisfied by the assignment
m. Thus, there is a variable, say z; in Cy, that satisfies C; according to w. If x; appears
positively in Cy, then tJ; € S resolves the critical pair (cg,cy) since d(tg;, cg) = 2 < d(tg;, cy)
by the construction. Similarly, if x; appears negatively in Cj, then f9._, € S resolves the
critical pair (cg,cy) since d(fs5;_;,c;) = 2 < d(fs;_;,c;) by the construction. Thus, every

critical pair (cj, cj) is resolved by . <

Then, every vertex pair in V(G) is resolved by S by Claim 9 in conjunction with the
second item of the statement of Lemma 7. <

» Lemma 10. If G admits a resolving set of size k, then 1 is a satisfiable 3- PARTITIONED-
3-SAT formula.
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Proof. Assume that G admits a resolving set S of size k. First, we prove some properties
regarding S. By the first item of the statement of Lemma 7, for each § € {«, 3,7}, we have

|S N bits(X9)]
|S N bits(A°)|

Mog(|X°/242)]+1, |SNbits(V®)] > [log(|V?| +2)] +1,

>
> [log(|A°| +2)]+ 1, [SNbits(C)| > [log(|C| +2)] + 1.

Hence, any resolving set S of G already has size at least

3+ (([og(1X*[/2+2)]+ 1) + ([log(|A%[+2)] +1) + ([log(IV*|+2)] +1)) + [log(|C[ +2)] + 1.

Now, for each & € {a,3,~} and i € [n], consider the critical pair (z0°°,22*). By the

1 ) K3
construction mentioned in Subsection 5.1.2, only v € {t3,, gi_l,xf’o,xf’*} resolves a pair
<x?’°,:17f’*>. Indeed, for all X € {X?%, A% V9 C} and &' € {a, 3,7}, no vertex in X+
can resolve such a pair by the third item of the statement of Lemma 7. Also, for all
X e {AY A\ {t5,, 5}, VY. CY, 8 € {a, B,7}, 8" € {a, 8,7} such that § # §”, and
u € X, we have that d(u, 27°) = d(u, 20™*) = d(u, nullifier(A%))+1. Hence, since any resolving
set S of G of size at most k can only admit at most another 3n vertices, we get that equality
must in fact hold in every one of the aforementioned inequalities, and any resolving set
S of G of size at most k contains one vertex from {t3;, f3; ,,°,27*} for all i € [n] and
d € {a, B,7}. Hence, any resolving set S of G of size at most k is actually of size exactly k.

Next, we construct an assignment 7 : X* U X? U X7 — {True,False} in the following
way. For each & € {a, 8,7} and i € [n], if tJ;, € S, then set 7(x?) := True, and if £, , € S,
then set 7(x?) := False. For any i € [n] and 6 € {a, 8,7}, if SN {t3;, f3,_,} = 0, then one
of mf’o, x?’* is in S, and we can use an arbitrary assignment of the variable z?.

We contend that the constructed assignment 7w satisfies every clause in C. Since S
is a resolving set, it follows that, for every clause ¢, € C, there exists v € S such that
d(v,c)) # d(v,c}). Note that, for any v in bits(A?), bits(X?), bits(V?) for any ¢ € {c, 8,7} or
in bits(C'), we have d(v, ¢}) = d(v, ¢}) by the third item of the statement of Lemma 7. Further,
for any v € X and any & € {a, 8,7}, we have that d(v,c;) = d(v,¢}) = d(v, nullifier(V?)) 4 1.
Thus, v € SN 5e{Uﬂ }A‘S. Without loss of generality, suppose that cg and ¢} are resolved by

.8y
9. So, d(t$;,¢?) # d(t3;, cr). By the construction, the only case where d(t$;, ) # d(t3;, ¢F)
is when C contains a variable z; € X and m(z;) satisfies Cy. Thus, we get that the clause
C, is satisfied by the assignment 7.

Since S resolves all pairs (cj,c;) in V(G), then the assignment 7 constructed above
indeed satisfies every clause c,, completing the proof. |

Proof of Theorem 6. In Subsection 5.2, we presented a reduction that takes an instance 1)
of 3-PARTITIONED-3-SAT and returns an equivalent instance (G, k) of METRIC DIMENSION
(by Lemmas 8 and 10) in polynomial time. Now, consider the set

Z={V'UX"|Xe{X° A V°C}6e€{ap}}

It is easy to verify that |Z] = O(log(n)) and G — Z is a collection of P3’s and isolated vertices.
Hence, tw(G), fvs(G), and td(G) are upper bounded by O(log(n)). It is also easy to see
that the diameter of the graph is bounded by a constant. Hence, if there is an algorithm for
METRIC DIMENSION that runs in time 2f(@am)°® (o 9/ (atam)” ™) o 9 f(a1am)*“) " on there
is an algorithm solving 3-PARTITIONED-3-SAT running in time 2°(™, which by Proposition 5
contradicts the ETH. <
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6 Geodetic Set: Lower Bound Regarding Diameter plus Treewidth

The aim of this section is to prove the following theorem.

» Theorem 11. Unless the ETH fails, GEODETIC SET does not admit an algorithm running
in time 272 0 for any computable function f : N+ N.

As in the previous section, we present a different reduction from 3-PARTITIONED-3-
SAT (see Section 4) to GEODETIC SET. The reduction takes as input an instance ¢ of
3-PARTITIONED-3-SAT on 3n variables and returns (G, k) as an instance of GEODETIC SET
such that tw(G) = O(log(n)) and diam(G) = O(1). We rely on the tool of set representation
introduced in Section 5.1.4. For convenience, we recall it in the next subsection and describe
how we apply it in the reduction to prove Theorem 11.

6.1 Preliminary Tool: Set Representation

For a positive integer p, define 7, as the collection of subsets of [2p] that contains exactly
p integers. We critically use the fact that no set in F, is contained in any other set in F,
(such a collection of sets is called a Sperner family). Let £ be a positive integer such that
l< (2;). We define set-rep : [¢] — F,, as a one-to-one function by arbitrarily assigning a set
in F, to an integer in [¢]. By the asymptotic estimation of the central binomial coefficient,
(21]” )~ \/47%) [59]. To get the upper bound of p, we scale down the asymptotic function and
have ¢ < ‘2‘—2 = 2P, Thus, p = O(log¥).

We will apply the existence of such a function in the context of GEODETIC SET. Suppose
we have a “large” collection of vertices, say A = {a1, a2, ...,as}, and a “large” collection of
vertices C' = {c1,¢2,...,cm}. Moreover, we are given a function ¢ : [m] — [¢]. The basic
idea is to design gadgets such that ¢, is only covered by the shortest path from ag,) € A to
cg (cg is forced to be chosen in the geodetic set) for any g € [m], while keeping the treewidth
of this part of the graph of order O(log(|A])). To do so, we create a “small” intermediate
set V (of size O(log(]|A]))) through which will go the shortest paths between vertices in A
and C, and we connect a; to the vertices of V' corresponding to the bit-representation of
set-rep(7), and ¢, (with i = ¢(q)) to all the other vertices of V. In this way, the construction
will ensure that ¢, is covered by a shortest path between a4, and 027 but is not covered by
any other shortest path between a vertex of A and a vertex of C. We give the details in the

following subsection.

6.2 Reduction

Consider an instance v of 3-PARTITIONED-3-SAT, with X X# X7 the partition of the
variable set. From 1), we construct the graph G as follows. We describe the construction of
X, with the constructions for X# and X" being analogous. See Figure 8 for an illustration.
We rename the variables in X to z¢ for i € [n].

For every variable &, we add the vertices t3; and f._,. Formally, A* = {t3,, f& | i €
[n]}, and hence, |A%| = 2n.

For every variable 2%, we add four vertices: 2%, 2{", 2{"° 23", We make 2" and z§"”
adjacent to both t5; and f5:_;. We make z{"° adjacent to both "% and z{"”. We make

[e9% 3 . «,0
x; " adjacent to x; .
We add the vertices y1, yo, 21, 22. We make y; and yo adjacent to every vertex of A% We

make y; adjacent to z; for i € {1,2}. Note that y1,ys, 21, 20 are common to X* and X7.
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gs
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g2

Figure 8 Overview of the reduction. We only draw A% and V' here, as A%, A7, V#, and V7 are
similar. The yellow lines joining g1, g2, y1, and y2 to sets indicate that the corresponding vertex is
adjacent to all the vertices of the corresponding set. Suppose that f5;_; and t3; are in the geodetic
set and T; appears in the clause ¢;. The thick green path is a shortest path between t3; and cg
which does not cover ¢,. The thick violet path plus the edge (cj, CZ) is a shortest path between
foi_1 and CZ covering cg.

We add the vertex g; and make it adjacent to yi, ya, and x;"° for each i € [n]. Note that
g1 is common to X# and X7. We add edges between g; and every vertex of A®.

Let p be the smallest positive integer such that 2n < (2pp). In particular, p = O(logn).
We add a validation portal, a clique on 2p vertices, denoted by V< = {v{, 05, ... ,vg‘p}.

For each 6 € {a, 3,7}, we add edges between g; and every vertex of V°.

For every clause C, in v, we introduce three vertices: ¢4, c?,cb. We add the edges (c,, cq)

a° g
and (c2,ch).

Define set-rep : [2n] — F,, as an arbitrary injective function, where 7, is the Sperner family

(and p is as defined two items above). Add the edge (t5;, vy;) for every p" € set-rep(2i) and

the edge (f5;_;,vy) for every p’ € set-rep(2i —1). If the variable x{* appears positively in

the clause Cy, then we add the edges (cq,vyy) and (cg, vyy) for every p' € [2p] \ set-rep(2i).

If the variable z§* appears negatively in the clause C,, then we add the edges (cq, vz‘;‘,)
and (cg, vy, ) for every p’ € [2p] \ set-rep(2i — 1).

Add a vertex g, and make g, adjacent to every vertex of A% and every vertex of
{cq : g € [m]}. Note that go is common to X# and X".

Add a vertex g3 and make it adjacent to every vertex of {cg : ¢ € [m]}. Note that g3 and

the vertices of {cg, ¢, c? : ¢ € [mn]} are common to X* and X7.

This concludes the construction of G. The reduction returns (G, k) as an instance of

GEODETIC SET where k = 6n +m + 2.

6.3 Correctness of the Reduction

Suppose, given an instance 1 of 3-PARTITIONED-3-SAT, that the reduction above returns
(G, k) as an instance of GEODETIC SET.

» Lemma 12. If ) is a satisfiable 3- PARTITIONED-3-SAT formula, then G admits a geodetic
set of size k.
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Proof. Suppose that 7 : X* U X? U X7 + {True,False} is a satisfying assignment for 1.
We construct a geodetic set S of size k for G using this assignment.

For every § € {a,$,v} and i € [n], if m(2) = True, then let t3, € S, and otherwise,
fo € 5. We also put zy, 29, 20, and ¢t into S for all i € [n], 6 € {o, 8,7}, and q € [m)].
Note that |S| = k.

Now, we show that S is indeed a geodetic set of G. First, y1,¥2, 21, 22,91, and all
the vertices of A%, AP, A7 are covered by a shortest path between z; and z,. Then, for
each 0 € {a, 3,7} and i € [n], x?’q, xf’b, a:f’o, and xf’* are covered by a shortest path
between S N {t3,, f9;_,} and xf’*. The vertex g3 is covered by any shortest path between
b and ¢}, where Cy and Cy are two clauses of ¢. Suppose that 7(x?), for some i € [n]
and § € {a, 5,7}, satisfies some clause Cy. By our construction, if 20 appears positively
(negatively, respectively) in Cy, then t3; (fJ;,_,, respectively) and ¢} are at distance four
since t3; (f3;_y, respectively) and ¢ have no common neighbor in V°. Moreover, there is
a shortest path from 3, (fJ;_,, respectively) to c?

cg; there is also a shortest path from t3; (f9; ,, respectively) to cg of length four, covering

v?,v,‘i, cg, and CZ, where U? € V9 is a vertex adjacent to t3; (f9,_,, respectively) and v} is

of length four, covering g2, ¢g, ¢y, and

any vertex of V? that is not adjacent to t3; (f9, ,, respectively). Thus, every vertex of V°
for § € {a, 8,7} is covered by a shortest path between two vertices of S. Since every clause
b

of ¢ is satisfied by m, it follows that every vertex of {cy,cg,c, : ¢ € [m]} is covered by a

shortest path between two vertices of S. As a result, S is a geodetic set of G. |

» Lemma 13. If G admits a geodetic set of size k, then v is a satisfiable 3-PARTITIONED-3-
SAT formula.

Proof. Suppose that G has a geodetic set S of size at most k. By Observation 3, z1, 2o, x?’*,
and ¢ for all i € [n], 0 € {o, 8,7}, and ¢ € [m] must be in any geodetic set S of G.

> Claim 14. For each i € [n] and § € {a, 3,7}, exactly one of t3; and f3; , must be in S.

Proof. Since S is a geodetic set, for each i € [n] and 6 € {o, 8,7} xf’q and xf’D must be covered
by shortest paths between two vertices of S. If t3, € S (f3,_, € S, respectively), xf’q and xf’D
are covered by shortest paths between t3, € S (f2,_, € S, respectively) and :cf’*. Suppose
that, for some ¢’ € [n] and ¢’ € {«, 8,7}, neither of tg;, and fg;_l is in S. Moreover, if neither
& ,q 8>
of x;,"" and z;

» isin S, then, due to the edges incident with g;, no vertices in .S have a
shortest path containing any of these two vertices. Similarly, if only one of xf,/’q and x?,/’b is in
S, then the other is not covered by S. Thus, if neither of tg;/ and fg;,_l isin S, then both xf,l’q
and xf,/’b must be in S. Since kf|{zl,22}u{zf’* ci € [n],6 € {a,B,7}}U{c} : g € [m]}| = 3n,
we conclude that exactly one of ¢35, and f2, , must be in S for each i € [n] and 6 € {a, 3,7}
<

By Claim 14 and earlier arguments, we now have that |S| = k.

> Claim 15. For each g € [m], the vertex ¢, is covered either by a shortest path between
cg and tgi, where the variable acf appears positively in the clause Cj, or by a shortest path
between cg and f9,_,, where the variable z{ appears negatively in the clause C,. Moreover,
cq is covered by no other type of shortest path between two vertices in S.

Proof. By the construction of G, if the variable x‘is appears positively in the clause Cy, then
there is a shortest path from #3; to cg of length four covering go, ¢4, ¢, and cg. If the variable
x¢ appears negatively in the clause Cj, then there is a shortest path from f; ; to cb of
length four covering g2, c¢, ¢, and CZ.
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Next, we show that ¢, is not covered by any shortest path between any other two vertices
of S. We can check that ¢, is not covered by any of the shortest paths between z; and z»,
between z; (j € {1,2}) and 22 (i € [n],6 € {a,B,7}), and between zj (4 € {1,2}) and
Sn{ts, f9;_1} (i € [n],d € {a, 3,7}). Note that any shortest path from z; (j € {1,2}) to
cg (q € [m]) is of length five, covering y;, some vertex of A° (§ € {a,3,v}), some vertex of
VI, gy and cg.

We can check that ¢, is not covered by any of the shortest paths between xf’* and xf,/"*

(i, € [n],4,0" € {a, 8,7}), and between xf’* and Sﬂ{tg;/,fgg,_l} (i, € [n],8,0" € {a, B,7}).

Note that any shortest path from zf’* (i € [n]),0 € {o, B,7}) to ¢ (g € [m]) is of length five,
covering 27°°, gy, some vertex of V9, ¢, and cf.

Note that any shortest path between cg and cg, (g,q' € [m]) is of length four, covering Cqs
g3, and cg,.

We can check that ¢, is not covered by any shortest paths between S N {t3,, 3, _;} and
SO 5} (1 € [0),5,8' € {o B.7)).

If the variable xf does not appear positively in the clause Cy, then any shortest path
b and 19, is of length three (because ¢2 and t3; have a common neighbour in V),
covering some vertex of V9 and ¢g» but not ¢,. Similarly, if xf does not appear negatively in
Cy, then any shortest path between CZ and ngl is of length three and does not cover c,.

between ¢

By the case analysis above, the claim is true. <

By Claim 14, exactly one vertex of 3, and f3, , belongs to S for each i € [n] and
d € {a, B,v}. We define an assignment 7 to the variables of ¢ as follows. For each ¢ € [n] and
§ € {a, B,7},if 3, € S, then (x?) = True. Otherwise, m(2?) = False. Since S is a geodetic

set for G, every vertex ¢, (¢ € [m]) is covered by a shortest path between two vertices of .S.

By Claim 15, every vertex ¢, (¢ € [m]) is covered by a shortest path between SN {t3,, f9;_;}
and ¢}, where the variable x9 appears in the clause C,. It follows that every clause C, is
satisfied by m(2?). As a result, 1 is a satisfiable 3-PARTITIONED-3-SAT formula. <

Proof of Theorem 11. First, it is not hard to check that the diameter of G is at most 5.

Then, let X = V*UVPUVTU{g1,92,93 y1,y2}. We can check that every component of
G\ X has at most six vertices and |X| = O(logn). Thus, the treewidth tw(G) — in fact, even
the treedepth td(G) — of G is bounded by O(logn). By the description of the reduction,
it takes polynomial time to compute the reduced instance. Hence, if there is an algorithm
for GEODETIC SET that runs in time 2f(@am)*™ (o 2f(atam)”“Yy they there is an algorithm
running in time 2°") for 3-PARTITIONED-3-SAT, which by Proposition 5, contradicts the
ETH. <

7 Strong Metric Dimension: Lower Bound Regarding Vertex Cover
The aim of this section is to prove the following theorem.

» Theorem 16. Unless the ETH fails, STRONG METRIC DIMENSION does not admit:
an algorithm running in time 2270 o) for any computable function f:N+— N, nor
a kernelization algorithm returning a kernel with 2°0) vertices.

To this end, we present a reduction from EXACT-3-PARTITIONED-3-SAT (see Section 4)
to STRONG METRIC DIMENSION. We use the relation between STRONG METRIC DIMENSION
and the VERTEX COVER problem, which was established in [85], to prove the theorem. We
need the following definition in order to state the relationship.
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» Definition 17. Given a graph G, we say a vertex u € V(G) is mazimally distant from
v € V(G) if there is no x € V(G) \ {u} such that a shortest path between x and v contains u.
Formally, for every y € N(u), we have d(y,v) < d(u,v). If u is mazimally distant from v,
and v is mazximally distant from w, then v and v are mutually maximally distant in G, and
we write u > v.

For any two mutually maximally distant vertices in G, there is no vertex in G that strongly
resolves them, except themselves. Hence, if u >t v in G, then, for any strong resolving set S
of G, at least one of w or v is in S, i.e., |[{u,v} NS| > 1. Oellermann and Peters-Fransen [85]
showed that this necessary condition is also sufficient. Consider an auxiliary graph Ggg of
G defined as follows.

» Definition 18. Given a connected graph G, the strong resolving graph of G, denoted
by Gsr, has vertex set V(G) and two vertices u,v are adjacent if and only if u and v are
mutually mazimally distant in G, i.e., u > v.

» Proposition 19 (Theorem 2.1 in [85]). For a connected graph G, smd(G) = ve(GgR).
In light of the above proposition, it is sufficient to prove the following lemma.

» Lemma 20. There is a polynomial-time reduction that, given an instance ¥ of EXACT-
3-PARTITIONED-3-SAT on 3n variables, returns an equivalent instance (G, k) of STRONG
METRIC DIMENSION such that ve(G) = O(log(n)) and ve(Ggr) = k.

Recall the textbook reduction from 3-SAT to VERTEX COVER [67]. In this, we add
matching edges corresponding to variables, and vertex-disjoint triangles corresponding to
clauses. Finally, we add edges between two vertices corresponding to the same literal on the
“variable-side” and the “clause-side”. We adopt the same reduction for EXACT-3-PARTITIONED
3-SAT to VERTEX COVER.

Given an instance 1 of EXACT-3-PARTITIONED-3-SAT, with m clauses and 3n variables
partitioned equally into X, X? X7, we construct the graph H as follows.

1. We rename the variables in X to z$ for i € [n]. Analogously, we do this for X” and
X7. For every zf', we add two vertices z7', and z7; for the positive and negative literal,
respectively. Define X and X§ as the collection of vertices corresponding to the positive
and negative literals of the variables in X<, respectively. We define the sets XIQ7 X g, X7,
and X7}, similarly.

Consider a clause Cy = (2 V —w? V}). We add three vertices: 27 %, xﬁ’}z, and x}y’tq, and

the edges to make it a triangle. Let Uf be the collection of vertices corresponding to

the positive literals of variables in X®. Formally, U = {z7" | there is a clause C, that
contains the positive literal of the variable 2&}. Note that, for a variable z¢, there may
be multiple vertices corresponding to its positive literal in U3 depending on the number

of clauses that contain z{*. We analogously define Ug, Ug U{i U}, and U}. See Figure 9

for an illustration.

2. We add matching edges across X7 and X connecting x{'; and xy for every i € [n]. We
add similar matching edges across Xg and X g, and X7 and X7}.. See the green edges in
Figure 9.

3. As @ is an instance of EXACT-3-PARTITIONED-3-SAT, for any clause there is a triangle
that contains exactly one vertex from each of Uy U U¥, Uf« U Uﬁ, and U] UU}. See the
purple triangle in Figure 9. For each clause, we add the edges to form its corresponding
triangle.
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X

Figure 9 Overview of the reduction from EXACT-3-PARTITIONED-3-SAT to VERTEX COVER.
In Step 1, we add all the independent sets mentioned. In Step 2, we add matching green edges
corresponding to the assignment of the variables. In Step 3, we add purple triangles corresponding
to clauses. For example, the purple triangle corresponds to the clause (z§ V ﬁ;z:g Vv z]). In Step 4,
we add red edges connecting the vertices corresponding to the same literal on the “variable-side”
and “clause-side”.

4. Finally, we add edges connecting a vertex corresponding to a literal on the variable-side
to vertices corresponding to the same literal on the clause-side. See the red edges in
Figure 9.

The reduction returns (H, k) as the reduced instance of VERTEX COVER, where k =
3n + 2m. The correctness of the following lemma is spelled out in [67].

» Lemma 21. The formula v, with 3n variables and m clauses, is a satisfiable EXACT-3-
PARTITIONED-3-SAT formula if and only if H admits a vertex cover of size k = 3n + 2m.

In what remains of this section, our objective is to construct G such that Ggp is as “close”
to H as possible. It will be helpful to think about V(H) as a subset of V(G) = V(Gsr). We
want to construct G such that all the edges in F(H) are present in Ggp, while no undesirable
edge appears in Ggr. We use a set representation gadget and a bit representation gadget for
the first and the second part, respectively. However, for the second part, we need another trick
since we may have some undesirable edges. We ensure that all the edges in E(Gggr) \ E(H),
i.e., undesirable edges, are incident to a clique, say Z, in Ggr. Moreover, there is a vertex z
in Z such that N[z] = Z, i.e., z is not adjacent to any vertex in V(Ggg) \ Z. Then, without
loss of generality, we can assume that any vertex cover of Ggg contains Z \ {z}. Hence, all
the undesired edges are deleted by a pre-processing step while finding the vertex cover of
Gsgr. In other words, E(H) = E(Gsg — (Z\ {z})). This ensures that the difficulty of finding
a strong resolving set in G is encoded in finding a vertex cover in Ggr — Z, a graph with
only desired edges. We note the following easy observation before presenting the primary
tools used in the reduction.
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pndt(X) (opndi(X)
glb(X) . glb(X)"\
G\X bit-rep(X)
bits(X) bits(X)
glb(bit-rep(X)) glb(bit-rep(X))

pndt(bit-rep(X)) pnd(bit-rep(X)) f" -

Figure 10 Set Identifying Gadget. The graph G is on the left side, and the corresponding
Gsr is on the right side. The green-shaded region in Gsr denotes a clique. Note that the brown
edges in Gsr are not relevant at this time.

» Observation 22. Consider a connected graph G that has at least 3 wvertices. Suppose
Z C V(Q) is the collection of all the pendent vertices in G. Then, Z is a clique in Gsr, and
every vertex in N(Z) is an isolated vertex in Ggg.

Proof. Consider any two vertices z1, 29 in Z, and let us be the unique neighbor of z. It
is easy to see that d(z1,us) < d(z1,22). Hence, 2o is maximally distant from z;. Using
the symmetric arguments, z; is maximally distant from z,, and hence, z; > z5. By the
construction of Ggg, there is an edge with endpoints z1, 2. As these were two arbitrary
points in Z, we have that Z is a clique in Ggg.

Consider an arbitrary vertex v € V(G) \ {uz}. If v # 2o, then d(v, z2) > d(v,u2) and
hence, us is not maximally distant from v. This implies that us is not adjacent with any
vertex in V(Ggg) \ {22} in Ggg. As G is connected and has at least three vertices, uy is
not maximally distant from z, either. Hence, us is an isolated vertex in Gggr. Since ug is an
arbitrary vertex in N(Z), the second part of the claim follows. |

7.1 Preliminary Tools
7.1.1 Bit Representation Gadget to Add Independent Sets

In this subsection, we accomplish Step 1 of the reduction mentioned at the start of the section.
Formally, given a graph G’ and an independent set X C V(G’) of its vertices, we want to
add vertices and edges to G’ to obtain a graph G such that X remains an independent set in
G, and X is also an independent set in Ggr. We do this as follows:
First, let X = {z; | i € [|X]]}, and set ¢ := [log(|X| + 1)]. We select this value for ¢ to
uniquely represent each integer in [|X|] by its bit-representation in binary (note that we
start from 1 and not 0).
For every ¢ € [q], add two vertices: yj and y,, and the edge (y§,y¢). We denote
bit-rep(X) = {ye | £ € [g]} and bits(X) = {yy | £ € [g]} for convenience in a later case
analysis. Note that both bit-rep(X) and bits(X) are independent sets and bits(X) is a
collection of pendent vertices in G whose neighborhoods are in bit-rep(X).
For every integer j € [|X]|], let bin(j) denote the binary representation of j using ¢ bits.
Connect z; with y; if the i bit (going from left to right) in bin(j) is 1.
Add a vertex, denoted by glb(X), and make it adjacent to every vertex in X. Add another
vertex, denoted by pndt(X), and make it adjacent only to glb(X).
Similarly, add a vertex glb(bit-rep(X)) which is adjacent to every vertex in bit-rep(X) ,
and a vertex pndt(bit-rep(X)) which is adjacent only to glb(bit-rep(X)).
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This completes the construction of G. We use glb(-) and pndt(+) as a function to denote vertices
that are adjacent to every vertex in the set, i.e., global to the set, and the vertex pendent to the
global vertex of the set, respectively. We mention the small caveat in this notation. Pendent
vertices in bits(X) U {pndt(X)} are not adjacent to any vertex in X. It is helpful to think of
these pendent vertices together with bit-rep(X) U {glb(X), pndt(bit-rep(X)), glb(bit-rep(X))}
as vertices added for X. Moreover, at a later stage in the reduction, we may make glb(X)
global to every vertex in a new set Y. However, we do not rename it to glb(X UY) for
notational clarity. Note that no vertex in bit-rep(X) U bits(X) is adjacent to any vertex in
V(G) \ (bit-rep(X) U bits(X) U X U glb(bit-rep(X)). See Figure 10 for an illustration.

We use this gadget as a building block for our reduction and do not add any more
edges whose both endpoints are completely inside the gadget. While adding other vertices
and edges, we ensure that we do not add a vertex whose neighborhood intersects both X
and bit-rep(X). We now show that the following property (we aimed for) holds under this
condition.

» Lemma 23. Consider the graph G, an independent set X, and the vertices and edges as
defined above. Suppose there is no vertex v € V(QG) that is adjacent to both a vertex in X
and a vertex in bit-rep(X). Then, X is an independent set in Gsg.

Proof. Consider any two vertices, say x;, x;, in X. We want to prove that these two vertices
are not adjacent in Gggr. By the construction, it is sufficient to prove that either z; is not
maximally disjoint from x;, or ; is not maximally disjoint from z;. As the bit-representation
of ¢ is not the same as j, there is a vertex, say v, in bit-rep(X), that is adjacent to z;, but
not to z; (or vice-versa). We consider the first case. Note that d(x;,z;) = 2 since glb(X) is
adjacent to both x; and z;, and X is an independent set. Since, there is no vertex v € V(G)
such that N(v) N X # 0 and N(v) Nbit-rep(X) # (), and bit-rep(X) is an independent set, we
have d(z;,ye) > 2. Thus, d(z;,y,) = 3. Hence, there exists a vertex in N(xz;) which is farther
from «;. This implies that x; is not maximally distant from z;, concluding the proof. <

7.1.2 Set Representation Gadget to Add Edges

We use a set representation gadget to add edges across two independent sets in Gggr. This
will be useful to accomplish Steps 2, 3, and 4.

Consider two independent sets A and B in G’, and suppose there is a function ¢ : B — A.
This function may not be one-to-one. As we are defining this function, it will be helpful
to consider A, B as an ordered pair. Our objective is to add vertices and edges to G’ to
obtain G such that Ggg contains an edge (a;,b;) for some a; € A and b; € B if and only if
a; = ¢(b;). Moreover, we want A, B to remain as independent sets in G and Ggg.

We change the function ¢ as per our requirements. In Step 2, we need to add the edge
between z{', € X7 and ziy € Xp, and other such pairs. In this case, we define qﬁ(xioff) =z
Here, ¢ is a one-to-one and onto function from B to A. Consider a clause Cy = (z \/—w? va)).
As mentioned before, in the reduction, we add the vertices x;;’ to U, xf}l to Urﬁ, and
z)} to Uy We expect a triangle with these three vertices. Hence, in Step 3, while adding
edges across U% and Ug, we define the function ¢ as qﬁ(w?’}l,) =z if and only if ¢ = ¢/,
i.e., if the literals corresponding to these two vertices appear in a clause. For Step 4, while
adding edges across X7 and U, define qﬁ(;v?,g/) = zf, if and only if i = i’, i.e., if these
two vertices correspond to the same literal. In this case, multiple vertices in Uf may be
assigned to a single vertex in X& if they correspond to the same literal in X/%. For example,

!
o(xi) = p(aiyt) = oy
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glb(bit-rep(A)) glb(bit-rep(B)) glb(bit-rep(A)) « /
pndt(bit-rep(A)) pndt(bit-rep(B)) pndt(bit-rep(A)) @—

conport(A, B)

bin() )

ding t

bits(A)
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& « glbbit-rep(B)
—@pndi(bit-rep(B))

Figure 11 Set Representation Gadget to add edges across independent sets A and B. The
graph G is on the left and the graph Gsr is on the right. The yellow lines from a vertex to a set
represent that the vertex is adjacent to every vertex in the set. Suppose that ¢(b;) = ¢(b,) = a; and
¢(bs) = a;. Note that in G, due to ¢, a; shares no common neighbor in con-port(A, B) with be nor
b-, and that a; shares no common neighbor in con-port(A, B) with bs. Furthermore, in G, we have
a; X by, a; > by, and aj >4 bs, which create the edges between these pairs of vertices in Gsgr. Lastly,
the green-shaded region in Gsr denotes a clique.

We use set representations of integers to achieve this objective and recall some ideas from
Section 5.1.4. For a positive integer p, define F,, as the collection of subsets of [2p] that
contains exactly p integers. We critically use the fact that no set in F, is contained in any
other set in F, (such a collection of sets are called a Sperner family). This implies for any two
different sets A, B € F,, A intersects the complement of B, i.e., AN ([2p]\ B) # 0. Let n be
a positive integer such that n < (2pp). We define set-rep : [n] — F, as a one-to-one function
by arbitrarily assigning a set in F,, to an integer in [n]. By the asymptotic estimation of the
central binomial coefficient, (2;) ~ \/4:7) [59]. To get the upper bound of p, we scale down
the asymptotic function and have n < 3—2 = 2P, Thus, p = O(logn). Given independent sets
A={a,...,an}, B={b1,...,by} in G, where n’ < n and the function ¢ : B — A, we
add vertices and edges to G’ to obtain G as follows.

We add the sets of vertices bit-rep(A), bits(A), the vertices glb(A), pndt(A), glb(bit-rep(A)),

pndt(bit-rep(A)), and the appropriate edges as mentioned in the previous subsection.

Similarly, we add the corresponding vertices and edges with respect to B.

We add the edge (glb(A), glb(B)).

We add a connection portal, denoted by con-port(A, B) = {v1,v2,...,v2,}. For every
vertex v, in con-port(4, B), we add a new vertex and make it adjacent to v,. The
collection of these pendent vertices are denoted by bits(con-port(A, B)).

For every ¢ € [n] and for every p’ € set-rep(i), we add the edge (a;, vy ). If ¢(b;) = a; for
some j € [n'], then we add the edge (b;,v,) for every p’ not in set-rep(¢). This ensures
that, for every pair a;, b;, if a; = ¢(b;), then there is no vertex in con-port(A, B) that is
adjacent to both a; and b;.

Finally, we make every vertex in con-port(A, B) adjacent to glb(A), glb(bit-rep(A)), glb(B),
and glb(bit-rep(B)).

This completes the construction of G. See Figure 11 for an illustration. As in the previous
case, we use this gadget as a building block for our reduction and do not add any more
edges whose both endpoints are completely inside the gadget. While adding other vertices
and edges, we ensure that we do not add another vertex (outside con-port(A4, B)) whose
neighbourhood intersects both A and B. We now show that the following property (we
aimed for) holds under this condition.

» Lemma 24. Consider the graph G, independent sets A, B, connection portal con-port(A, B)
added with respect to the function ¢ : B — A, and the vertices and edges as defined above.
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For every vertex v € V(QG) \ (con-port(A, B)), suppose the following conditions are true.
It is not adjacent to both a vertex in A and a vertex in B;
it is not adjacent to both a vertex in B and a vertex in bit-rep(A);
it is not adjacent to both a vertex in A and a vertex in bit-rep(B).

Then, the edge (a;,b;) is present in Gsg if and only if a; = ¢(b;).

Proof. Consider the vertices a;,a; € A and by, b,,bs € B such that ¢(by) = ¢(b,) = a;
and ¢(bs) = a; (see Figure 11). We focus on the vertex a;. Note that every vertex in
con-port(A, B) is at distance 1 (if its in N(a;)) or at distance 2 (as glb(A) is adjacent to
every vertex in A U con-port(A, B)) from a;. By the construction, the vertex glb(bit-rep(B))
is at distance 2 from a;, and hence, every vertex in bit-rep(B) is at distance at most 3 from
a;. Because of the edge (glb(A),glb(B)) and the global nature of the endpoints of this edge,
every vertex in B is at distance at most 3 from a;. Since ¢(by) = a;, as mentioned before,
there is no vertex in con-port(A, B) that is adjacent to both a; and by. Moreover, there is
no vertex v in V(G) \ con-port(A, B), such that N(v) N A # @ and N(v) N B # 0. Hence,
by the construction, b, is at distance 3 from a;. Hence, for every vertex = € N(bs), we
have d(a;,z) < d(a;,b¢). This implies that b, is maximally distant from a;. As the gadget
constructed is symmetric, it is easy to see that a; is also maximally distant from b,. Hence,
we have a; < by and (a;,by) is an edge in Ggr. Using similar arguments, the edges (a;, b,)
and (a;, bs) are present in Ggg.

Now, consider bs; € B and a; € A such that ¢(bs) # a;. Then, by the properties of the set
representation gadget, there exists a vertex in con-port(A, B) that is adjacent to both a; and

bs. Hence, d(a;,bs) = 2. The neighbors of b, in bit-rep(B) are at distance at most 3 from a;.

However, as there is no vertex v € V(G) such that N(v) N A # 0 and N(v) N bit-rep(B) # 0,
every neighbor of b, in bit-rep(B) is at distance exactly 3 from a;. Hence, by is not maximally
distant from a;. This implies that there is no edge with endpoints a;,bs in Gsr. Hence, the
edge (ai,bjr) is present in Ggg if and only if ¢(b;) = aq. <

Before presenting the reduction, we note that there is a different schematic representation
of the gadgets mentioned above in Figure 12.

7.2 Reduction

Consider an instance 1 of EXACT-3-PARTITIONED-3-SAT with m clauses and 3n vertices

that are partitioned into X<, X# X7, Recall the reduction mentioned before Lemma 21.

The reduction we present here, constructs a graph G using the construction specified earlier,
according to the steps mentioned in the reduction.
Recall the sets defined in Step 1. For every A € {X2, X2, U8, Us | § € {a,B,7}}, we
add the sets A, bit-rep(A), bits(A), the vertices glb(A4), pndt(A), glb(bit-rep(A4)), and
pndt(bit-rep(A4)), and the associated edges as mentioned in Section 7.1.1.
For the edges mentioned in Step 2, for every 6 € {«, 3,7}, we assign A = X% and
B = X}i, and define ¢ : B — A as qb(xf?f) = xfﬁt. Then, we add the connection portal
con-port(X2., X2.) and the other vertices and edges mentioned in Section 7.1.2.
For the edges mentioned in Step 3, for § € {a, 8,7}, define U? = U, U US. First, we
assign A = U® and B = U”, and define ¢ : B + A as follows: for every clause C, =
(x& Vv —mcf vay), (/ﬁ(xf]?) = z}". We add con-port(U®, U”) and the corresponding vertices
and edges as specified in Section 7.1.2. We let bit-rep(U*) = bit-rep(U2) Ubit-rep(Ug) and
bit-rep(U#) = bit-rep(U%) Ubit-rep(U%). We repeat the process for the pairs (U, U”) and
(U7, U%). As 1 is an instance of EXACT-3-PARTITIONED-3-SAT, every clause contains
exactly three variables, and hence, in each case, ¢ is well-defined. We remark that, for
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pndt(A) \/_\/P”df(w
glb(A) glb(B)

bit-rep(A) bit-rep(B)

bits(A) bits(B)

glb(bit-rep(A)) glb(bit-rep(B))
pndt(bit-rep(A)) pndt(bit-rep(B))

) {

/ N\

Figure 12 Set Representation Gadget to add edges across independent sets A and B, and four
different schematic representations of the same below. In the schematic representation, yellow
thick edges denote that the vertex is adjacent with every vertex in the set. The blue filled oval
shape corresponds to bit-rep(-), and the blue thick lines denote that the set, say A, is connected to
bit-rep(A) according to its bit representation as mentioned in Section 7.1.1. The filled oval shape
of green, red, or purple color denotes con-port(-,-). The filled rectangle shape denotes bits(:). The
colors of connection ports correspond to the edges mentioned in Figure 9.

every U°, there are two global vertices now. We denote them by glb(U?) and glb®(U?).

However, we do not add another bit-rep(U?).

Figure 13 shows the vertices and edges added so far.

m For the edges mentioned in Step 4, we first consider A = X$ and B = U%, and define the
function ¢ : B +— A as follows: for every 7'} in U® for some ¢ € [m] and i € [n], define
o(x7?) = xf,. We add con-port(X¢, Ug) and the corresponding vertices and edges as
specified in Section 7.1.2. However, the sets bit-rep(X$) and bit-rep(U$), and the vertices
glb(X$) and glb(Ug) are already defined. Hence, we reuse the sets and introduce some
new vertices.

- We add the vertex glb*(X$) and make it adjacent to every vertex in X$. We also add
pndt*(X¢) which is adjacent to only glb*(X¢). Similarly, we add glb*(U%), pndt*(U$),
and the corresponding edges.

- We add the vertex glb*(bit-rep(X%)) and make it adjacent to every vertex in bit-rep(X%).
We also add pndt*(bit-rep(X$)) which is adjacent to only glb*(bit-rep(X$)). Similarly,
we add glb*(bit-rep(U%)), pndt*(bit-rep(U%)), and the corresponding edges.

= We add con-port(X$,U%) and bits(con-port(X %, U¢)) as mentioned in Section 7.1.2.
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Finally, we make every vertex in con-port(X%, U%) adjacent to glb*(X$), glb* (bit-rep(X%)),
glb*(U2), and glb*(bit-rep(U%)).

See Figure 13. We repeat the process for the remaining pairs (X2, US) and (X&,UZ) for
6 € {a, B}

In the final step, consider the following twelve vertices: glb*(X3.), glb*(X2.), glb*(U2),
and glb*(US) for 6 € {a, 8,7}. These vertices are highlighted using filled orange circles
around them in Figure 14. We add the edges to convert these vertices into a clique
(omitted in Figure 14). We denote it by Sk, for short-cut clique, as it provides all the
necessary short-cuts. We remark that such additional edges are not necessary for the
other glb(-) vertices.

This completes the construction of G.

Suppose Z is the collection of all the pendent vertices in G. Formally,

Z=| |J bits(X})Ubits(Xp) Ubits(U) U bits(U}) | |
[0€{a,B7}

U bits(con-port(X4., X2.)) U U bits(con-port(U°, U¢)) U

[0€{a,B7} d#ee{a,Bv}

U bits(con-port(X 3., U2)) U bits(con-port(X %, US)) U
[0€{a,B7}
{pndt(X7), pndt(Xp), pndt*(X7), pndt*(X2), | § € {a, 8,7} } U
{pndt(bit-rep(X?2.)), pndt(bit-rep(X)), pndt* (bit-rep(X2.)), pndt* (bit-rep(X3)) | 6 € {a, 8, 7}}
U {pndt*(U%), pndt*(Ug), pndt*(bit—rep(U%)), pndt*(bit—rep(Ufw)), |6 €{a,s, fy}} U

U {pndt(U‘s)7 pndt®(U°), pndt(bit-rep(U?)), pndt® (bit-rep(U°)) | § € {o, B,7}} U

The reduction returns (G, k) as an instance of STRONG METRIC DIMENSION, where k =
3n+2m+ (|1Z] - 1).
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Figure 13 Overview of the vertices and edges added in the first step of the reduction along
with some new vertices like glb*(:), which we define soon. Please refer to Figure 15 for a more
streamlined illustration of connections on clause-side vertices. We highlight that the construction so
far is replicating the gadget mentioned in Subsection 7.1.1 and 7.1.2. Hence, it also satisfies the
premises of Lemma 23 and 24. This implies these vertices and edges across them are identical to
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corresponding vertices and edges in H.
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con-port(U*, U")

Figure 14 Overview of the reduction. The orange circled vertices denote the short-cut clique Sk.
The edges (1,5), (3,9), and (6,10) are not shown to preserve clarity.
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Glb(bitrep(U)  glb(bitrep(UP))

Figure 15 Highlighting the connections on the clause side.

7.3 Correctness of the Reduction

Suppose, given an instance ¥ of EXACT-3-PARTITIONED-3-SAT, that the reduction above
returns (G, k) as an instance of STRONG METRIC DIMENSION.

» Lemma 25. ¢ is a satisfiable EXACT-3-PARTITIONED-3-SAT formula if and only if G
admits a strong resolving set of size k.

Proof. We note that the construction is very symmetric with respect to the partition X%,
X# X7. Recall that, from the graph G, we construct Ggr as mentioned in Definition 18.
Hence, V(G) = V(Ggr). Moreover, by Proposition 19, smd(G) = vc(Ggsgr). Hence, it is
sufficient to prove that ¢ is a satisfiable EXACT-3-PARTITIONED-3-SAT formula if and only
if Ggr admits a vertex cover of size k. We start by identifying all the edges in Ggg.

Define the subsets X an U of V(G) as X := Uée{aﬂﬂ}(X%UX%) and U := Uée{aﬁﬁ}(U{ﬁU
U2). Observe that (Z, N(Z), X,U) is a partition of V(G). By Observation 22, N(Z) is a
collection of pendent vertices in Ggg, and hence, their presence in Ggpg is irrelevant while
computing its vertex cover. Hence, we need to focus on Z, X, U, and the edges across and
within these sets in Ggr. By Observation 22, Z is a clique in Ggr. We first prove that there
is a vertex z € Z such that z is not adjacent to any vertex in X U U. Hence, it is safe to
assume that any vertex cover of Ggr contains Z \ {z}. This also implies that we do not
need to care about edges across Z and X U U, as these edges will be covered by the vertices
that are forced into any solution. In the end, we have that the edges whose endpoints are in
X UU encode the instance .

Consider the vertex z = pndt*(X$). We argue that, in Ggg, z is not adjacent to any
vertex in X UU. We prove that, for every vertex u in X UU, there is a vertex v € V(G) \ {u}
such that a shortest path between z and v contains u. By Definition 17 and the construction
of Ggpg, this implies that z is not adjacent to u in Ggg. First, consider the case where u
is in X¢. Every vertex in X% is on some shortest path from z to glb(X$). Hence, z is not
adjacent to any vertex in X¢ in Gsg. Now, consider any set X' € {XJ, X2 | 6{a,3,7}}
such that X’ # X$&. Every vertex in X' is on some shortest path from z to glb(X’). For
example, consider the shortest path from z to glb(X’) that contains the vertices glb*(X),
glb*(X’), (both of these vertices are part of Sk), and a vertex in X’. Hence, there is no
edge incident to z whose other endpoint is in X’. This implies that z is not adjacent to any
vertex in X in Ggp. The arguments for any set U’ € {U? | § € {«,3,7}} are identical. For
any 0 € {a, 3,7}, every vertex in U? is contained in a shortest path from z to glb(U?). The
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X7 X Uz Ur
X7 | Ind-Set Set-Rep glb(XF)
Xz Ind-Set | glb(X%#) Set-Rep
Uug Ind-Set | bit-rep(U3)
Ug Ind-Set

X7 Xy Uy Up
X7 | gh(X7) | gh(X7) | gb(X7) | gb(Xg)
X7 gb(Xp) | glb(Xg) | glb(X7)
Uy Set-Rep Set-Rep
Ug Set-Rep

Table 1 Overview of the adjacencies across the partition of X UU. Here, ¢ € {,~}. Diagonal
entries marked with Ind-Set denote that the set remains as an independent set because of the gadget
in Section 7.1.1 and Lemma 23. , Set-Rep, and Set-Rep denote that the corresponding set
contains the edges with respect to the connection portal added based on the set representation
gadget in Section 7.1.2 and Lemma 24. The other non-empty entries denote that there is no edge
across these sets. In particular, for such a non-empty entry, every vertex in the set in the same row
(on the far left) lies on a shortest path between the vertex mentioned in the entry and any vertex in
the set in the same column (top). For example, every vertex in X7 lies on a shortest path between
glb(X7) and any vertex in Uf.

other vertices in the path are glb*(X2) and glb*(U?) (as both are in the clique Sk ). Hence,
z is not adjacent to any vertex in U in Ggg.

Now, we consider the edges across and within X UU in Ggr. We consider the following
partition of X UU: X%, X%, X8 X% and U%, Ug, U2, Us, where 6 € {3,7}. In Table 1,
we describe the edges across and within X UU in Ggg. In particular, there are two types
of non-empty entries. For the first such type, we make reference to a gadget that enforces
certain edges to exist and others to not exist in Ggpr, and the existence and non-existence of
these edges is proven by either Lemma 23 or Lemma 24. In the second type of entry, we
mention a vertex such that any vertex in the set in the same row (on the far left) lies on a
shortest path between the vertex mentioned in the entry and any vertex in the set in the
same column (top). In the latter case, this implies that there is no edge in Ggr between
these two sets. For more details, see the caption of Table 1. For example, consider the entry

in the first row and last column. This indicates that there is no edge across X7 and Uf.

Consider the shortest path from u to glb(X$) that contains the vertices glb*(Ug), glb*(X$)
(as both these vertices are in the short-cut clique), and any arbitrary vertex = in X%&. This
implies that there no edge with endpoints u, s in Gggr. As these two are arbitrary vertices in
the respective sets, our claim holds.

This concludes the proof since Ggg is very close to the graph H mentioned in Lemma 21.

Indeed, Ggg has the properties mentioned in the paragraph following Lemma 21, that is, all
the edges in E(H) are present in Ggpg, all the edges in E(Ggg) \ E(H) are incident to Z,
and N[z] = Z. The proof then follows from the remaining arguments in that paragraph. <

Proof of Theorem 16. Consider the set Z defined above. As every set mentioned in its
definition is of size O(log(n)), we have |Z| = O(log(n)). As every vertex in Z is a pendent
vertex, |[N(Z)| = O(log(n)). By construction, it is easy to verify that N(Z) is a vertex cover
of G. Hence, vc(G) = O(log(n)). This implies that if there is an algorithm running in
time 22" - n©1)| then EXACT-3-PARTITIONED-3-SAT has an algorithm running in time
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2°(") " as the reduction takes polynomial time in the size of input. This, however, contradicts
Proposition 5. Hence, the first part of the theorem is true. The second part of the theorem
follows from similar arguments coupled with the facts that the problem admits a kernel with
20(v¢) vertices and a brute-force algorithm running in time 20", <

8 Algorithms

8.1 Dynamic Programming Algorithm for Metric Dimension

The aim of this subsection is to prove the following theorem.

» Theorem 26. METRIC DIMENSION admits an algorithm running in time 2830° . n0(1),
To this end, we give a dynamic programming algorithm on a tree decomposition for this
problem. The algorithm is inspired by the one from [13] for chordal graphs, though there
are some non-trivial differences. We will assume that a tree decomposition of the input
graph G of width w is given to us. Note that one can compute a tree decomposition of
width w < 2tw(G) + 1 in time 2°¢¥(&)p [70], and it can be transformed into a nice tree
decomposition of the same width with O(wn) bags in time O(w?n) [68].

Overview. As mentioned previously, our dynamic programming is similar to that of [13].
However, in [13], as the diameter of the graph is unbounded, it was crucial to restrict the
computations for each step of the dynamic programming to vertices “not too far” from the
current bag. This was possible due to the metric properties of chordal graphs. In our case,
as we consider the diameter of the graph as a parameter, we do not need such restrictions,
which makes the proof a little bit simpler.

We now give an intuitive description of the dynamic programming scheme. At each step of
the algorithm, we consider a bounded number of solution types, depending on the properties
of the solution vertices with respect to the current bag. At a given dynamic programming
step, we will assume that the current solution resolves all vertex pairs in G;. Such a vertex
pair may be resolved by a vertex from G — G;, or by a vertex in G; itself.

Any bag X; of the tree decomposition whose node i lies on a path between two join
nodes in T', forms a separator of G: there are no edges between the vertices of G; — X; and
G — G;. For a vertex v not in X;, we consider its distance-vector to the vertices of Xj;; the
distance-vectors induce an equivalence relation on the vertices of G — X;, whose classes we
call X;-classes. Consider the two subgraphs G; and G — GG;. Any two solution vertices x,y
from G — G; that are in the same X;-class, resolve the exact same pairs of vertices from G;.
Thus, for this purpose, it is irrelevant whether = or y will be in a resolving set, and it is
sufficient to know that a vertex of their X;-class will eventually be chosen. In this way, one
can check whether a vertex pair from G; is resolved by a solution vertex of G — G;.

The same idea is used to “remember” the previously computed solution: it is sufficient
to remember the X;-classes of the vertices in the previously computed resolving set, rather
than the vertices themselves.

It is slightly more delicate to make sure that vertex pairs in GG; are resolved in the case
where such a pair is resolved by a vertex in GG;. Indeed, this must be ensured, in particular
when processing a join node i, for vertex pairs belonging to bags in the two sub-trees
corresponding to the children i1, i5 of . Such pairs may be resolved by four types of solution
vertices: from G — G;, X;, Gi;, — X, or G;, — X;. To ensure this, the dynamic programming
scheme makes sure that, at each step, for any possible pair C7, Cy of X;-classes, all vertex
pairs (u, v) consisting of a vertex u of G; with class C; and a vertex v of G — G; with class
Cy are resolved. The crucial step here is that when a new vertex v is introduced (i.e., added
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to a bag X; to form X,/), depending on its X;-class, it must be made sure that it is resolved
from all other vertices depending on their X;-classes, as described above. To ensure that v is
distinguished from all other vertices of G;, we keep track of vertex pairs of G; x (G — G;)
that are already resolved by the partial solution, and enforce that, when processing bag X/,
for every vertex x of G, the pair (x,v) is already resolved. As v belongs to the new bag X/,
we know its distances to all resolving vertices (indeed, X, -classes of solution vertices can be
computed from their X;-classes), and thus, the information can be updated accurately.

For a bag X; and a vertex v not in X;, the number of possible distance vectors to the
vertices of X; is at most diam(G)/Xil. Thus, a solution for bag X; will consist of: (i) the subset
of vertices of X; selected in the solution; (ii) a subset of the diam(G)I*:! possible vectors to
denote the X;-classes from which the currently computed solution (for G;) contains at least
one vertex in the resolving set; (iii) a subset of the diam(G)/*:! possible vectors denoting the
X-classes from which the future solution needs at least one vertex of G — GG; in the resolving
set; (iv) a subset of the diam(G)/X:l x diam(G)I¥¢! possible pairs of vectors representing the X;-
classes of the pairs of vertices in G; X (G —G;) that are already resolved by the partial solution.

Formal description. We mostly follow the notations used in [13]. Before presenting the
dynamic program, we first introduce some useful definitions and lemmas.

» Definition 27. Given a vector r, we refer to the i-th coordinate of r as r;.
Let r be a vector of size k and let m be an integer. The vector t = r|m is the vector of
size k+ 1 such that tp1 =m and, for all1 <i <k, t; =71; .
Let v be a vector of size k. The vector v~ is the vector of size k — 1 such that, for all
1<i<k—-1,r; =r;.

» Definition 28. Let G be a graph and let X = {v1,...,vx} be a subset of vertices of G. For
a vertex x of G, the distance vector dx(x) of x to X is the vector of size k such that, for all
1<j<k,dx(z); =d(z,v;). Fora set S CV(G), we let dx(S) = {dx(s) | s € S}.

» Definition 29. Let rq,rs, and r3 be three vectors of size k. We say that rs resolves the
pair (ri,r2) if

i, (%) # i (0 v
» Lemma 30. Let X be a separator of a graph G, and let Gy be a connected component
of G — X. Let (x,y) be a pair of vertices of G — G1, and let r be a vector of size | X|. If r
resolves the pair (dx(z),dx(y)), then any vertex s € V(G1) such that dx(s) = r resolves
the pair (x,y).

Proof. To see this, it suffices to note that since X separates s from x (y, resp.), d(s,z) =
min; << x|(dx(s) +dx(z)); (d(s,y) = min;<;<|x|(dx(s) +dx(y));, resp.); and since r
resolves the pair (dx(z),dx(y)), d(s,x) # d(s,y). <

» Definition 31. Let X be a separator of a graph G, and let G1, Gy be two (not necessarily
distinct) connected components of G — X. Let x € V(G1)UX andy € V(G2) U X. If a
vector r resolves the pair (dx (z),dx(y)), then we say that r resolves the pair (x,y). More
generally, given a set M of vectors, we say that the pair (x,y) is resolved by M if there exists
r € M that resolves the pair (x,y).

We now define the generalized problem solved at each step of the dynamic programming
algorithm, called EXTENDED METRIC DIMENSION (EMD for short), whose instances are
defined as follows.
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» Definition 32. Let G be a graph and let (T,{X;:i € V(T)}) be a tree decomposition of G.
For anodei of T, an instance of EMD for ¢ is a 5-tuple I = (X;, S, Dint(I), Dewt(I), Dpair (1))
composed of the bag X; of i, a subset S; of X;, and three sets of vectors satisfying the following.

Dint(I) C [diam(G)]X and Dey(I) C [diam(G)]1¥.

Dext(I) # 0 or Sp # 0.

Dypair(I) C [diam(G)]1X¢l x [diam(G)]1¥.

For each pair of vectors (r1,r2) € Dpgir(I), there exist two vertices x € V(G;) and

y ¢ V(G;) such that dx,(x) =r1 and dx,(y) = ra.

For each vector v of Degi(I), there exists © ¢ V(G;) such that dx,(x) =r.

» Definition 33. A set S C G; is a solution for an instance I of EMD if the following hold.
(S1) Every pair of vertices of G; is either resolved by a vertex in S or resolved by a vector
of Dezt(I).

(S2) For each vector v € D;ni(I), there exists a vertex s € S such that dx,(s) =r.
(883) For each pair of vectors (r1,r2) € Dpeir(I), any vertex x € V(G;) such that
dx,(z) =r1, and any vertex y ¢ V(G;) such that dx,(y) = ra, the pair (x,y)

by S.

(54) SNX,=.5.

is resolved

In the remainder of this section, for brevity, we will refer to an instance of the EMD
problem only by an instance.

» Definition 34. Let I be an instance. We denote by dim(I) the minimum size of a set
S C V(G;) which is a solution for I. If no such set exists, then we set dim(I) = +o00. We
refer to this value as the extended metric dimension of I.

In the following, we fix a graph G and a nice tree decomposition (T, {X; : ¢ € V(T)}) of
G. Given a node i of T and an instance I for 4, we show how to compute dim(I). The proof
is divided according to the type of the node 3.

Leaf node. Computing dim(I) when I is an instance for a leaf node can be done with the
following lemma.

» Lemma 35. Let I be an instance for a leaf node i and let v be the only vertex in X;. Then,

0 if St =0,Dine(I) =0, and Dpgir(I) =0
dim(I) =<1 if Sy = {v} and D;n(I) C {(0)}

+00 otherwise

Proof. Suppose first that S; = (. Then, the empty set is the only possible solution for I;
and the empty set is a solution for I only if D;,(I) = 0 and Dpair(I) = 0. Suppose next
that S; = {v}. Then, the set S = {v} is the only possible solution for I; and this set is a
solution for I only if D;n:(I) = 0 or D;y:(I) contains only the vector dx,(v) = (0). <

In the remainder of this section, we handle the three other types of nodes. For each type
of node, we proceed as follows: we first define a notion of compatibility on the instances for
the child/children of ¢ and show how to compute the extended metric dimension of I from
the extended metric dimension of compatible instances for the child/children of i.

Join node. Let I be an instance for a join node 4, and let i; and i3 be the two children of
i. Given a pair of instances (I1, Iy) for (i1,is), we say that a pair (r,t) € [diam(G)]I¥il x
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[diam(G)]IXil is 2-compatible if there exist € V(Gy,),y € V(G —G;), and u € Dyy,s(I2) such
that dx, (z) = r, dx,(y) = t, and u resolves the pair (r,t). Symmetrically, we call a pair
(r,t) € [diam(G)]I¥! x [diam(G)]IXi| 1-compatible if there exist z € V(Gy,),y € V(G — Gy),
and u € Dj,:(I1) such that dx,(z) =r, dx, (y) = t, and u resolves the pair (r,t).

» Definition 36. A pair of instances (I, I) for (i1,is) is compatible with I if the following
hold.
(J1) S, =S5, = S;.
(J2) Deyt(11) € Degt(I) U Dint(I2) and Degt(I2) € Degt (1) U Dine(11).
(J3) Dint(I) C Diny(I1) U Dy (I2).
(J4) Let C1 = {(r,t) € [diam(G)]X x [diam(G)]Xil | Az € V(Gy,) s.t. dx,, (z) = r}
and Cy = {(r,t) € [diam(G)]X! x [diam(G)]X | Ay € V(Gy,) s.t. dx,, (y) = r}.
Further, let D; = {(r,t) € [diam(G)]* x [diam(G)]'Xl | (r,t) is 2-compatible} and
Dy = {(r,t) € [diam(G)]IXil x [diam(G)]IXi! | (r,t) is 1-compatible}. Then, Dpair(I) C
(Cl UubDiU me‘r(ll)) n (02 UbDsU Dpair(lg)).
(J5) For all ry,ro € [diam(G)]IXi| for which there exist x € V(Gy,) and y € V(Gy,) such
that dx,, (r) =r1 and dx,, (y) = r2, one of the following holds:
(r1,r2) € Dpair(11),
<I‘2,I‘1> € Dpair(IQ); or
there exists t € Doyt (I) such that t resolves the pair (r1,r2).

Let F;(I) be the set of pairs of instances compatible with I. We aim to prove the
following.

» Lemma 37. Let I be an instance for a join node i. Then,

dim(I) = i dim(Iy) 4+ dim(ZI2) — |S1]).
m(l)= | min  (dim() +dim(L) ~ |5

To prove Lemma 37, we prove the following two lemmas.

» Lemma 38. Let (I, 12) be a pair of instances for (i1,i2) compatible with I such that
dim(I;) and dim(I3) have finite values. Let Sy be a minimum-size solution for Iy and Ss a
minimum-size solution for Is. Then, S = S1 U Sy is a solution for I. In particular,

dim(7) < i dim(1I1) + dim(I3) — |St|).
()< - min  (dim(l)) + dim(L2) [/

Proof. Let us show that every condition of Definition 33 is satisfied.

(S1) Let (x,y) be a pair of vertices of G;. Assume first that =,y € V(G;,). Then, since
S is a solution for Iy, either S; resolves the pair (x,y), in which case we are done; or the
pair (z,y) is resolved by a vector t € D.,:(I1). In the latter case, by compatibility, either
t € D¢yt (1), in which case the pair (z,y) is still resolved by t € D¢yt (I), or t € D;pi(I2); but
then, there exists s € 3 such that dx,, (s) = t, and so, s € S resolves the pair (z,y). The
case where x,y € V(G,,) is handled symmetrically.

Assume therefore that z € V(G;,) and y € V(G,,). Then, by compatibility, one of the
following holds:
1. (dx,, (z),dx,, (¥)) € Dpair(I1),
2. <dXi2 (y)>dXi1 (l‘)> € Dpair(IZ); or
3. there exists t € Dey(I) such that t resolves the pair (dx, (7),dx,, (y))-
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Suppose that item 3. does not hold (we are done otherwise). If item 1. holds, then, since Sy
is a solution for I, the pair (z,y) is resolved by S7; and we conclude symmetrically if item 2.
holds.

(S2) Consider r € D;,:(I). Then, by compatibility, r € D;nt(I1) or v € D;ni(I). If the
former holds, then since S; is a solution for Iy, there exists s € 57 such that dx,, (s) =r;
but then, s € S with dx,(s) = r. We conclude similarly if r € D;,:(I2).

(S3) Consider (r,t) € Dpyir(I) and let z € V(G;), y € V(G — G;) be such that dx,(z) =r
and dx,(y) = t. Assume, without loss of generality, that © € V(G;,). By compatibility,
(r,t) € (C1UD1UDypgir(11))N(CoUD2UD - (I2)); in particular, (r,t) € C1UD1UD,q(17).
Note that (r,t) ¢ C; since z € V(G;,) and dx,(x) = r. Now, suppose that (r,t) € Dj.
Then, there exists u € D;,:(I2) such that u resolves the pair (r,t); and since S is a solution
for I, there exists s € S» such that dx, (s) = u, and so, s € S resolves the pair (z,y).
Finally, if (r,t) € Dpqir(I1), then Sy resolves (z,y) as it is a solution for I.

(S4) By compatibility, Sy, = Si, = Sr, and thus, SN X; =SNX,, =S5, =5].

It now follows from the above that dim(I) < dim(I;) + dim(/3) — |S7|, and since this
holds true for any (I, Is) € F;(I), the lemma follows. <

» Lemma 39. Let I be an instance for a join node i. Then,

dim(I) > (11,I£?é1}-',](1)(dim(ll) + dim(l2) — |S1]).
Proof. If dim(I) = +oo, then the inequality readily holds. Thus, assume that dim(7) < 400,
and let S be a minimum-size solution for I. For j € {1,2}, let S; = SNV(Gy;). Now, let I;
and I be the two instances for i1 and is, respectively, defined as follows.
Sy, =85, =5].
Dint(Il) = dxi(sl) and Dint(lg) = dxi(SQ).
Dezt(Il) = Dezt(I) ) Dznt(IQ) and Demt(IQ) = Dext(-[) U Dznt(Il)
We construct Dpqir(I1) as follows (Dpgir(I2) is constructed symmetrically). For every
(r,) € ([aiam(G)]Xa)2, let Ry = {(z.y) € V(Gi,) x V(G = G,) | dx,, (2) =
r and dx,, (y) = t}. If, for every pair (z,y) € R ), S1 resolves (z,y), then we add (r,t)
to Dpair(Il)~
Let us show that (I, I5) is compatible with I and that, for j € {1,2}, S; is a solution for I;.

>> Claim 40. The constructed pair of instances (Iy, Iz) for (i1,42) is compatible with I.

Proof. Tt is clear that conditions (J1), (J2), and (J3) of Definition 36 hold; let us show that
the remaining conditions hold as well.

(J4) Consider a pair (r,t) € Dpqir(I). Let us show that (r,t) € C1UD;UDpgr(I1) (showing
that (r,t) € Co U Dy U Dy (I2) can be done symmetrically).

If there exists no vertex z € V(Gj, ) such that dx, () =r, then (r,t) € C1. Otherwise,
let z € V(Gi,) be a vertex such that dx, () =r, and let y € V(G — G;) be a vertex such
that dx,(y) = t (note that such a vertex y exists since (r,t) € Dpqir(I)). Then, since S
is a solution for I, (z,y) is resolved by S. Now, if there exists a vertex s € SNV(G;,)
such that s resolves (x,y), then s resolves every pair (u,v) € V(G;,) x V(G — G;) such
that dx,, (u) = r and dx,(v) = t; but then, (r,t) € D;. Thus, assume that no vertex in
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S NV(G;,) resolves (z,y). Then, there exists a vertex s € S NV(G;,) that resolves the
pair (x,y); and since this holds for every pair (u,v) € V(G;,) x V(G — G;) (and, a fortiori,
for every pair (u,v) € V(Gi,) x V(G — G,)) such that dx, (u) = r and dx, (v) = t, we
conclude that (r,t) € Dpgir(I1).

(J5) Let rq,r2 € [diam(G)]IXi be two vectors for which there exist z € V(G;,) and
y € V(Gi,) such that dx, (r) = r1 and dx, (y) = r2. Then, since S is a solution for
I, either the pair (x,y) is resolved by a vector in De.(I), in which case condition (J5)
holds; or there exists a vertex in S resolving (x,y). Let us show that, in the latter case,
(r1,r2) € Dpgir(I1) or (ra,r1) € Dpgir(I2). Suppose toward a contradiction that this does
not hold. Then, there exist (x1,y1) € V(Gi,) X V(G;,) and (22, y2) € V(G;,) X V(G;,) such
that dx,, (z1) = dx,, (y2) =r1, dx,, (y1) = dx,, (x2) =ra, S1 does not resolve (x1,y1), and
Sy does not resolve (2, y2). Now, since S is a solution for I, there exists s € S such that s
resolves the pair (z1,z2); but then, either s € Sy, in which case s resolves the pair (z1,y1),
or s € Sy, in which case s resolves the pair (x,¥s2), a contradiction in both cases. <

> Claim 41. For every j € {1,2}, S; is a solution for I,.

Proof. We only prove that S; is a solution for I; as the other case is symmetric. To this end,
let us show that every condition of Definition 33 is satisfied.

(S1) Consider two vertices z,y € V(G;,). Since S is a solution for I, the pair (x,y) is
either resolved by a vector in De,:(I), in which case we are done as Dez¢(I) C Degi(I7)
by construction; or resolved by a vertex s € S. Now, if s € V(G;,), then s is a vertex of
S resolving (z,y). Otherwise, s € V(G,,) and by construction of I, there exists a vector
r € D¢yt (I1) such that dx,(s) = r, and so, r resolves the pair (z,y).

(S2) Readily follows from the fact that D;,:(I1) = dx,(S1)-

(S3) By construction, for every (r,t) € Dpair(I1), any x € V(G;,) such that dx, (z) =r,
and any y ¢ V(G;, ) such that dx, (y) = t, there exists s € Sy such that s resolves the pair
(z,y).

(S4) By construction, Sy, = Sy, and thus, SN X;, = SN X,; =S5 =5,. <

To conclude, since the sets S; and S are solutions for I; and Iy, respectively, we
have that dim(l;) < |S1] and dim(I3) < |S2|. Now, |S| = [S1] + |S2| — |S1], and so,
|S| = dim(I) > dim(Iy) 4 dim(I2) — |S;| > mingy, gyer, ) (dim(Jy) + dim(Jz) — [S7]). <«

Introduce node. Let I be an instance for an introduce node ¢ with child i;, and let
v € V(G) be such that X; = {v} U X;,. Further, let X; = {v1,..., v}, where v = vy.

» Definition 42. An instance I for i1 is compatible with I of type 1 if the following hold.
(I1) S; = S5y,.
(I2) For allr € Deyi(Ih), there exists t € Deyy(I) such that t— =r.
(I3) For allr € Djp(I), vy = ming<o<p_1(r + dx,, (v)e and v~ € Dype(I7).
(14) Let P, = {(r,t) € ([diam(G)]'X)2 | vy, > 1 and (r=,t7) € Dpuir(I1)} and
Cy = {{dx,(v),t) € ([diam(G)]¥1)? | Ju € Dyns(11), u resolves (dx, (v)~,t~)}. Then,
Dpair(I) € PLUCY.
(I5) For all r € [diam(G)]Xil such that
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there exists © € V(G;,) with dx,(z) =r, and
no vector in Dy (I) resolves the pair (x,v),
(r—, dx,, (v)) € Dypair(I1).

An instance Iy for iy is compatible with I of type 2 if the following hold.

(I’].) Sr = Sh U {’U}

(I’2) dx,, (v) € Deat(I1) and, for allr € Deyi(I1) \ {dx,, (v)}, there exists t € Deqi(I)
such that t— =r.

(’3) For allr € Dipt(I) \ {dx, (v)}, v, = mini<o<k—1(r +dx,, (v))e and v~ € Dine(11).
(I’4) Let Py = {(r,t) € ([diam(G)]X)2 | vy > 1 and (r=,t7) € Dpair(I1)} and Cy =
{(r,t) € ([diam(G)]XiH2 | vy # ti)}. Then, Dpuir(I) € Py U Cy.

We denote by F1(I) the set of instances for i; compatible with I of type 1, and by Fa(I)
the set of instances for ¢; compatible with I of type 2. We aim to prove the following.

» Lemma 43. Let I be an instance for an introduce node i. Then,

dim(7) = min { min : {dim(Iy)

i dim([: 11}
LeFi (I H.17-1;1(I){ lm( 2)+ }}

}7 Ire
To prove Lemma 43, we prove the following lemmas.

» Lemma 44. Let I1 be an instance for i1 compatible with I of type 1, and let S be a
minimum-size solution for Iy. Then, S is a solution for I.

Proof. Let us prove that every condition of Definition 33 is satisfied.

(S1) Let (z,y) be a pair of vertices of G;. Assume first that « # v and y # v, and suppose
that S does not resolve (x,y) (we are done otherwise). Then, since S is a solution for I; and
I, is compatible with I, there exists r € D, (I) such that r= € D, (I1) and r~ resolves
the pair (z,y); but then, r resolves (z,y) as well. Assume next that x = v and suppose
that no vector in D.g¢(I) resolves the pair (z,y) (we are done otherwise). Then, since Iy
is compatible with I of type 1, (dx,, (v),dx,, (¥)) € Dpair(I1), and so, S resolves the pair
(x,y) as it is a solution for I;.

(S2) Consider r € D,y (I). Since I7 is compatible with I, there exists t € D;,,;(I1) such that
r =t|minj<p<p_1(t + dx,, (v))e. Now, since S is a solution for I, there exists s € S such
that dx, (s) =t; but then, dx,(s) =r as d(s,v) = min;<p<x—1(t + dx,, (v))¢ (indeed, X;,
separates v from s).

(S3) Consider (r,t) € Dyeir(I). Let © € V(G;) be such that dx,(z) =r, and let y ¢ V(G;)
be such that dx,(y) = t. Then, since I; is compatible with I of type 1, (r,t) € P; or
(r,t) € Cy1. Now, if the former holds, then,  # v and (r~,t7) € Dyair(11), and so, S
resolves the pair (x,y) as it is a solution for I;. Suppose therefore that the latter holds.
Then, z = v and there exists u € D;,¢([1) such that u resolves the pair (x,y); but S is a
solution for I1, and thus, there exists s € S such that dx, (s) =u.

(S4) By compatibility of type 1, S; = Sy, and thus, SNX; = SN(X;, U{v}) =5, =5;. =«

» Lemma 45. Let I1 be an instance for iy compatible with I of type 2, and let S be a
minimume-size solution for Iy. Then, S U{v} is a solution for I.
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Proof. Let us prove that the conditions of Definition 33 are satisfied. In the following, we
let S" =S U {v}.

(S1) Let (x,y) be a pair of vertices of G; such that z # v and y # v (it is otherwise clear
that the pair is resolved by v € S’). Suppose that S does not resolve the pair {(z,y) (we are
done otherwise). Then, since S is a solution for Iy, (x,y) is resolved by a vector r € De+(I1).
Now, I; is compatible with I, and thus, there exists t € Dc,+(I) such that t— = r; but then,
t resolves the pair (x,y) as well.

(S2) Consider r € D;,:(I) and suppose that r # dx,(v) (otherwise v € S’ has r as its
distance vector to X;). Then, since I; is compatible with I, there exists t € D;,;(I1) such
that r = t| minj<y<x—1(t + dx,, (v))e. Now, S is a solution for I1, and thus, there exists
s € S such that dx, (s) = t; but then, dx,(s) = r as d(s,v) = minj<p<x-1(t + dx,, (v))e
(indeed, X;, separates v from s).

(S3) Consider (r,t) € D,gir(I). Let z € V(G;) be such that dx,(z) =r, and let y ¢ V(G;)
be such that dx,(y) = t. Suppose that v does not resolve the pair (x,y) (we are done
otherwise). Then, ry = d(z,v) = d(y,v) = tx > 1, which implies that (r—,t~) € Dpqr(I1)
as I; is compatible with I of type 2. But S is a solution for I, and so, S (and, a fortiori, S’)
resolves the pair (z,y).

(S4) By compatibility of type 2, St = S1, U {v}, and thus, SN X, = SN (X;, U{v}) =
S, U{v}=5;. |

As a consequence of Lemmas 44 and 45, the following holds.

» Lemma 46. Let I be an instance for an introduce node i. Then,

dim(7) < mi in {dim(l;)}, min {dim(l3)+ 1}}.
(1) < min { min {dim(R)}. min - {dim(T) + 13}
» Lemma 47. Let S be a minimum-size solution for I such that v ¢ S. Then, there exists
I € Fi(I) such that S is a solution for I.

Proof. Let I; be the instance for i1 defined as follows.
S1, = S1, Dewt(I1) = {r™ [ v € Deyi(I)}, and Dint(I1) = dx,, (5).
For any (r,t) € ([diam(G)]¥1 )2, let Rpgy = {(z,y) € V(Gi)) x V(G -Gy,) | dx,, (v) =
r and dx, (y) = t}. If S resolves every pair in R ), then we add (r,t) to Dpar(I1).
Let us prove that Iy € Fi(I) and that S is a solution for I;.

> Claim 48. The constructed instance I; is compatible with I of type 1.

Proof. It is clear that conditions (I1) and (I2) of Definition 42 hold; let us show that the
remaining conditions hold as well.

(I3) Since S is a solution for I, for every r € D;,+(I), there exists s € S such that dx,(s) = r;
but then, r~ = dx, (s) and ry = d(s,v) = minj</<—1(r + dx,, (v))e as v ¢ S and X;,
separates s from v.

(I4) Consider (r,t) € D, (I) and assume first that r # dx,(v). Then, for any = € V(G;)
such that dx,(z) = r and any y ¢ V(G;) such that dx,(y) = t, in fact x € V(G;,) and S
resolves the pair (z,y) as it is a solution for /; and since dx, (z) =r~ and dx,, (y) =t~
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it follows by construction that (r—,t~) € Dpgir(I1), and thus, (r,t) € P;. Second, assume
that r = dx, (v) (note that v is then the only vertex in G; with distance vector r to X;). Let
y ¢ V(G;) be such that dx,(y) = t. Then, since S is a solution for I, there exists s € S such
that s resolves the pair (z,y), which implies that dx, (s) resolves (dx,(v)~,t”), and thus,
<I‘, t> e (1.

(I5) Consider r € [diam(G)]Xl for which there exists z € V(Gj,) such that dx, (z) = r, and
assume that no vector in De,:(I) resolves the pair (z,v). Then, S must resolve the pair
(x,v) as it is a solution for I; and since this holds for any vertex with distance vector r with
respect to X, it follows by construction that (r~, dx,, (v)) € Dpair(I1)- <

> Claim 49. S is a solution for I.

Proof. Let us prove that the conditions of Definition 33 are satisfied.

(S1) Let (x,y) be a pair of vertices of G;, and suppose that S does not resolve the pair (z,y)
(we are done otherwise). Then, since S is a solution for I, there exists r € D, (I) such that
r resolves (z,y); but then, r~ € D, (I1) resolves (z,y).

(S2) Readily follows from the fact that Dj,(11) = dx, ().

(S3) By construction, for any (r,t) € Dpair(I1), any = € V(G;,) such that dx, (v) =r, and
any y ¢ V(G;,) such that dx, (y) =t, S resolves the pair (z,y).

(S4) By construction, Sy, = Sy, and thus, SN X;, = SN (X;\ {v}) =Sr =55, asv ¢ Sy by
assumption. <

The lemma now follows from the above two claims. <

» Lemma 50. Let S be a minimum-size solution for I such that v € S. Then, there exists
I, € F5(I) such that S\ {v} is a solution of I.

Proof. Let I; be the instance for 71 defined as follows.
S, = S\ {0}, Deve11) = {edx,, (1)} U{r™ | 1 € Dea(D)}, and Dine(Ih) = dx,, (S {0}).
For every (r,t) € ([diam(G)]'Xilﬂ)Q, let Rty = {(z,y) € V(Gi))xV(G=Gy,) | dx,, (z) =
r and dx,, (y) = t}. If S\ {v} resolves every pair in R 1y, then we add (r,t) to Dpair(11).
Let us prove that I; € Fa(I) and that S\ {v} is a solution of I;. In the following, we let
S' =95\ {v}.

> Claim 51. The constructed instance I; is compatible with I of type 2.

Proof. It is clear that conditions (I’1) and (I’2) of Definition 42 hold; let us show that the
remaining conditions hold as well.

(I’3) Since S is a solution for I, for every r € D;p:(I) \ {dx, (v)}, there exists s € S such that
dx; (s) = r (in particular, s # v); but then, r~ = dx,, (s) and r~ € Dj,(I1) by construction.

(I’4) Consider (r,t) € Dpgr(I). Let € V(G;) be such that dx,(z) =r and let y ¢ V(G;)
be such that dx, (y) = t. If v resolves the pair (z,y), then ry = d(x,v) # d(y,v) = ti, and
50, (r,t) € Cy. Suppose therefore that v does not resolve (z,y). Then, since S is a solution
for I, it must be that S\ {v} resolves the pair (z,y); and since this holds for any pair with
distance vectors (r,t) to X;, (r7,t7) € Dy (I1) by construction, and so, (r,t) € P,. <
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> Claim 52. S’ is a solution for I;.

Proof. Let us prove that the conditions of Definition 33 are satisfied.

(S1) Let (x,y) be a pair of vertices of G;, and suppose that S’ does not resolve (z,y) (we
are done otherwise). Then, since S is a solution for I, either S\ S’ = {v} resolves (z,y), in
which case dx,, (v) € Dest(11) resolves (x,y); or there exists a vector r € Degy(I) resolving
(x,y), in which case r~ € D, (I1) resolves the pair as well.

(S2) Readily follows from the fact that Dj,:(11) = dx;, (8.

(S3) By construction, for every (r,t) € Dpair(I1), any @ € V(G;,) such that dx, (z) =r,
and any y ¢ V(G ) such that dx, (y) = t, S resolves the pair (z,y).

(S4) By construction, Sy, = Sr\ {v}, and so, SN X;, = SN (X;\ {v}) =5\ {v}. <
The lemma now follows from the above two claims. <
As a consequence of Lemmas 47 and 50, the following holds.

» Lemma 53. Let I be an instance for an introduce node i. Then,

dim(7) > min { min : {dim(I;)

in  {dim(Iy) + 1}}.
,in rrglu){ im(Iz) + 1}}

}7 Ie
Forget node. Let I be an instance for a forget node ¢ with child 41, and let v € V(G) be
such that X; = X;, \ {v}. Further, let X;, = {v1,...,vr}, where v = vj.

» Definition 54. An instance Iy for iy is compatible with I if the following hold.
(F].) S] = S]l \{1}}
(F2) For allr € Deyi(I1), there exists t € Deyi(I) such that r— =t.
(F3) For allr € D;nt(I), there exists t € D;pi(I1) such that t— =r.
(F4) For allr,t € [diam(G)|Xl, let Ry gy = {(z,y) € V(G;) x V(G — G;) | dx,(z) =
r and dx,(y) = t}. Then, Dpq;r(I) € {(r,t) € ([diam(G)]XN)2 | V(z,y) € Riryy, (r|d(z,v),
tld(y, 0)) € Dyair (1)}

We denote by Fr(I) the set of instances for i; compatible with I. We aim to prove the
following.

» Lemma 55. Let I be an instance for a forget node i. Then,

dim(I) = Ilén}"l;l(l) {dim(I7)}.

To prove Lemma 55, we prove the following lemmas.

» Lemma 56. Let I be an instance for iy compatible with I, and let S be a minimum-size
solution for Iy. Then, S is a solution for I. In particular,
dim(I) < min dim(I7)}.
(<, min {din(1)}
Proof. Let us prove that the conditions of Definition 33 are satisfied.
(S1) Let (z,y) be a pair of vertices of G;. Since V(G;) = V(G;,) and S is a solution for
I, either S resolves the pair (z,y), in which case we are done; or there exists t € Dy (17)
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such that t resolves (z,y). In the latter case, since I; is compatible with I, there then exists
r € Dy (I) such that t— = r; but then, r resolves the pair (z,y).

(S2) Consider r € D, (I). Since I is compatible with I, there exists t € D;,;(I1) such that
t~ =r; and since S is a solution for I, there exists s € S such that dx,, (s) = t. Now, note
that dx,(s) =t~ =r.

(S3) Counsider (r,t) € Dygir(I). Let © € V(G;) be such that dx,(x) =r and let y ¢ V(G;)
be such that dx, (y) = t. Then, since I; is compatible with I, there exists (u,v) € Dy (1)
such that dx, () =u and dx,, (y) = v; and since S is a solution for I, S resolves the pair

(z,y).
(S4) By compatibility, Sy = Sy, \ {v}, and so, SN X, = SN (X;, \ {v}) =5, \ {v}. <

» Lemma 57. Let S be a minimum-size solution for I. Then, there exists Iy € Fr(I) such
that S is a solution for I . In particular,

dim([) > i dim(Iy)}.
() > min {dim(1)))

Proof. Let I; be the instance for ¢; defined as follows.
Sh = SﬂXil, Demt(ll) = {I‘ € [diam(G)lXil‘] | r-c Demt(I) and ry = minlggk_l(r* +
dx,, (v))e}, and Djne(11) = dx,, (5).
For every (r,t) € ([diam(G)]/Xi11)2, let Rty = {(z,y) € V(Gi) ) xV(G-Gyy) | dx,, (z) =
r and dx, (y) = t}. If S resolves every pair in R ), then we add (r,t) to Dpar(I1).
Let us prove that Iy € Fp(I) and that S is a solution for I;.

> Claim 58. The constructed instance I; is compatible with I.

Proof. It is clear that conditions (F1) and (F2) of Definition 54 hold; let us show that the
remaining conditions hold as well.

(F3) Since S is a solution for I, for every r € D;,+(I), there exists s € S such that dx,(s) = r;
but then, dx, (s)” = dx,(s), where dx, (s) € Dint([1) by construction.

(F4) Consider (r,t) € Dpqir(I). Let € V(G;) be such that dx,(z) =r and let y ¢ V(G,)
be such that dx,(y) = t. Then, S resolves the pair (z,y) as it is a solution for I; and
since this holds for every pair (a,b) € V(G;) x V(G — G;) such that (dx,, (a),dx,, (b)) =
(r|d(z,v),t|d(y,v)), by construction (r|d(z,v),t|d(y,v)) € Dpair(I1). <

> Claim 59. S is a solution for I;.

Proof. Let us prove that the conditions of Definition 33 hold.

(S1) Let (x,y) be a pair of vertices of G;,. Since V(G;) = V(G;,) and S is a solution for
1, either S resolves the pair (x,y), in which case we are done: or there exists t € Dey+(I)
such that t resolves (z,y). In the latter case, by construction tla € Dey(I1), where
a =minj<g<k-1(t + dx;, (v))e; but then, t|a resolves (z,y).

(S2) Readily follows from the fact that Dj,: (1) = dx;, (5).
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(S3) By construction, for every (r,t) € Dpair(I1), any x € V(G;,) such that dx, (z) =r,
and any y ¢ V(G},) such that dx, (y) = t, S resolves the pair (z,y).

(S4) By construction, Sy, = SN X, . <
The lemma now follows from the above two claims. <

To complete the proof of Theorem 26, let us now explain how the algorithm proceeds.
Given a nice tree decomposition (7', X') of a graph G rooted at node r € V(T'), the algorithm
computes the extended metric dimension for all possible instances in a bottom-up traversal
of T'. It computes the values for leaf nodes using Lemma 35, for join nodes using Lemma 37,
for introduce nodes using Lemma 43, and for forget nodes using Lemma 55. The correctness
of this algorithm follows from these lemmas and the following.

» Lemma 60. Let G be a graph and let (T,{X; :i € V(T)}) be a nice tree decomposition of
G rooted at node r € V(T). Then,

md(G) = min dim(X,,S,,0,0,0).
SrCX,

Proof. Let S be a minimum-size resolving set of G. Then, by Definition 33, S is a solution
for the EMD instance (X, SN X,,0,0,0), and so,

Sﬂélgl( dim(X,, Sy, 0,0,0) < dim(X,., SN X,,0,0,0) <md(G).

Conversely, let S’ C X, be a set attaining the minimum above, and let S be a minimum-size
solution for the EMD instance (X,,S’,0,0,0). Then, by Definition 33, every vertex of
G, = G is resolved by S, and so,

md(G) S d1m<XT7 5/7 (Z)a (Z)a (Z)) = Sn’g?( dlm(XTa ST7 ®7 @, (Z))a
which concludes the proof. |

To get the announced complexity, observe first that, at each node i € V(T'), there are
at most 2/l . gdian(@) ! gatan(@) ™ odian(@)?i 1 oggible instances to consider, where
|X;| = O(tw(G)). Since T has O(tw(G) - n) nodes, there are in total O(a(tw(G)) - tw(G) - n)
possible instances, where a(k) = 2~ - gdian(G)" . gdian(G)" . 9aian(®)*"  The running time of the
algorithm then follows from these facts and the next lemma (note that to avoid repeated
computations, we can first compute the distance between every pair of vertices of G in n®™)
time, as well as all possible distance vectors to a bag from the possible distance vectors to its

child/children).

» Lemma 61. Let I be an EMD instance for a node i € V(T'), and assume that, for every
child i1 of i and every EMD instance Iy for i1 compatible with I, dim(I1) is known. Then,
dim(I) can be computed in time O(a(|X4])) - nCW).

Proof. If i is a leaf node, then dim(/) can be computed in constant time by Lemma 35.

Otherwise, let us prove that one can compute all compatible instances in the child nodes
in the announced time (note that ¢ has at most two child nodes). First, given a 5-tuple
(Xi1580,s Dint(I1), Dext (I), Dpair (I1)), checking whether it is an EMD instance can be done
in O(|I1]) - n®M) time; and the number of such 5-tuples is bounded by «(| X, |). It is also
not difficult to see that checking for compatibility can, in each case, be done in O(|I|) - n©*)
time. Now, note that, by Definition 33, |I| = O(diam(G)°(¥iD and thus, computing all
compatible instances can indeed be done in O(a(|X;|)) - n®M). Then, since computing the
minimum using the formulas of Lemmas 37, 43, and 55 can be done in O(a(|X;|) time, the
lemma follows. |
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8.2 Dynamic Programming Algorithm for Geodetic Set

In this subsection, we prove the following theorem.

» Theorem 62. GEODETIC SET admits an algorithm running in time gdian®™ L 0(1)
The proof follows along the same lines as that of the proof of Theorem 26.

Overview. We first give an intuitive description of the dynamic programming scheme. At
each step of the algorithm, we consider a bounded number of solution types, depending on
the properties of the solution vertices with respect to the current bag. At a given dynamic
programming step, we will assume that the current solution covers all vertices in G;. Such a
vertex may be covered by (1) two vertices in G;, (2) a vertex in G; and a vertex in G — G,
or (3) two vertices in G — G;.

Any bag X; of the tree decomposition whose node i lies on a path between two join
nodes in T', forms a separator of G: there are no edges between the vertices of G; — X; and
G — G;. For a vertex v not in X;, we consider its distance-vector to the vertices of X;; the
distance-vectors induce an equivalence relation on the vertices of G — X;, whose classes we
call X;-classes. Consider the two subgraphs G; and G — G;. Given a vertex z in G;, any
two solution vertices x,y from G — G; that are in the same X;-class, will cover together with
z the exact same vertices from G;, that is, a vertex u of G; is covered by z and zx if and
only if it is covered by z and y. Thus, for case (2), it is irrelevant whether = or y will be
in a geodetic set, and it is sufficient to know that a vertex of their X;-class will eventually
be chosen. Similarly, for any four vertices x1,x2,y1,y2 of G — G; such that x1,z2 (y1,y2,
respectively) are in the same X;-class and d(z1,y1) = d(x2,y2), we have that z; and y; cover
exactly the same vertices in G; as x2 and yo. Thus, for case (3), it is irrelevant whether
Z1,Yy1 Or To,ys will be in the geodetic set, and it is sufficient to know that a vertex from each
of their X;-classes whose distance between them is d(z1,y;) will eventually be chosen.

The same idea is used to “remember” the previously computed solution: it is sufficient to
remember the X;-classes of the vertices in the previously computed geodetic set, as well as
pairs C1, Cy of X;-classes together with an integer d corresponding to the distance between
any vertex in C7 and any vertex in Cy, rather than the vertices themselves.

Keeping track, in the aforementioned way, of the “past” and “future” solution, is sufficient
when processing a join node i. Indeed, for a join node ¢ with children iy,is, a vertex of
G, = G, UG, may be covered by: two vertices from G — G;; a vertex from G, and a vertex
from G — G;; two vertices from G, ; a vertex from G;, and a vertex from G,; two vertices
from Gj,;
an introduce node ¢ where a new vertex v is introduced (i.e., added to the child bag X;/ to

a vertex from G, and a vertex from G — G;. This is also sufficient when processing

form X;). Indeed, we may check that v is either covered by two vertices from G,,; a vertex
of G;, and a vertex of G — G;; or two vertices of G — G;. If this does not hold, then we add
v into the solution.

For a bag X; and a vertex v not in X;, the number of possible distance vectors to the

IXil. Thus, a solution for bag X; will consist of: (i) the

vertices of X; is at most diam(Q)
subset of vertices of X; selected in the solution; (ii) a subset of the diam(G)I*:l possible
vectors to denote the X;-classes from which the currently computed solution (for G;) contains
at least one vertex in the geodetic set; (iii) a subset of the diam(G)I*X¢! possible vectors
denoting the X;-classes from which the future solution needs at least one vertex of G — G; in
the geodetic set; (iv) a subset of the diam(G)!Xl x diam(G)Xi! x diam(G) possible elements
representing the pairs of X;-classes and their distance to each other from which the currently
computed solution (for G;) contains at least two vertices in the geodetic set; (v) a subset of the

diam(G)Xil x diam(G)Xil x diam(G) possible elements representing the pairs of X;-classes
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and their distance from which the future solution needs at least two vertices of G — G; in
the geodetic set.

Formal description. Before presenting the dynamic program, we first introduce some
useful definitions and lemmas (see also Section 8.1 for missing definitions).

For a set S, we denote by Pa(S) the set of subsets of S of size 2. Given a graph G and a
set S C V(G), we say that a vertex x € V(G) is covered by S if either x € S or there exist
u,v € S such that x lies on a shortest path from u to v. The smallest size of a geodetic set
for G is denoted by gs(G).

» Definition 63. Let ri,r3, and r3 be three vectors of size k, and let d be an integer. We
say that rg is covered by ({r1,r2},d) if

1211‘1£k (1‘1 + I‘3)i + 1211'%11@ (1‘2 + I‘3)i =d.
» Definition 64. Let G be a graph and let X = {v1,..., v} be a subset of vertices of G.
Given a vertex x of G, the distance vector dx (z) of x to X is the vector of size k such that
foralll <j <k, dx(z); =d(z,v;). For a set S C V(G), we let dx(S) = {dx(s) | s € S}.

» Definition 65. Let G be a graph and let X = {vy,..., v} be a subset of vertices of G.
Let r1,r2 be two vectors of size k and let d be an integer. Then, for any x € V(G), we
say that x is covered by ({r1,r2},d) if dx(z) is covered by ({r1,r2},d).

Let x,y be two vertices of G and let r be a vector of size k. We say that r is covered
by x and y if r is covered by ({dx(x),dx(y)},d(x,y)). More generally, given a set S of
vertices of G, we say that r is covered by S if there exist x,y € S such that r is covered
by x and y.

Let s be a vertex of G and let v be a vector of size k. Then, for any x € V(G), we say
that x is covered by s and r if d(s, ) + mini<j<x(dx(x) + r); = mini<;<k(dx(s) +r);.

» Lemma 66. Let X = {v1,...,v;} be a separator of a graph G, and let Gy be a connected

component of G — X. Further, let x € V(G)U X.

(1) Let r1,ra be two vectors of size k, and let d be an integer. If x is covered by ({r1,r2},d),
then, for any u,v € V(G — G1) such that dx(u) =r1, dx(v) = ra, and d(u,v) =d, x is
covered by u and v.

(2) Let s be a vertex of V(G1) UX and let v be a vector of size k. If x is covered by s and r,
then, for any v € V(G — G1) such that dx(u) =r, z is covered by s and u.

(3) Letrq,re be two vectors of size k. If x is covered by ({r1,r2}, mini<;j<x(r1 +r2),), then,
for any uw € V(G — G1) such that dx(u) =r1, x is covered by u and ra.

(4) Let r be a vector of size k and let u,v be two vertices of G — G1. If r is covered by u
and v, then, for any w € V(G1) U X such that dx(w) =r, w is covered by u and v.

Proof. To prove item (1), it suffices to note that since X separates z from wu, d(z,u) =
min; <j<x(dx(z) + dx(u)); (note that if 2 or u belongs to X, then surely this equality holds
as well); and for the same reason, d(z,v) = minj<;<x(dx(z) + dx(v));. Now, z is covered
by ({dx(u),dx(v)},d(u,v)), and so, d(u,x) + d(z,v) = d(u,v) by definition. Items (2), (3),
and (4) follow from similar arguments. |

We now define the problem solved at each step of the dynamic programming algorithm,
called EXTENDED GEODETIC SET (EGS for short), whose instances are defined as follows.
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» Definition 67. Let G be a graph and let (T,{X;:i € V(T)}) be a tree decomposition of G.
For a node i of T, an instance of EGS is a 6-tuple I = (X;,S1, Dint(I), Dewt(I), Ding jint (1),
Doyt /eat(I)) composed of the bag X; of i, a subset S; of X;, and four sets satisfying the
following.

Dint(I), Dege(I) C [diam(G)]IX:l.

Dintint(I), Degtjext(I) C Pa([diam(G)] X)) x [diam(G)].

For each v € Deyi(I), there exists © ¢ V(G;) such that dx,(x) =r.

For each ({r,t},d) € Deyt/eqt(I), there exist x,y ¢ V(G;) such that dx,(z) = r, dx;(y) =

t and d(z,y) = d.

St # 0 or Degt(I) # 0 01 Degyjeat(I) # 0.

» Definition 68. A set S C V(G;) is a solution for an instance I of EGS if the following
hold.
(S1) Every vertex of G; is either covered by S, covered by a vertex in S and a vector in
Deyi(I), or covered by an element of Dyt jeqi(I).
(S2) For each r € D;ni(I), there exists s € S such that dx,(s) =r.
(83) For each ({r1,r2},d) € Dint/int(I), there exist two distinct vertices s1,s2 € S such
that dx,(s1) = r1, dx,(s2) =r2, and d(s1,s2) = d.
(S4) SNX,; =S;.

In the remainder of this section, for brevity, we will refer to an instance of the EGS
problem only as an instance.

» Definition 69. Let I be an instance. We denote by dim(I) the minimum size of a set
S C V(G;) which is a solution for I. If no such set exists, then we set dim(I) = +o00. We
refer to this value as the extended geodetic set number of I.

In the following, we fix a graph G and a nice tree decomposition (T, {X; : i € V(T)}) of
G. Given a node ¢ of T and an instance I for 4, we show how to compute dim(I). The proof
is divided according to the type of the node 3.

Leaf node. Computing dim(I) when I is an instance for a leaf node can be done with the
following lemma.

» Lemma 70. Let I be an instance for a leaf node i and let v be the only vertex in X;. Then,

0 Zf SI = @aDznt(I) = (Z)v and Dint/znt(I) = (Z)

+o00  otherwise

Proof. Suppose first that S; = (. Then, the empty set is the only possible solution for I;
and the empty set is a solution for I only if Din¢(I) = 0 and D;yy/in:(I) = 0. Suppose next
that S; = {v}. Then, the set S = {v} is the only possible solution for I; and this set is
a solution for I only if D;p:(I) = 0 or D;p(I) contains only the vector dx,(v) = (0), and
Dintyint(I) = 0. <

In the remainder of this section, we handle the three other types of nodes. For each type
of node, we proceed as follows: we first define a notion of compatibility on the instances for
the child/children of a node i and show how to compute the extended geodetic set number of
an instance I for ¢ from the extended geodetic set number of instances for the child/children
of i compatible with I.
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Join node. Let I be an instance for a join node ¢, and let 71 and is be the two children of i.

In the following, we let X; = {v1,..., v} = X;, = X,,.

» Definition 71. A pair of instances (I1, I5) for (i1,i2) is compatible with I if the following
hold.
(J1) Sy, = S1, = Sr.
(J2) Dint(I) € Dint(11) U Dy (I2).
(J3) De:ct(Il) c Demt(I) U Dint([2) and Dext(l2) C Dext(I) U Dint(ll)-
(J4) Let D1 = {({I‘17I‘2},minlgj§k(r1 +I‘2)j) | r, € Demt(I),IQ € D7m¢(12)} Then,
Dext/ext(Il) - Demt/ewt(l) U Dint/int(IQ) UD.
Symmetrically, let Dy = {({r1,r2}, mini<;j<p(r1 +r2);) | r1 € Dege(),r2 € Dine(1)}.
Then; Dewt/ewt(IZ) c Dext/ext(I) U Dint/int(Il) U Ds.
(J5) Let F = {({r1,r2}, mini<j<(r1 +r2)) | r1 € Dini(l1),r2 € Dine(I2)}. Then,
Dintjint(I) € Dintjint(I1) U Ding fine(I2) U F.

Let F;(I) be the set of pairs of instances compatible with I. We aim to prove the
following.

» Lemma 72. Let I be an instance for a join node i. Then,

dim(I) = min  (dim(1) +dim(T) ~|q))

To prove Lemma 72, we prove the following two lemmas.

» Lemma 73. Let (I, 12) be a pair of instances for (i1,i2) compatible with I such that
dim(I;) and dim(Iy) have finite values. Let Sy be a minimum-size solution for Iy and Ss a
minimum-size solution for Is. Then, S = S1 U Sy is a solution for I. In particular,

dim(7) < i dim(Iy) + dim(1) — |Sy]).
() < | min(dim(5) + dim(l) - [Si)

Proof. Let us show that every condition of Definition 68 is satisfied.

(S1) Let = be a vertex of G; and assume, without loss of generality, that z € V(G;,) (the case
where x € V(G,,) is symmetric). Then, since S; is a solution for I, either z is covered by S,
in which case we are done; or (1) x is covered by a vertex s € S7 and a vector r € D, (I1);
or (2) x is covered by an element ({ry,r2},d) € Degyjert(11).

Suppose first that (1) holds. Then, by compatibility, either r € D.,;(I), in which case we
are done, or r € D;,+(I2). In the latter case, since S is a solution for I, there exists sy € So
such that r = dx,, (s2) = dx;(s2); but then, by Lemma 66(2), z is covered by 51,52 € S.

Suppose next that (2) holds. Then, by compatibility, either ({r1,r2},d) € Degt/eat(1),
in which case we are done; or (i) ({r1,r2},d) € Djns/ine(I2); or (ii) ({r1,r2},d) € Dy.
Now, if (i) holds, then, since Sy is a solution for I, there exist s1,s2 € Sy such that
r; = dx, (s1) = dx,(s1), r2 = dx, (s2) = dx,(s2), and d = d(s1,s2); but then, by
Lemma 66(1), x is covered by s1, s2 € S. Thus, suppose that (ii) holds. Then, since S is a
solution for I, there exists sy € 53 such that, say, r2 = dx,_ (s2) = dx,(s2); but then, by
Lemma 66(3), z is covered by s € S and r1 € Degt(1).

(S2) Consider a vector r € D;e(I). Then, by compatibility, r € Dy, (11) U Djpe(I2), say
r € D;y(I1) without loss of generality. Now, S; is a solution for Iy, and so, there exists
s1 € S C S such that r = dXi1 (81) = dXi(Sl)-
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(S3) Consider an element ({r1,r2},d) € Djyy/ine(I). Then, by compatibility, ({r1,r2},d) €
Dint jint(I1)UDjng jint (I2)UF. Now, if ({r1,r2},d) € Djpy/ine(I1), then, since Sy is a solution
for I, there exist si,s2 € S1 C S such that r; = dx,, (s1) = dx,(s1), r2 = dx,, (s2) =
dx,(s2), and d(s1,s2) = d; and we conclude symmetrically if ({r1,r2},d) € Dingine(I2).
Thus, suppose that ({r1,r2},d) € F. Then, since S; and Sy are solutions for I; and I,
respectively, there exist s; € S1 and s € Sz such that ry = dx, (s1) = dx,(s1) and rz =
dx;, (s2) = dx;(s2); but then, since X; separates 51 and sz, mini<;<x(r1 +r2); = d(s1, s2).

(S4) By compatibility, Sy, = Sr, = Sr, and thus, SN X; =SNX,, =S5, =S5;.

It now follows from the above that dim(I) < |S| = |S1|+|S2|—|Sr| = dim([;)+dim(I2) —
|S1]; and since this holds true for any (Iy,I2) € F;(I), the lemma follows. <

» Lemma 74. Let I be an instance for a join node i. Then,

dim(7) > (Il,Ig)lg]l-‘J(I)(dlm(Il) + dim(I) — |St)).
Proof. If dim(I) = +oo, then the inequality readily holds. Thus, assume that dim(I) < 400
and let S be a minimum-size solution for I. For j € {1,2}, let S; = SN V(G;;). Now, let I
and Iy be the two instances for ¢; and 79, respectively, defined as follows.

S, =851, =5I.

Dint(Il) = dxi(sl) and Dlnt(IQ) = dX‘(Sg)

Demt(Il) = Dezt(I) U Dlnt(IQ) and Demt(IQ) = Demt(-[) U Dznt(Il)

Dint/int(I1) = {({dx;, (s1),dx;, (52)},d(s1,82)) | s1,82 € Si} and Dingyine(l2) = {

({dx,, (s1), dx;, (s2)}, d(s1, 52)) | 51,52 € 2}

Degtjent(I1) = Degteat(1)UDjnt int(I2)UD1 and Deyteqt(I2) = Degtjent (1)U Dt jint(11)

U D5 (see Definition 71 for the definitions of Dy and D).
Let us show that the pair of instances (I1,I2) is compatible with I and that, for j € {1, 2},
S, is a solution for I;.

> Claim 75. The constructed pair of instances (I1, Iz) for (i1,42) is compatible with I.

Proof. It is clear that conditions (J1) through (J4) of Definition 71 hold; let us show that
condition (J5) holds as well.

(J5) Consider an element ({r,t},d) € Dint/ine(I). Since S is a solution for I, there exist
x,y € S such that dx,(z) = r, dx,(y) = t, and d(z,y) = d. Now, if z,y € S;, then, by
construction, ({dx,, (v),dx,, (¥)},d(®,v)) € Dintjint(11); and we conclude symmetrically
if z,y € So. Thus, assume, without loss of generality, that x € S; and y € S3. Then, by
construction, dx, () € Dint([1) and dx,, (y) € Dint(l2); and since X; separates x and y,
d = d(x,y) = mini <<k (dx, (z) + dx, (y)),, that is, ({r,t},d) € F. <

> Claim 76. For every j € {1,2}, S; is a solution for I;.

Proof. We only prove that Sy is a solution for I; as the other case is symmetric. To this end,
let us show that every condition of Definition 68 is satisfied.

(S1) Consider a vertex = of G;,. Then, since V(G;,) C V(G;) and S is a solution for I,
either (1) z is covered by two vertices s1, so € S; or (2) x is covered by a vertex s € S and a
vector r € Degt(I); or (3) x is covered by an element of Dy cq¢(I). Since, by construction,
Degteat(I) € Degtyeat(11), let us assume that (3) does not hold (we are done otherwise).
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Suppose first that (1) holds and assume that at least one of s; and se does not
belong to S; (we are done otherwise), say s ¢ S; without loss of generality. Then,
dx,, (s2) € Dint(I2) € Deyi(I1) by construction, and thus, if s; € S, then « is covered
by s1 € S and dx;, (82) € Deyt(I1). Suppose therefore that s1,s2 € S3. Then, by con-
struction, ({dx,(s1),dx,(52)},d(s1,52)) € Dintjint(I2); but Dingjint(I2) € Degtjest(11) by
construction, and thus, x is covered by an element of Dy /eqt(11).

Second, suppose that (2) holds. Then, by construction, r € D,z (I1), and thus, if
s € 51, then we are done. Now, if s € Sy, then dx,, (s) € Djni(Iz) which implies
that ({r,dx,(s)}, mini<j<x(r + dx,(s));) € Di; but then, z is covered by an element
of De:ct/e:ct(ll)-

(S2) and (S3) readily follow from the fact that, by construction, D;n:(I1) = dx,(S1) and
Dint/int(Il) = {({dxil (81)’dxi1 (82)}7 d(slv 82)) | 81,82 € Sl}’ respectively.

(S4) By construction, S;, = Sy, and thus, SN X;, =SNX, =S5 =5y,. g

To conclude, since the sets S and Sy are solutions for I; and I, respectively, dim(/7) <
|S1] and dim(I2) < |Sa|. Now, |S| = |S1] + |S2| — |S], and so, dim(I) = |S| > dim([1) +
dlm(IQ) — |S[| > min(J17J2)€]:J(1) (dlm(Jl) + dlm(JQ) — |S]|) <

Introduce node. Let I be an instance for an introduce node ¢ with child i;, and let
v € V(G) be such that X; = X;, U {v}. In the following, we let X; = {v1,...,vx} where
VUV = Vg-

» Definition 77. An instance I for i1 is compatible with I of type 1 if the following hold.
(11) Sy =S5y,
(I2) For eachr € Diny(I), vp = mini<j<p—1(r + dx,, (v)); and v~ € Dini(11).
(I3) For each v € Dyi(I1), there exists t € Degi(I) such that t— =r.
(14) For each ({I‘,t}, d) S Dint/int(I)7 rp = minlgjgkfl(l‘-l—dxil (U))j, tk = minlgjgk,l(t
+ dXi1 (U»j; and ({I‘_, t_}7 d) € Dint/int(Il)'
(I5) For each ({r1,r2},d) € Degteat(I1), there exists ({t1,ta},d) € Degtjeat(I) such
that t7 =r1 and t; =ra.
(I6) One of the following holds.
v is covered by an element of Diny/int(11).
There existr € Djyy(I1) andt € Degi(I) such that v is covered by ({r|d, t}, mini << (r|d+
t);) where d = minj<j<x—1(r +dx, (v));-
v is covered by an element of Deyt/eqt(I).

An instance Iy for iy is compatible with I of type 2 if the following hold.
(I’].) S] = Sh U {’U}
(I’2) For eachr € Dipe(I)\{dx,(v)}, T = mini<j<k—1(r+dx,, (v)); andr™ € Djne(11).
(I’3) For eachr € Deyt(I1) \ {dx,, (v)}, there exists t € Deyt(I) such that t~ =r.
(I’4) For each ({r,t},d) € Dintjint(I), v, = mini<j<r—1(r + dx,, (v)); and t;, =
mini<j<k-1(t +dx,, (v));. Furthermore, one of the following holds:
({r_vt_}7d) € Dint/int(Il)7
r =dx,(v), d =ty, and t~ € Dine(I1), or
t =dx,(v), d =1k, and r~ € D (7).
(I'5) For each ({r1,r2},d) € Dey/eai(I1), one of the following holds:
there exist v,y ¢ V(Gy,) U{v} such that dx, () =r1, dx,, (y) =r2, d(z,y) = d, and
({r1|d(9:, U)’ I‘g‘d(y, ’U)}, d) € De:pt/ea:t(l)
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ry = dx, (v) and there evists x ¢ V(Gi,) U{v} such that dx,(v) = rz2|d and rz2|d €
Deyi(I), or

rz = dx,, (v) and there exists x ¢ V(Gi,) U{v} such that dx,(z) = r1|d and r1|d €
Dot (I).

We denote by Fi(I) the set of instances for i; compatible with I of type 1, and by F»(I)
the set of instances for 7; compatible with I of type 2. We aim to prove the following.

» Lemma 78. Let I be an instance for an introduce node i. Then,

dim(7) = min {Ilglfifl(l) {dim(I)}, 1222‘?(1) {dim(I) + 1}}.

Before turning to the proof of Lemma 78, we first show the following technical lemma.

» Lemma 79. Let x, s1, s2 be three vertices of G;, and let r,t1,t2 be three vectors of size k
for which there exist y, z1, z2 ¢ V(G;) such that dx, (y) = r, dx,(z1) = t1, and dx, (22) = t2.
Then, the following hold.

(1) z is covered by s1 and t1 if and only if x is covered by s1 and t7 .

(2) x is covered by ({t1,t2},d(z1, 22)) if and only if x is covered by ({t7,t3 },d(z1, 22)).
(3) r is covered by s1 and s if and only if v~ is covered by s1 and sa.

(4) x is covered by ({dx,, (v),ry },r1y) if and only if x is covered by v and ry.

Proof. To prove item (1), it suffices to note that since X; separates = from z; (or x € X;),
d(z1,z) = mini<j<k(t1 + dx,(x));; and for the same reason, d(z1,s1) = minj<j<k(t1 +
dx;(s1));. But, this is also true of X;,, and thus, d(21,7) = mini<j<x—1(t1 + dx,, ());
and d(z1,81) = mini<j<g-1(t1 +dx,, (s1));. Items (2), (3), and (4) follow from similar
arguments. |

To prove Lemma 78, we prove the following four lemmas.

» Lemma 80. Let I; be an instance for iy compatible with I of type 1 such that dim(I;) < oo,
and let S be a minimum-size solution for I. Then, S is a solution for I.

Proof. Let us prove that every condition of Definition 68 is satisfied.

(S1) Let x be a vertex of G; and assume first that = # v. Then, since S is a solution for Iy,
either x is covered by S, in which case we are done; or (1) z is covered by a vertex s € S and
a vector r € Dg¢(I1); or (2) x is covered by an element ({r1,r2},d) € Degyy/ent(I1). Now,
if (1) holds, then, by compatibility, there exists t € De,:(I) such that t~ = r; but then,
by Lemma 79(1),  is covered by s and t (recall indeed that by the definition of Dy (1),
there exists y ¢ V(G;) such that dx,(y) = t). Suppose next that (2) holds. Then, by
compatibility, there exists ({t1,t2},d) € Deyi/eqi(I) such that t7 = ry and t; = rp; but
then, by Lemma 79(2), = is covered by ({t1,t2},d) (recall indeed that by the definition of
Degtext(I), there exist y, z ¢ V(G;) such that dx, (y) = t1, dx,(2) = t2, and d = d(y, 2)).
Assume now that £ = v. Then, by compatibility, either v is covered by an element of
Dyt /ext(I), in which case we are done; or (1) v is covered by an element ({ri,r2},d) €
Dintjint(I1); or (2) there exist r € Din¢(I1) and t € Deg¢(I) such that v is covered by
({r|d, t}, mini<j<k(r|d + t);) where d = mini<j<x—1(r + dx,, (v));. Now, if (1) holds, then,
since S is a solution for I, there exist s1, s € S such that dxi1 (s1) = r1, dXi1 (s2) = ra,
and d(s1, $2) = d; but then, by Lemma 66(1), v is covered by s; and s3. Now, if (2) holds,
then, since S is a solution for I1, there exists s € S such that dx, (s) = r; but then, since X;,
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separates s from v (or s € X;,), d = d(s,v), and thus, by Lemma 66(3), v is covered by s and t.

(S2) Consider a vector r € Dipnt(I). Then, by compatibility, ry = mini<;j<x—1(r +dx,, (v));
and r~ € D;,:(I1). Now, S is a solution for I;, and so, there exists s € S such that
dx;, (s) =r7; but then, dx,(s) =r as X;, separates s from v (or s € Xj, ).

(S3) Consider an element ({r,t},d) € Dj,s/in¢(I). Then, by compatibility, rp = mini<j<p—1
(r +dx;, (v)); and tj, = mini<j<—1(t + dx,, (v));. Furthermore, either (1) ({r~,t7},d) €
Dintjint(11); or (2) r = dx,;(v), d = tg, and t~ € Djp(11); or (3) t = dx, (v), d = ry, and
r~ € Djnt(I1). Now, if (1) holds, then, since S is a solution for Iy, there exist s1,s2 € S such
that dx,, (s1)=r", dx;, (s2) =t~ , and d = d(s1, $2); but then, dx,(s1) = r and dx,(s2) =t
as X;, separates v from both s; and sz (or s or sg belongs to X;,). Suppose next that (2)
holds. Then, since S is a solution for I, there exists s € S such that dx, (s) = t~; but
then, dx, (s) =t and d = d(s,v) as X;, separates s from v. Case (3) is handled symmetrically.

(S4) By compatibility, Sy, = Sy, and thus, SN X;, = SN (X;\ {v}) =S5=5. <

» Lemma 81. Let I; be an instance for iy compatible with I of type 2 such that dim(I;) < oo,
and let S be a minimum-size solution for Iy. Then, S U{v} is a solution for I.

Proof. Let us prove that the conditions of Definition 68 are satisfied. In the following, we
let 8" =S U {v}.

(S1) Let = be a vertex of G;. Since v € S, we may safely assume that x # v, that is,
x € V(G;,). Now, S is a solution for I;, and thus, either x is covered by S, in which case
we are done; or (1) = is covered by a vertex s € S and a vector of r € D¢y (I1); or (2) z is
covered by an element ({r1,r2},d) € Deyt/eqt(11).

Suppose first that (1) holds. If r = dx, (v), then, by Lemma 66(2), = is covered by
s,v € §’. Otherwise, by compatibility, there exists t € D..+(I) such that t~ = r; but then,
by Lemma 79(1), x is covered by s and t.

Suppose next that (2) holds. If ry = dx, (v), then, by compatibility, there exists
x ¢ V(G;) such that dx,(z) = ra|d and ra|d € D¢y (I); but then, by Lemma 79(4), z is
covered by v and ra|d. We conclude symmetrically if rp = dx,, (v). Thus, by compatibility,
we may assume that there exists ({t1,ta},d) € Degyjert(I) such that t7 =1y and t5 = ra;
but then, by Lemma 79(2), ({t1,t2}, d) covers z.

(S2) Consider a vector r € D;,:(I) and assume that r # dx,(v) (as v € S’, we are done
otherwise). Then, by compatibility, ry = minj<j<p_1(r + dx,, (v)); and r~ € Djne(f7).
Now, S is a solution for I1, and thus, there exists s € S such that dx, (s) =r~; but then,
dx,(s) =r as X;, separates s from v (or s € X;,).

(S3) Consider an element ({r,t},d) € Dj,s/in¢(I). Then, by compatibility, rp = mini<j<p—1
(r +dx;, (v)); and tj, = mini<j<—1(t + dx,, (v));. Furthermore, either (1) ({r=,t7},d) €
Dintjint(11); or (2) r = dx,;(v), d = tg, and t~ € D;p(11); or (3) t = dx,(v), d = ry, and
r~ € Dini(I1). Now, if (1) holds, then, since S is a solution for Iy, there exist s1,$2 € S
such that dx, (s1) = r~, dx, (s2) = t7, and d(s1,s2) = d; but then, dx,(s1) = r and
dx,(s2) =t as X, separates v from both s; and sy (or s; or sp belongs to X;,). Similarly,
if (2) holds, then, since S is a solution for Iy, there exists s € S such that dx, (s) =t7; but
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then, dx,(s) =t as X, separates s from v (or s € X;,). Case 3 is handled symmetrically.

(S4) By compatibility, S; = Sy, U{v}, and thus, SNX; = SN(X;, U{v}) = S,u{v} = S;. =«
As a consequence of Lemmas 80 and 81, the following holds.

» Lemma 82. Let I be an instance for an introduce node i. Then,

dim(7) < min {I rrgn {dlm([l)} mln {dlm(IQ) +1}}.
1€F1(
» Lemma 83. Assume that dim(I) < oo and let S be a minimum-size solution for I such
that v ¢ S. Then, there exists I € Fi(I) such that S is a solution for I .

Proof. Let I; be the instance for i, defined as follows.
S, = Sr.
Dint(I1) = dx, (5)-
Dot (I) = {r~ | r € D (I}
Dingjint(I1) = {({dx,, (s1), dx;, (s2)}, d(s1, 52)) | 51,52 € S}
Demt/ezt(Il) = {({I'_7t_}7d) | ({I‘,t},d) € Dezt/ezt(I)}‘
Let us show that I is compatible with I of type 1 and that S is a solution for I.

> Claim 84. The constructed instance I; is compatible with I of type 1.

Proof. Tt is clear that condition (I1) of Definition 77 holds; let us show that the remaining
conditions hold as well.

(I2) Consider a vector r € D;,,;(I). Then, since S is a solution for I, there exists s € S such
that dx,(s) = r; but then, ry = mini<;j<x—1(r +dx,, (v)); as X;, separates s from v (or
s€ X;,),and r~ € D;pne(I1) by construction.

(I3) Readily follows from the fact that, by construction, Deyi(I1) = {r~ | v € Deye(I)}.

(I4) Consider an element ({r,t},d) € Dj,;/int(1). Then, since S is a solution for I,
there exist s1,$2 € S such that dx,(s1) = r, dx,(s2) = t, and d(s1,s2) = d; but then,
ry = mini<j<g—1(r +dx,, (v)); and t; = mini<j<r—1(t +dx,, (v)); as X;, separates v from
both s; and sy (or s1 or sp belongs to X;, ), and ({r~,t™},d) € Djpt/int(11) by construction.

(I5) Readily follows from the fact that, by construction, Deyi/ert(f1) = {({r7,t7},d) |
({I‘,t},d) € De%t/ezt(l)}'

(I6) Since S is a solution for I and v ¢ S, either v is covered by an element of Dy /eqi(1),
in which case we are done; or v is covered by s1, so € S, in which case ({dx,, (s1),dx;, (s2)},
d(s1,52)) € Dintjint(I1) covers v; or v is covered by a vertex s € S and a vector r € Deg(I),
in which case v is covered by ({dx,(s),r}, mini<;<x(dx;(s)+r);), where dx,(s)~ € Dine(I1)
by construction. <

> Claim 85. S is a solution for I.

Proof. Let us prove that the conditions of Definition 68 are satisfied.

(S1) Consider a vertex = of G;,. Then, since V(G;,) C V(G;) and S is a solution for I,
either z is covered by S, in which case we are done; or (1) z is covered by a vertex s € S and
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a vector r € Deg¢(1); or (2) x is covered by ({r,t},d) € Deyi/eqt(I). Now, if (1) holds, then,
by Lemma 79(1), z remains covered by s and r~, where r~ € D, (1) by construction; and
if (2) holds, then, by Lemma 79(2), z remains covered by ({r~,t~},d), which is an element
of Degtjert(I1) by construction.

(S2) and (S3) readily follow from the fact that, by construction, Din(I1) = dx;, (5) and
Dingjint(I1) = {({dx,, (51),dx;, (s2)},d(s1,52)) | 51,82 € S}, respectively.

(S4) By construction, Sy, = Sy, and thus, SN X;, = SN (X;\ {v}) =S =5,. <
The lemma now follows from the above two claims. <

» Lemma 86. Assume that dim(I) < oo and let S be a minimum-size solution for I such
that v € S. Then, there exists I; € Fo(I) such that S\ {v} is a solution of I.

Proof. In the following, we let S” = S\ {v}. Now, let I; be the instance for i; defined as
follows.
Sh = S] \ {’U}
Dint(11) = dx,, (5).
Deat(1) = {~ | v € Dowe(1)} U {dx, (0)}-
Dintjint(I1) = {({dx;,, (1), dx;, (s2)}, d(s1,52)) | 51,52 € 5"}
Dezt/east(Il) = {({I‘,t},d) | Jz,y ¢ V(G)) st dXil (x) = r’dxil (y) = t,d(z,y) =
d, and ({r\d(z,v),t|d(y,v)},d) € D6$t/ext(1)} U {({dxil (’U),I‘},d) | Jx ¢ V(Gh) s.t.
dx;, (z) =r,d(z,v) = d, and r|d € Deyi(1)}-
Let us show that I; is compatible with I of type 2, and that S’ is a solution for I;.

> Claim 87. The constructed instance I; is compatible with I of type 2.

Proof. It is not difficult to see that condition (I’1) of Definition 77 holds; let us show that
the remaining conditions hold as well.

(I’2) Consider an element r € D;,:(I) \ {dx,(v)}. Then, since S is a solution for I, there
exists s € S such that dx, (s) = r; but then, ry = mini<j<x-1(r +dx,, (v)); as X;, separates
s from v (or s € X;,), and r~ € D;p:(I1) by construction.

(I’3) Readily follows from the fact that, by construction, Deyi(I1) = {r~ | r € Deyi(I)} U

{dXil ('U) }

(I’4) Consider an element ({r,t},d) € Dj,s/in¢(I). Then, since S is a solution for I, there
exist s1,s2 € S such that dx,(s1) = r, dx,(s2) = t, and d(s1,s2) = d; in particular,
d(sl,v) =T} = minlgjgk,l(r + Clxi1 (’U))j and d(Sg,U) =t = Hlinlgjgk,l(t + dxil (’U))j7 as
either v € {s1, $2}, or X;, separates v from both s; and sy (or s1 or s belongs to X;, ). Now,
if, say, s; = v (the case where s3 = v is symmetric), then, by construction, t= € D;p:(I1),
and thus, the second or third item of (I’4) is satisfied. Otherwise, s1,s2 € S, and so,
({r7,t7},d) € Djpnt/ine(I1) by construction.

(I’5) Readily follows from the fact that, by construction, Dy eqte(l1) = {({r,t},d) |
Jz,y ¢ V(Gy) s.t. dx,, (z) = r,dx,, (y) = t,d(z,y) = d, and ({r|d(z,v),t|d(y,v)},d) €
Dewt/eat(I)} U {({dx,, (v),r},d) | Fz ¢ V(Gy,) sit. dx,, (v) = r,d(z,v) = d, and r[d €
Dezi(I)}. <
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> Claim 88. S’ is a solution for I;.

Proof. Let us prove that the conditions of Definition 68 are satisfied.

(S1) Consider a vertex = of G;,. Then, since V(G;,) C V(G;) and S is a solution for I,
either (1) z is covered by two vertices s1,s2 € S; (2) x is covered by a vertex s € S and a
vector r € Deyt(I); or (3) x is covered by an element ({r,t},d) € Degy/eqzt(1).

Now, if (1) holds, then we may assume that one of s; and sz is v (otherwise, S’ covers
z), say s1 = v without loss of generality; but then, dx, (v) € Dest(I1) by construction,
and thus, z is covered by s € S" and dx, (v) € Dest(I1) (note indeed that d(s,v) =
ming<j<p-1(dx;, (s) + dx,, (v)); and d(z,v) = minigj<p-1(dx,, () + dx, (v)); as X,
separates v from both s and x).

Suppose next that (2) holds. If s # v, then, since v~ € D..¢(I[1) by construction, x
remains covered by s € S" and r~ € Dg,4(I1) by Lemma 79(1); and if s = v, then x is
covered by ({dx,, (v),r™},ry) which is an element of Dy /crt({1) by construction.

Finally, if (3) holds, then by the definition of Dy /eq: (1), there exist x,y ¢ V(G;) such
that dx,(z) = r, dx,(y) = t, and d(z,y) = d; but then, by Lemma 66(2), z is covered by
({r7,t7},d), which is an element of D, /er¢(I1) by construction.

(S2) and (S3) readily follow from the fact that, by construction, Din(I1) = dx,, (S") and
Dingjine(I1) = {({dx,, (51),dx;, (s2)},d(s1,52)) | 51,52 € S}, respectively.

(S4) By construction, Sy, = Sy \ {v}, and so, SN X;, = SN (X;\ {v}) =51\ {v}=5,.
<

The lemma now follows from the above two claims. ]

As a consequence of Lemmas 83 and 86, the following holds.

» Lemma 89. Let I be an instance for an introduce node i. Then,

dim(/) > mi i dim (1 i dim([: 1}
(1) > min (| min {dim(1)}. min {dim(ls) +1})

Forget node. Let I be an instance for a forget node i with child 41, and let v € V(G) be
such that X; = X;, \ {v}. Further, let X;, = {vy,...,v;}, where v = vy.

» Definition 90. An instance Iy for iy is compatible with I if the following hold.
(F]_) S] = S[l \{’U}
(F2) For each r € Dy (I), there exists t € Dypi(I1) such that t— =r.
(F3) For eachr € Deyi(I1), v= € Dege(I).
(F4) For each ({r1,r2},d) € Dinisine(I), there exists ({t1,t2},d) € Dipyjine(I1) such
that t;7 =r1 and t; =ra.
(F5) For each ({r1,r2},d) € Degijert(11), ({r1,72 },d) € Degtjent(I).

We denote by Fr(I) the set of instances for i; compatible with I. We aim to prove the
following.

» Lemma 91. Let I be an instance for a forget node i. Then,

dim(I) = Iléﬂ]__l;l([) {dim(1)}.
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Before turning to the proof of Lemma 91, we first prove the following technical lemma,
which is the analog of Lemma 79.

» Lemma 92. Let x, 51, so be three vertices of G;, and let r,tq,to be three vectors of size k for
which there exist y, 21,22 ¢ V(G:) such that dx, (y) =r, dx, (21) = t1, and dx, (22) = ta.
Then, the following hold.

(1) x is covered by s1 and t1 if and only if © is covered by s1 and t] .

(2) z is covered by ({t1,t2},d(y, 2)) if and only if x is covered by ({t1,t5 },d(y, 2)).

(3) r is covered by s1 and so if and only if v~ is covered by s1 and ss.

Proof. To prove item (1), it suffices to note that, since X;, separates x from z; (or z € X,),
d(z1,2) = mini<j<x(t1 + dx,, (x));; and for the same reason, d(z1,51) = minj<;j<p(t1 +
dx;, (s1));. But, this is also true of X;, and thus, d(21,7) = mini<;j<j—1(t1 +dx,(z)); and
d(z1,1) = minj<j<k—1(t1 +dx,(s1));. Items (2) and (3) follow from similar arguments. <

To prove Lemma 91, we prove the following two lemmas.

» Lemma 93. Let I be an instance for iy compatible with I such that dim(I1) < oo, and let
S be a minimum-size solution for Iy. Then, S is a solution for I. In particular,

dim(J) < i dim(Iy)}.
m(1) < min | {dim(1)}

Proof. Let us prove that the conditions of Definition 68 are satisfied.

(S1) Consider a vertex z of G;. Then, since V(G;) = V(G;,) and S is a solution for I,
either z is covered by S, in which case we are done; or (1) z is covered by a vertex s € S and
a vector r € Deg¢(11); or (2) x is covered by an element ({r1,r2},d) € Degtjeqst({1). Now, if
(1) holds, then, by compatibility, v~ € De,:(I); but then, by Lemma 92(1), x is covered by s
and r~. Otherwise, (2) holds, in which case, by compatibility, ({r;,r5},d) € Deyteat(I);
but then, by Lemma 92(2), x is covered by ({r7,r5 },d).

(S2) Consider a vector r € D, (I). Then, by compatibility, there exists t € D;,+(I1) such
that t~ = r; and since S is a solution for I1, there then exists s € S such that dx, (s) =t.

(S3) Consider an element ({ri,r2},d) € Djpt/int(I). Then, by compatibility, there exists
({t1,t2},d) € Djpyjine(I1) such that t; = r; and t; = ra; and since S is a solution for I,
there then exist s1,s2 € S such that dx,, (s1) = tq, dx,, (s2) = t2, and d(s1,s2) = d.

(S4) By compatibility, S; = S, \{v}, and thus, SNX; = SN(X;, \{v}) = S, \{v} = S1. =«

» Lemma 94. Assume that dim(I) < co and let S be a minimum-size solution for I. Then,
there exists I € Fp(I) such that S is a solution for I. In particular,

dim(I) > i dim(Iy)}.

(1) > | min | {dim(1)}

Proof. Let I; be the instance for 71 defined as follows.

S, =5NX,,.

Dint(11) = dx;, (5).

Depi(I) = {r |z ¢ V(G;,) s.t dx;, () =r and r~ € Dgy(I)}.

Dint/int(ll) = {({dX11 (51)7 dXil (82)}v d(sla 82) | 81,82 € S}
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Demt/ezt(Il) = {({I‘,t},d) | H%y ¢ V(Gn) s.t dXil(m) = r7dXi1 (y) = t7d($7y) =
d, and ({r7,t7},d) € Degyjent(1)}
Let us show that I; is compatible with I, and that S is a solution for I.

> Claim 95. The constructed instance I; is compatible with I.

Proof. It is clear that condition (F1) of Definition 90 holds; let us show that the remaining
conditions hold as well.

(F2) Consider a vector r € D, (I). Then, since S is a solution for I, there exists s € S such
that dx, (s) = r; but then, r|d(s,v) € D;n(I1) by construction.

(F3) readily follows from the fact that Dy (l1) = {r | 3z ¢ V(G;,) s.t. dx, (z) =
rand r~ € Dey(I)}.

(F4) Consider an element ({ry,r2},d) € Djps/ine(I). Then, since S is a solution for I,
there exist s1, 2 € S such that dx,(s1) = r1, dx,(s2) = ra, and d(s1, $2) = d; but then,
({r1ld(s1,v),r2ld(s2,v)},d) € Diptjine(l1) by construction.

(F'5) readily follows from the fact that Deytyeqrs(I1) = {({r,t},d) | 3z,y ¢ V(Gy,) s.t. dx,, (2)
r7dXi1 (y) =t, d(l’,y) = da and ({I‘i,tihd) € DE.Lt/E.Lt(I)} <

> Claim 96. S is a solution for I.

Proof. Let us show that every condition of Definition 68 holds.

(S1) Consider a vertex = of G;,. Then, since V(G;) = V(G;,) and S is a solution for I,
either z is covered by S, in which case we are done; or (1) x is covered by a vertex s € S
and a vector r € D¢ (1); (2) or x is covered by an element ({r,t},d) € Deyyjeqst(1). Now,
suppose that (1) holds and let y ¢ V(G;) be a vertex with distance vector r to X; (recall
that such a vertex exists by the definition of D,+(I)). Then, by Lemma 92(1), = is covered
by s and r|d(y,v); but, by construction, r|d(y,v) € Dez+(I1). Suppose next that (2) holds,
and let y,z ¢ V(G;) be such that dx,(y) = r, dx,(z) = t, and d(y,z) = d (recall that
such vertices exist by the definition of D.y¢/eq¢(I)). Then, by Lemma 92(2),  is covered by
({r|d(y,v), t|d(z,v)},d(y, z)), which is an element of Dy /et (1) by construction.

(52), (S3), and (S4) readily follow from the fact that, by construction, Dy (I1) = dx;,, (S),

Dint/int(Il) = {({dxil (81)7dXi1 (82)}7d(513 82) | 51,82 € S}v and SI] = SmXiu reSPeCtiVGIY-

<

The lemma now follows from the above two claims. <

To complete the proof of Theorem 62, let us now explain how the algorithm proceeds.

Given a nice tree decomposition (T, X) of a graph G rooted at node r € V(T'), the algorithm
computes the extended geodetic set number for all possible instances in a bottom-up traversal
of T'. It computes the values for leaf nodes using Lemma 70, for join nodes using Lemma 72,
for introduce nodes using Lemma 78, and for forget nodes using Lemma 91. The correctness
of this algorithm follows from these lemmas and the following (recall that gs(G) is the
smallest size of a geodetic set for G).
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» Lemma 97. Let G be a graph and let (T,{X,; :i € V(T)}) be a nice tree decomposition of
G rooted at node r € V(T). Then,

gs(@) = Smin dim(X,., S, 0,0,0,0).
Proof. Let S be a minimum-size geodetic set of G. Then, by Definition 68, S is a solution
for the EGS instance (X, SN X,.,0,0,0,0), and so,

min dim(X,., S,,0,0,0,0) < dim(X,., SN X,,0,0,0,0) < gs(G).

r=ANr

Conversely, let S’ C X, be a set attaining the minimum above, and let S be a minimum-size
solution for the EGS instance (X,.,S’,0,0,0,0). Then, by Definition 68, every vertex of
G, = G is covered by S, and so,

gs(G) < dim(X,,5",0,0,0,0) = min dim(X,., S, 0,0,0,0),

which concludes the proof. |

Now, let a(k) = 2 . 24ian(@)" . 9dian(G)" . 9dian(G)*" ™ 9a1am(G)** ™! "y get the announced
complexity, observe first that, at each node i € V(T'), there are at most «(|X;|) possible
instances to consider, where | X;| = O(tw(QG)); and since T has O(tw(G) - n) nodes, there are
in total O(a(tw(G)) - tw(G) - n) possible instances. The running time of the algorithm then
follows from these facts and the following lemma (note that to avoid repeated computations,

o(1)

we can first compute the distance between every pair of vertices of G in n time, as well as

all possible distance vectors to a bag from the possible distance vectors to its child/children).

» Lemma 98. Let I be an EGS instance for a node i € V(T'), and assume that, for every
child i1 of i and every EGS instance Iy for i1 compatible with I, dim(Iy) is known. Then,
dim(I) can be computed in time a(O(|X;])) - n®M).

Proof. If i is a leaf node, then dim(/) can be computed in constant time by Lemma 70.
Otherwise, let us prove that one can compute all compatible instances in the child nodes
in the announced time (recall that ¢ has at most two child nodes). Given a 6-tuple I =
(X3, 81, Dint(I), Dewt(I), Dingjint(I), Detjext(I)), checking whether it is an EGS instance

can be done in O(|I]) - n®® time; and the number of such 6-tuples is bounded by a(]X;]).

It is also not difficult to see that checking for compatibility can, in each case, be done
in O(|1]) - n®M time. Now, note that, by Definition 68, |I| = diam(G)©(XiD and thus,
computing all compatible instances can indeed be done in a(O(|X;|)) - n®® time. Then,
since computing the minimum using the formulas of Lemmas 72, 78, and 91 can be done in
a(O(|X;])) time, the lemma follows. <

8.3 (Kernelization) Algorithm for Strong Metric Dimension
We prove the following theorem.

» Theorem 99. STRONG METRIC DIMENSION admits
an FPT algorithm running in time 92709 n°W | and
a kernelization algorithm that outputs a kernel with 2°("°) vertices.

Proof. Given a graph G, let X C V(G) be a minimum vertex cover of G. If such a vertex
cover is not given, then we can find a 2-factor approximate vertex cover in polynomial
time. Let I := V(G) \ X. By the definition of a vertex cover, the vertices of I are pairwise
non-adjacent. The kernelization algorithm exhaustively applies the following reduction rule.
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Reduction Rule 1. If there exist three vertices u,v,x € I such that u,v,z are false twins,
then delete x and decrease k by one.

Since u,v,z are false twins, N(u) = N(v) = N(z). This implies that, for any vertex
w € V(G)\ {u,v,z}, d(w,v) = d(w,u) = d(w,z). In other words, for any w # v, any
shortest path from u to w does not contain v. Hence, any strong resolving set that excludes
at least two vertices in {u, v, 2} cannot resolve all three pairs (u,v), (u,x), and (v, z). Hence,
we can assume, without loss of generality, that any resolving set contains both u and z.

Any pair of vertices in V(G) \ {u, z} that is strongly resolved by z is also resolved by
u. In other words, if S is a strong resolving set of G, then S\ {z} is a strong resolving set
of G — {z}. This implies the correctness of the forward direction. The correctness of the
reverse direction trivially follows from the fact that we can add z into a strong resolving set
of G — {x} to obtain a resolving set of G.

Consider an instance on which the reduction rule is not applicable. If the budget is
negative, then the algorithm returns a trivial No-instance of constant size. Otherwise, for
any Y C X, there are at most two vertices u, v € I such that N(u) = N(v) =Y. This implies
that the number of vertices in the reduced instance is at most |X| + 2 - 21X = 2vet+! 4 yc,
The second part of the statement is an immediate consequence of applying a brute-force
algorithm on the reduced instance. |

9 Conclusion

We have shown (under the ETH) that three natural metric-based graph problems, METRIC
DIMENSION, GEODETIC SET, and STRONG METRIC DIMENSION, exhibit tight (double-)
exponential running times for the standard structural parameterizations by treewidth and
vertex cover number. This includes tight double-exponential running times for treewidth
plus diameter (METRIC DIMENSION and GEODETIC SET) and for vertex cover (STRONG
METRIC DIMENSION).

Such tight double-exponential running times for FPT structural paramaterizations of
graph problems had previously been observed only for counting problems and problems
complete for classes above NP. Thus, surprisingly, our results show that some natural
problems can be in NP and still exhibit such a behavior.

It would be interesting to see whether this phenomenon holds for other graph problems in
NP, and for other structural parameterizations. Perhaps one can determine certain properties
shared by these metric-based graph problems, that imply such running times, with the goal
of generalizing our approach to a broader class of problems. In particular, concerning the
general versatile technique that we designed to obtain the double-exponential lower bounds,
it would be intriguing to see for which other problems in NP our technique works.

In fact, after this paper appeared online, our technique was successfully applied to an
NP-complete problem in machine learning [19] (for vc) as well as NP-complete identification
problems [17] (for tw).
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