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Abstract

This paper studies the privacy-preserving distributed optimization problem under limited commu-
nication, where each agent aims to keep its cost function private while minimizing the sum of all
agents’ cost functions. To this end, we propose two differentially private distributed algorithms under
compressed communication. We show that the proposed algorithms achieve sublinear convergence for
smooth (possibly nonconvex) cost functions and linear convergence when the global cost function
additionally satisfies the Polyak—}t.ojasiewicz condition, even for a general class of compressors with
bounded relative compression error. Furthermore, we rigorously prove that the proposed algorithms
ensure e-differential privacy. Unlike methods in the literature, the analysis of privacy under the proposed
algorithms do not rely on the specific forms of compressors. Simulations are presented to demonstrate

the effectiveness of our proposed approach.
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I. INTRODUCTION

In recent years, distributed optimization in multi-agent systems has emerged as a popular
research topic, playing a fundamental role in areas such as resource allocation [1], control [2],
learning [3], and estimation [4]]. In a typical distributed consensus optimization setup, the ob-
jective is for a team of agents connected through a network, each associated with a local cost
function, to cooperatively minimize the sum of local cost functions. Specifically, consider a

network of n agents aiming to solve the following optimization problem:

n
min {f(x) = %;ﬁ(m)}, (1
where f; : R? — R is private local cost function belong to agent i and x is the global decision
variable.

Numerous distributed optimization algorithms have been reported to solve the problem (),
such as distributed (sub)gradient descent [5]—[7], gradient tracking methods [8], EXTRA [9],
and distributed Newton methods [10], [11]. However, these algorithms usually assume that the
cost functions f; are convex. In many applications, such as empirical risk minimization [[12]] and
resource allocation [[13]], the cost functions are nonconvex. To address this issue, the authors
of [14]-[16] proposed several distributed algorithms that allow each agent to achieve the first-
order stationary point even in the presence of nonconvex cost functions.

To implement the distributed algorithms, agents need to communicate with each other, which is
normally realized by wireless networks. However, wireless networks are vulnerable to malicious
attacks, which can result in eavesdropping of the sensitive information transmitted between
agents. For instance, in the robot rendezvous problem, the decision variables may contain some
private and sensitive location information, as highlighted in [17]. Moreover, recent research [18]
has shown that adversaries can recover private training data through shared gradients, leading to
the risk of exposing confidential information such as medical records and financial transactions.
It is therefore essential to promptly and comprehensively address privacy concerns in distributed
optimization.

To ensure the privacy of each agent in distributed optimization, various privacy-preserving
algorithms have been proposed. Among them, there are two common categories of algorithms.
The first category involves adding noise to the transmitted information to confuse attackers.
The authors of [19]-[22] proposed several distributed optimization algorithms making use of

the notion of differential privacy [23]. For instance, Huang et al. [19] proposed differentially
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private gradient descent method that masks the state by adding Laplace noise. Zhu et al. [20]
extended the above results to time-varying directed networks. However, they only provided the
sublinear convergence analysis. To this end, Ding et al. [21] achieved both linear convergence and
differential privacy by simultaneously adding noise to states and directions and using constant
stepsizes. Notice that, as pointed out in [21], it is impossible to achieve differential privacy and
accurate convergence simultaneously for the problem (I). Similar impossibility results can be
found in [24] as well. Chen et al. [22] further considered the case of directed graphs. To this end,
the authors of [25]—[28] use correlated noise to avoid the loss of accuracy. Mo and Murray [25]]
designed a special time-decaying noise sequence. Wang [26]] proposed a state-decomposition
method. The intuition of such approaches is to let the noise sum be zero. However, the level of
privacy that can be protected is relatively low due to the correlation between the added noises. The
second category of privacy-preserving distributed optimization algorithms involve encryption.
For example, Lu and Zhu [29] proposed a privacy-preserving distributed optimization method
using homomorphic encryption. Although encryption-based methods can enable the solutions to
converge to the exact optimal, they require a significant amount of computing resources.

Most of the aforementioned approaches investigated the privacy-preserving distributed opti-
mization algorithms under the idealized communication network. In practice, it is necessary to
consider compressed information due to limited communication bandwidth. Alistarh et al. [30]
and Koloskova et al. [31] proposed communication-efficient stochastic gradient descent algo-
rithms by using an unbiased compressor and biased but contractive compressors, respectively.
Liao et al. [32] introduced a general class of compressors with bounded relative compression
error. They point out that their compressors cover the two types of compressors mentioned above.
Kajiyama et al. [33] achieved linear convergence by combining the gradient tracking algorithm
with a compressor with bounded absolute compression errors, and Xiong et al. [34] extended
the approach in [33] to directed graphs. Additionally, the compressed communication algorithms
proposed in [31], [35]-[37] are applicable to nonconvex cost functions.

Due to the advantages of compressed information in saving communication bandwidth, it is
natural to consider the marriage between communication compression and privacy preservation.
However, there are relatively few related works because of the complex coupling between the
compression error and the noise required to achieve privacy. Agarwal et al. [38] considered a
Binomial mechanism and a stochastic quantization in federated learning, which is not suitable

for the decentralized scenario with no central servers. Wang and Basar [39] proposed a dif-
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ferentially private stochastic gradient descent algorithm with compressed communication even

for nonconvex cost functions. Both [38] and [39] pointed out that their algorithms can achieve

strict (¢, §)-differential privacy. None of [38] and [39], however, provided the linear convergence

analysis. Besides, their privacy analysis relies on a specific compressor.

In this paper, we propose compressed, differentially private, distributed, nonconvex optimiza-

tion algorithms, which preserve differential privacy and achieve state-of-the-art linear conver-

gence rates. The main contributions of this work are summarized as follows:

1)

2)

3)

For a general class of compressors with bounded relative compression error, we propose
a novel nonconvex differentially Private Gradient Tracking algorithm under Compressed
communication (PGTC). To guarantee the generality of compressors and preserve privacy,
the states will be masked by additional Laplace noises. We show that PGTC converges to
a neighborhood of a stationary point with the rate O(1/7") in general nonconvex settings
(Theorem [1)) and linearly converge to a neighborhood of the global optimum when the
global cost function additionally satisfies the Polyak—}t.ojasiewicz (P-L) condition (Theo-
rem [2). The size of the neighborhood is determined by the noise added on the gradient.
Compared with [21], PGTC achieves the same convergence rate even for nonconvex cost
functions and bandwidth constrained communication network, and compared with [38]],
[39]], we establish the linear convergence rate.

To further improve communication efficiency, we provide the nonconvex differentially Pri-
vate Primal-Dual algorithm under Compressed communication (PPDC), which has similar
convergence properties of PGTC (Theorem ] and Theorem [3). Compared to PGTC, each
agent under PPDC only needs to transmit one compressed variable to its neighbors at each
time step. Compared with [37]], we further consider the privacy concern. Notice that the
noise will be accumulated over time for PGTC and PPDC, which increases the difficulty
in analyzing the convergence of the algorithms.

Theoretically, we show that PGTC and PPDC preserve e-differential privacy for the local
cost function of each agent even as the time goes to infinity (Proposition [I] and [2)), but a
strict assumption (Assumption [6) is required. Subsequently, we introduce a more general
assumption, under which the algorithms can only guarantee privacy for a finite time horizon
(Theorem [3] and Theorem [6)). Furthermore, different from [38], [39], the privacy under
PGTC and PPDC does not rely on some specific compressors but are effective for a

general class of compressors.

May 2, 2024 DRAFT



The remainder of this paper is organized as follows. In Section we introduce the pre-
liminaries and formulate the problem. The PGTC algorithm is proposed in Section [II, and
its convergence and privacy are then analyzed. Section provides the PPDC algorithm and
the corresponding analysis. Some numerical examples are provided in Section [V] to verify the
theoretical results. The conclusion and proofs are provided in Section and Appendix [AHG]
respectively.

Notations: R (R,) is the set of (positive) real numbers. Z is the set of integers and N the set
of nature numbers. R" is the set of n dimensional vectors with real values. The transpose of
a matrix P is denoted by P T, and we use [P];; to denote the element in its i-th row and j-th
column. The Kronecker product is denoted by ®. The n-dimensional all-one and all-zero column
vectors are denoted by 1,, and 0,,, respectively. The n-dimensional identity matrix is denoted by
I,,. We then introduce two stacked vectors: for a vector x € R™, we denote 7 = %(1; ® 14)%,
X £ 1, ® 7. Further, |-|,||- |1, || - || denote the absolute value, /; norm and I, norm, respectively.
For a matrix W having positive eigenvalues, we use Ay and )\, to denote its spectral radius
and minimum positive eigenvalue respectively. Furthermore, for any square matrix A and vector

x with suitable dimension, we denote ||z||} = x' Ax. For a given constant § > 0, Lap(f) is

1
20€

E=1[&,...,&]" € RY, we say that & ~ Lap,(6) if each component & ~ Lap(), i = 1,...,d.

the Laplace distribution with the probability density function f(z,0) = ~% . For any vector

Furthermore, we use E[-] and P[] to denote the expectation of a random variable and the

probability of an event, respectively.

II. PRELIMINARIES AND PROBLEM FORMULATION
A. Standard Assumptions

For the distributed optimization problem (), we consider that each agent 7 maintains a local
estimate x; , € R? of x at time step k and use V fi(x;x) to denote the gradient of f; at z; ;. We

make the following assumptions on the local cost functions f;.

Assumption 1. Each local cost function f; is Ls-smooth, for some L; > 0, namely for any

z,y € RY,

IVFi(x) =Vl < Ly llz =yl 2)
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From (2)), we have
L
iy) = file) = (y = ) V(@) < lly = al)*. 3)
Assumption 2. Let f* be the minimum function value of the problem (). We assume [* > —oo.

Assumption 3. (Polyak—tojasiewicz (P-L) condition [37]) There exists a constant v > 0 such

that for any = € RY,
LIVI@I = v(f(a) — ). @

Remark 1. Assumptions [[H2] are standard in distributed nonconvex optimization, see e.g., [19],
[37], [40]. Furthermore, as point out in [37], the P-L condition is a weaker assumption than

strong convexity and ensures that each stationary point of problem (1) is a global minimizer.

B. Basics of Graph Theory

The exchange of information between the n agents is captured by an undirected graph G(V, &)
of n nodes, where V = {1,2,...,n} is the set of the agents’ indices and £ C V x V is the set
of edges. The edge (i,j) € £ if and only if agents ¢ and j can communicate with each other.
Let W = [w;;]nxn € R™*™ be the positively weighted adjacency matrix of G, namely w;; > 0
if (i,7) € &, and w;; = 0, otherwise. Note that w;; = 0 due to the self edge (i,7) ¢ £. We use
N;={j € V| (i,j) € £} to denote the neighbor set of agent i and use D = diag[dy,da, - - ,d,]
to denote the degree matrix, where d; = Z;” w;j, Vi € V. The Laplacian matrix of graph G is
denoted by L =D — W.

Assumption 4. The undirected graph G(V, £) is connected and W is a doubly stochastic matrix,
ie, "W =1" and W1 = 1.

C. Compression Method

To improve the communication efficiency, we consider the situation where agents compress the
information before sending it. More specifically, for any = € R?, we consider a general class of
stochastic compressors C(z, ) and use f.(x, ) to denote the corresponding probability density
functions, where p is a random perturbation variable. Furthermore, the compressors C'(x, ¢) can
be simplified to C(z) when the distribution of p is given. We then introduce the following

assumption.
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Assumption 5. For some ¢ € (0,1] and r > 0, the stochastic compressor C(-) : R? +— R?

satisfies

Ec

o

r

2
] < (1-¢)|z]*, Ve e RY, (5)

where Eo denotes the expectation over the internal randomness of the stochastic compression

operator C.

From (§)) and the Cauchy-Schwarz inequality, one obtains that
Ec [||C(x) - xH2] <oz, Ve € R (6)
where 7o = 2r?(1 — ) + 2(1 — r)2.

Remark 2. Compressors under Assumption |3 are general. As pointed out in [32l], the com-
pressors satisfying the Assumption [3 cover a class of unbiased compressors [30], [4]] and
biased but contractive compressors [31], [36], [42)]. Noting that, the compressors satisfying
Assumption [3 also cover the compressors used in [39]. Furthermore, it is important to note
that E¢[||C(z) — z||*] = 0 if ¢ = 1, r = 1, which means that the uncompressed case is also
included in Assumption 3 In other words, using compressors satisfying Assumption [3 alone is

not sufficient to ensure privacy,, and we need to introduce additional stochasticity.

D. Differential Privacy

To evaluate the privacy performance, we adopt the notion of e-differential privacy for the
distributed optimization, which has recently been studied in [19], [21]. Specifically, we introduce

the following definitions.

Definition 1. (Adjacency [22]) Two function sets SV = { {1V} and 8@ = {f@}1_, are said

to be adjacent if there exists some ig € {1,2,...,n} such that
1 2) . 1 2
fi( ) = fi( ) vi # 19, and fi(o) + fi(o)'

Given a cost function set S, we denote the randomized mechanism as a mapping M(S, x) :

xo — H, where z( and H are the initial state and observation, respectively.
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Definition 2. (Differential privacy [22]) Given ¢ > 0 and a randomized mechanism M, for any
two adjacent function sets S1) and S\¥), any initial state xy and any observation H C Range(M),

the randomized mechanism M keeps e-differential privacy if
P{M(SW, z9) € H} < e P{M(S?, z0) € H}, (7)
where Range(M) denotes the output domain of M.

Definition [2 shows that the randomized mechanism M is e-differential private if for any
pair of adjacent function sets, the probability density functions of their observations are similar.
Intuitively, it is difficult for an adversary to distinguish between two adjacent function sets merely
by observations if the corresponding mechanism M is e-differential private. It is worth noting,
as pointed out in [21], [24], that achieving both accurate convergence and strict e-differential
privacy (see Definition [2)) simultaneously for Problem is impossible. Intuitively, privacy is
guaranteed when the perturbation (noise) is large enough, and more details can be found in [21,
Proposition 1] and [24, Theorem 1]. Therefore, in this paper, we are more concerned about the

trade-off between privacy and accuracy.

III. DISTRIBUTED GRADIENT TRACKING ALGORITHM WITH COMPRESSED

COMMUNICATION

In this section, we provide the nonconvex differentially Private Gradient Tracking algorithm

under Compressed communication (PGTC), which is shown in Algorithm

A. Algorithm Description

The proposed PGTC is inspired by the DiaDSP Algorithm [21]]. In this paper, we additionally
consider the compressed information and the nonconvex cost functions. We first assume that
each agent 7 € ) maintains an estimate x; ;, and an auxiliary variable y; ; for tracking the global
gradient. To guarantee differential privacy, each agent ¢ broadcasts the noisy z7; and y;; to its

neighbors N per step, where

Tk = Tik + o )

Yir = Yik + Sy C))
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and &, and &, , are Laplace noises. Similar to the DiaDSP Algorithm [21], we set &;, ; ~
Lap,(se, qf) and &, x ~ Lap,(s, q), Vi € V, where s¢, >0, s¢, >0, and 0 < ¢; < 1. After

the information exchange, agent 7 performs the following updates:

Tikt1 = Y Wiy — Mik, (10)
j=1

Yikt1 = Zwijy}l,k + Vi i(@igs1) = Vii(@ig), (11)
j=1

where the stepsize 7 is a constant and the initial value y; o = V f;(x;0), Vi € V. To improve the
communication efficiency, we introduce a general class of compressors C'(-) and use the revised
compressed variable &;x, U;x to replace xf, yiy, respectively. Noting that if the compressed
variable C(z{,) and C(y,) are directly used here, the compression error will be accumulate

and affect the convergence. Then, we design the updates of agent ¢+ € V as follows:

Tikt1 = Tip + 7 i Wi (T8 — Tik) — NYi ks (12)

j=1
Yik+1 = Yip T i Wi (Ui — Vie) + VIi(@ipr1) = Vi(zig), (13)

j=1

where

Tjp =25, + O — 754), (14)
i = Yir + CWik — Yin); (15)
T = (1 — )25y, + g, (16)
Yinar = (1= @)y + i, (17)

with 7, a,, and «, being some positive parameters. We assume that z{, = 0 and yi, = 0, Vi € V.
Let W, £ ((1 — )1, + YW) ® I, and then (I2) and (I3) can be rewritten into the following
compact form

X1 = Wy (X + &) + YW — 1) @ Li(Xi — X — Ea) — MYk, (18)

Virr = Wy (yr + &) +7W — 1) @ Li(Fk — Y — Eyi) + VE(Xig1) — VE(xx), (19)

. N T T
where x; = [IEIk,---,l'n,kT]T e Ry, = [lek,..., ylk]T € R %, & [a:lTk, ) ,:ETTL,J €
Rnd7yk £ [:&Ik77ﬁr—£k]—r € Rnd7 Vf(xk> £ [vfl(xl,k>—r7"'7 vfn('xn,k)—r]—r S Rnd7£x,k =
[ ;—17k7 ey ;—nJi‘]T E Rnd,gy’k é [ ;—lyk7 ey ;—nJi‘]T E Rnd.
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Algorithm 1 PGTC Algorithm
1: Input: Stopping time K, adjacency matrix W, and positive parameters 1), 7, &, Oy, S,

Sg,.» Qi VI E V.

2. Initialization: Each ¢ € V chooses arbitrarily z;( € RY, rig =0, yjp =0, and computes
Yio = Vfi(ﬂfi,o)~

3: for k=0,1,..., K — 1 do

4:  for for 7 € V in parallel do

5: Generate Laplace noises &, x ~ Lap,(se, ¢F) and &, » ~ Lap,(s, qf).

6: Obtain z{, and yi, from (8) and (9, respectively.

7: Compute C(zf;, — x7,) and C(y{;, — y5,), then broadcast them to its neighbors N;.
8: Receive C'(z§, — x5,), and C(y}, — y5,) from j € N;.

9: Update &;, §ik» 751> and y5,,y, Vi € N; U {i}, from (4)—(7), respectively.

10: Update z; ;41 and y; x4 from (12) and (13), respectively.

11: end for
12: end for

13: Output: {z;}.

B. Convergence Analysis of PGTC

In this section, we will analyze convergence of PGTC under the compressors satisfying
Assumption [5

Let O £ (s Qytes Qo oy Loy i) T Where Qe = [1x5 — Ri %, Qi = [[ye — Fell® Qoue =
o2kl and Qg 1 = [0y k], With o < (29, — xcf,k)Tv N € o fﬁ,k)T]T e R, o, =

T

(s, — yie) s (Wes — yex) '] € R™. The following lemma constructs a set of linear

inequalities that is related to Oy.

Lemma 1. Suppose Assumptions [IH2l and B3 hold. Under Algorithm [} if o, v, € (0, 1), we

r

have the following linear inequalities:
E[O11] < GE[O4] + i E[[[74]”] + 92375, (20)

where § = max;{q;}, 5¢ = max;{se, , ¢, }, the notation <X means element-wise less than or

equal to, the matrix G € R¥* and vectors 9,,79, € R* are given in Appendix [Al

Proof. See Appendix [Al O
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To analyze the convergence of PGTC, we choose the following Lyapunov function

Vi = Elf(E)] - 1 + R[] + 2 SR04 + LI, 4]

E[Qy,k] + L , 21

=E[f(z1)] — f* + s E[O4],
where T, = %xk, (1—C, are some positive constants that will be given later,

G L Czpz G3L C4p2
n nL n nL

with p =1 — )\ . Since f* is the minimum function value, we know that the Lyapunov

Wil
function V}, is well defined.

We now show the convergence results of PGTC.

Theorem 1. Suppose Assumptions[H2l and @3l hold. Under Algorithm[l} assume o, o, € (0, 1)

‘r

and let vy = C,pp1, n = Gyyp*/ Ly, where 0 < ¢, = ¢, < (1. For any T € N, it holds that

2
_ rRiM, 4 -
(v E — ) < —-E 22
Z IV @I+ Elllxn = %ell*]) < —7—= + — ;&m : (22)
where k1, M, (i and (1—Cy are constants given in Appendix
Proof. See Appendix O

Due to the fact that &, ;, Vi € V, Vk € N are independent of each other, E || 327° &, can

be rewritten as » .-, E||¢,;||*. Then we have the following result.

Corollary 1. Under the same assumptions and parameters in Theorem [I| It holds that
Ry M 8d5?
M £

Z IV 1 @)I"] + Bl — %el”]) < — ——

where d is the dlmenszon of the state vector x and 5¢ and q are defined in Lemma [Il

Remark 3. Theorem [Il and Corollary (Il show that PGTC converges to a neighborhood of a
stationary point with the rate O(1/T) for general nonconvex cost functions. The same conver-
gence rate was achieved by algorithms proposed in [37)], [43] under the same assumptions and
cost function. However, they do not consider the privacy concern. Furthermore, since the noise
added to the gradient tracking is accumulative, the convergence is affected by >,° &, . More
details will be given later. Furthermore, Theorem [Il does not require ~y and 1 to be some fixed
constants due to the fact that 0 < ¢, = (,; < Cy. It is only necessary to select a Gy = Gy that

satisfies the above condition in the implement.
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Then we provide the linear convergence analysis with the P-L condition.

Theorem 2. Suppose Assumptions hold. Under Algorithm [} if oy, oy € (0,2) and let
v = Cpp1, N =Cyp*/ Ly, where 0 < ¢, = (, < Co. It holds that

k
2w
t=0

where by M, (o and (1—Cy are constants given in Appendices [Bl and

2

1%
E[Vii1] < (1 - %)E[Vk] + b7 5 + gE

Y

Proof. See Appendix [Cl O
Similar to the way we obtained Corollary Il we have

Corollary 2. Under the same assumptions and parameters in Theorem [2 It holds that
by 52 4d53

1—FRe— @ (1=’

E[Vita] < (1 — )" (E[Vo] +
where 0 < Ky < min{%,1— ¢°}.

From (Z1)), it can be observed from Theorem 2land Corollary 2lthat E[f ()] — f*+<LE[Q, 4] =
O((1 — Ry)¥) + O(1), which means PGTC linearly converges to a neighborhood of the global
optimum under P-L condition. However, the size of the neighborhood is determined by the
noise accumulated over time on gradients. This is because the noise on gradients accumulates
over the iterations. More specifically, from (I9), we can see that 1 (1} ® I,)y, = (1, ®
1) (VE(xy) + Zf:_ol &y.)- As pointed out in [18]], the differential privacy is achieved only when
the noise variance is large enough to affect accuracy. Although there are technical means to
avoid the accumulation of noise, e.g., [34], it is necessary to reserve the the accumulated noise
term for privacy protection. A similar result was also established by DiaDSP proposed in [21].
However, DiaDSP only works for ideal communication network and the authors did not provide
the analysis for nonconvex cost functions. Moreover, DiaDSP demonstrates that the convergence
point z>° € R? satisfies the following property when the cost functions are strongly convex and
smooth:

DOVAES) == nyk (23)
=1

i=1 k=0

However, it is important to note that the analysis in Theorem [2| does not yield the same result
due to the limitations of the P-L condition. As shown in Assumption 3] the P-L condition

only establishes the gradient relationship between any point and the optimal point, whereas the
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strongly convex condition used in [21] establishes a similar relationship between any two points.
Nevertheless, under strongly convex cost functions, the convergence point of PGTC coincides
with DiaDSP [21], suggesting that the proposed PGTC achieves a comparable level of accuracy
to the algorithm with idealized communication, assuming the same cost functions. For additional

details, please refer to the our previous work [44].

C. e-Differential privacy

In this section, we show that the differential privacy of all cost functions can be preserved
under PGTC.

We use H; to denote the information transmitted between agents at time step k, i.e., Hy =
{C(2f =77 ), C(yi—vyix)| Vi € V}. Without loss of generality, we assume the adversary aims to
infer the cost function of agent i,. Consider any two adjacent function sets S and S®, and only
the cost function f;, is different between the two sets, i.e., fi(ol) #+ fi(f) and fl-(l) = fi@), Vi # 1.

Before provide the privacy result, we first introduce the following constrained assumption [21].
Assumption 6. [2]1|] For any z1, x5 € RY we have
VI (@) = VI (@2) = VI (@) = VI ().

Proposition 1. Suppose Assumptions [[H0| hold. PGTC preserves the ¢;,-differential privacy for

NL ¢+ /772Lf£+477Lf 1
2 ) )

any agent 1y’s cost function if n < ﬁ and q;, € ( , where €;, is given by

€y = 0 G . VigeV (24)
G — 1Lp = Gig Ly
with T;,, = — L.
SEw,L-O S‘E’Uio
Proof. The proof can be obtained in the same way as the proof of Theorem 2 in [44]. O

Proposition (1l shows that PGTC ensures e-differential privacy even as time goes to infinity but
needs a strict assumption (Assumption [6). From (@24)), the privacy budget ¢;, can be arbitrarily
chosen by setting specific values for parameters Sta,, and I However, higher levels of privacy
also imply worse convergence accuracy. To relax the restrictions of Assumption 6] we consider

the following more general assumption.

Assumption 7. The gradient of all local cost functions are bounded, i.e., there exists a positive

constant M such that ||V fi(z)|| < M, Vie N, v € R4
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Remark 4. Assumption [7] is very common used in privacy-preserving distributed optimization
problem, e.g., [19], [20], [22]. It is useful for analyzing differential privacy because it controls
the differences between the gradients of adjacent cost functions. This is also the reason why it

can be used to relax Assumption

Theorem 3. Suppose Assumption[/l holds, given a finite number of iterations K, PGTC preserves

the €;,-differential privacy for any agent iy’s cost function if the parameters satisfy

4fMZ< il ! )Seio. (25)

k
6“20 qlo 5yz‘0 i

Proof. See Appendix O

Remark 5. We would like to highlight that, unlike the privacy of the methods in [38], [39], which
only work for specific compressors, PGTC is effective for a class of compressors. Furthermore,
as previously discussed, compared to [21], Theorem [3| establishes weaker privacy but only
requires mild assumptions. More specifically, the condition (23) is difficult to be satisfied when
the iterations K tends to infinity. In other words, under a weaker assumption (Assumption [7),

the PGTC can only preserve the privacy within the interval [0, K| for some finite iterations K.

D. Proof Sketch

We then provide a proof sketch of Theorems [1l and [2I Unlike the ideal communication
algorithm DiaDSP [21]], to establish the convergence of PGTC, we need to track the consensus
errors and the extra compressed errors of the state x; and the estimated gradient yj using Oy.
To estimate those errors, we construct a set of linear inequalities, which are stated in Lemma [I

Recalling inequality (20), due to the accumulation of noise in the gradient tracking term, i.e.
Vi = VEx) + > &y (26)

We know that E[|§||>] cannot decrease to zero. To estimate the optimization errors and distin-
guish the redundant parts » .~ &,;, we combine the form f(Z;) — f* and L;-smooth, and use
the Lyapunov function (2I)) to achieve the convergence results in Theorems [I] and 21 Notice that
since there are no assumptions of strongly convex or convex cost functions, we do not use the
inequality property associated with convexity in the proofs. Furthermore, compared with [38],

[39]], to analyze linear convergence, we introduce the gradient tracking method and use constant
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stepsize in PGTC. However, the gradient tracking method leads to noise accumulation, as we
stated before. Finally, the proof of Theorems [Il and 2] are inspired by the proof of Theorems 4.3
and 4.4 in [43]. However, since this paper considers more general compressors and privacy, we

need to analyze the different compression errors and noise for PGTC.

IV. DISTRIBUTED PRIMAL-DUAL ALGORITHM WITH COMPRESSED COMMUNICATION

It can be seen from the PGTC algorithm that each agent should transmit two compressed vari-
ables in each iteration. To further improve communication efficiency, in this section, we provide
the nonconvex differentially Private Primal-Dual algorithm under Compressed communication
(PPDC), which is shown in Algorithm 2l Compared with PGTC, each agent under PPDC only
needs to transmit one compressed variable to its neighbors in each iteration. This means that

PPDC consumes fewer communication resources.

A. Algorithm Description

To solve the distributed nonconvex optimization problem [l Yi er al. [45] proposed the

following distributed primal-dual algorithm

Tik+1 = Tik — U(V Z Liﬂj,k + Wu K + sz(%k))a (27)
j=1
Vik+1 = Vi) + MW Z Lz, (28)
j=1

where «y, w are positive parameters, 7 is stepsize, L;; is the ¢-th row and j-th column element of
the Laplacian matrix L and v, is the auxiliary variable of agent 7. Similar to PGTC, to enable

differential privacy, we propose the following algorithm

Tig1 = Tig + Eapk — (Y Z Lij(zjp + &y k) + wvig + Vfi(zir)), (29)
j=1
Vid1 = Vi + Sopk £ 10 Y Lij (@i + oy k), (30)
j=1

with &, 1 and &,, ;. are Laplace noises. Similar to the PGTC, we set &, ~ Lap,(se,, q¥) and
ok ~ Lapy(se, qF), Vi € V, where s¢, > 0, s¢, > 0, and 0 < ¢; < 1. Although v;; is not
transmitted directly to the neighbors of agent ¢, both noises &,  and ,, , are needed to enable
differential privacy. Specifically, according to Definition [2, differential privacy requires that the

observations under any two adjacent function sets are the same with some positive probability.
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This means that we need to mask the gradient changes with noises. Similarly, to ensure that
the noise is sufficient to protect privacy, we add noise &, ; to the dual variable v;; even if it
does not need to be transmitted. To improve communication efficiency, we use the compressed

variable Z; x to replace z7,. The updates for agent ¢ € )V can be designed as follows:

Tiks1 = Tig + Sook — NV D Lijijn + wvig + Vfi(wi1)), 3D
=1
Vikt1 = Vi + oy ke + MW Z LijZj g, (32)
=1

where ;) are given in (I4).

Algorithm 2 PPDC Algorithm

1: Input: Stopping time K, adjacency matrix W, and positive parameters 7, 7, w, Q, S, ,

S, > Qis Vi e V.
2: Initialization: Each i € V chooses arbitrarily ;(0) € R, 2¢(0) = 0, v;(0) = 0.
3: for k=0,1,..., K — 1 do

4:  for for ¢ € V in parallel do

5: Generate Laplace noises &, » ~ Lapy(se, ¢f) and &, ~ Lap,(se, ¢F)-
6: Compute C(z; + &, 1 — 27;) and broadcast them to its neighbors M.
7: Receive C(z; ), + &k — 25, )from j € N,.

8 Update z; ;41 and v; 41 from and (32)), respectively.

9: Update x5, from (16).

10: end for
11: end for

12: Output: {z;}.

B. Convergence Analysis of PPDC
In this section, we first show the convergence of PPDC with and without P-L condition.

Theorem 4. Suppose Assumptions [IH2 and BH3 hold, under Algorithm B if v = Giw, w > Co,
oy €(0,1), and 0 < n < (s, for any T € N, it holds that

T

N =

R M. -
(Ellxi — i[> + E[|Vf(Z0)]?) < 3T 2+ 7 E|| me”z, (33)
k=0 =0
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where fl, g:g, 53, k3, k1 and My are positive constants given in Appendix

Proof. See Appendix O
Similarly, we have the following result.
Corollary 3. Under the same assumptions and parameters in Theorem 4l It holds that

T 1—¢

T
%Z (Ellx — %ell® + EIIVF(@0)]?) <

k=0

where 3¢, = max;{s¢, }.

Remark 6. Theorem 4| and Corollary 13| shows that PPDC converges to a neighborhood of
a stationary point with the rate O(1/T) for general nonconvex cost functions, which is the
same as PGTC. Furthermore, from Appendix |[E} we have k3 > % and K13 > 7 + 2nw?. Since
w > 5’2 > 54 > 1, it holds that nik, = R3kia > 9 > 4. Recall Theorem [I| compared the second
term to the right side of 22)) and (33)), it can be observed that PPDC seems to be more susceptible
to noise than PGTC. As pointed out in [45], the primal-dual method is equivalent to the EXTRA
algorithm proposed in [9]. However, the EXTRA algorithm uses historical information to correct
the difference between the local gradient and the global gradient. This implies that PPDC may
accumulate additional noise compared with PGTC. Additionally, compared with PGTC, PPDC

preserve stronger privacy, more details can be found in Remark [/
Then we provide the linear convergence of PPDC with the P-L condition.

Theorem 5. Suppose Assumption IH3 hold, under Algorithm 2} if v = iw, w > (s, ay € (0, b,
and 0 <n < g:g, we have

o ~ § . 2dF1 57,

Bl — Kl + n(/(5) = )] < (1= R My + T
where El, g:g, 5’3, R, ko and Ms are positive constants given in Appendix [Fl with 0 < k4 < 1.

Proof. See Appendix B O

It is straightforward to see that PPDC linearly converges to a neighborhood of the optimum
when the global cost function satisfies the P-L condition. By combining Theorems M and [3]
we know that PPDC has similar convergence property as PGTC. Furthermore, as we discussed

before, PPDC requires fewer communication resources than PGTC.
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C. Differential privacy

In this section, we show that the differential privacy of all cost functions can be preserved

under PPDC.

Proposition 2. Suppose Assumptions [IH6l hold. PPDC preserves the e;,-differential privacy for

/m2 T2
any agent ig’s cost function if n < 57— and Gy € (anJr n2Lf inty , 1), where €;, is given by
TZO q205 .
€ip = , VigeV (34)
’ qi20 - 77Lf qioan
with 7;, = % sl .
fzio n fuio
Proof. The proof can be obtained in the same way as the proof of Theorem 2 in [44]. U

Similarly, we use the same notation in Theorem [3| and provide the following theorem.

Theorem 6. Suppose Assumption[/ holds, given a finite number of iterations K, PPDC preserves

the €;,-differential privacy for any agent iy’s cost function if the parameters satisfy

2
2V dM <e . (35)
Z ( Stury & WSty qf%) ’

Proof. See Appendix [Gl O

Remark 7. Suppose the parameter of noise s¢, = s¢,., since w > 1, it can be seen that the left
side of (B3) is less than or equal to the left side of 23). This means that the condition (33)
holds more easily than @23) for a given €;,. In other words, the privacy under PPDC is more

stronger than PGTC under the same noises parameters.

D. Proof Sketch

We then provide the proof sketch of Theorems 4 and 5l Similar to the proof of PGTC, we
track the compressed errors and consensus errors of state X, and dual state v, by auxiliary
function Vj, which is defined in Appendix [El To estimate those errors, we construct a linear
inequality of V., which is stated in Lemma [6l Notice that noises also accumulate on the dual

variable, i.e.

k
Vil = Vi + Z gv,t- (36)
—0
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Fig. 1: A connected undirected graph consisting of 6 agents.

Similar to PGTC, we distinguish the redundant parts »,° &, ;. Then we show that the errors
actually decrease, and provide some sufficient parameters leading to the claimed convergence
results in Theorems 4] and 3l Finally, the proofs of Theorems [ and [3] are inspired by the proofs
of Theorems 1 and 2 in [377]. However, since this paper considers the privacy, we need to analyze

the noise and deal with the redundant parts (36)).

V. SIMULATION

In this section, simulations are given to verify the validity of PGTC and PPDC. We first consider
the following three compressors:

o Greedy (Top-k) quantizer [46]:

k
Ci(x) = Z T3, €,

is=1
where ;) is the i,-th coordinate of = with 4;,...,7; being the indices of the largest k
coordinates in magnitude of z, and e, ..., ey are the standard unit basis vectors in R%.

« Biased b-bits quantizer [31]:

9(b—1)
Cyla) = @ sign(z) -2~V o {Tﬂx‘ . “J |
T

where £ =1+ min{?(%l), 2({,@1)}, w 1s a random dithering vector uniformly sampled from
[0,1]%, o is the Hadamard product, and sign(-), | - |, |-] are the element-wise sign, absolute

and floor functions, respectively.
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o Norm-sign compressor [37]:

Cs(z) == | 2||0051gn( ).

As pointed out in [31]], all of the above three compressors satisfy Assumption [5l Specifically,
we choose £ = 2 and b = 2 in the following simulations.

We then consider two distributed nonconvex optimization problem with n = 6 agents and
they communicate on a connected undirected graph, whose topology is shown in Fig. [l Specif-
ically, we firstly assume the agents aims to slove the following nonconvex distributed binary

classification problem [435]], [47], [48]]

min f(z Z fir

fi(z) = Zlog (1 + exp (—uyz; vij) +Zl+ax (37)

mai4
where v;; € R? is feature vector and randomly generated with standard Gaussian distribution
N(0,1), u;; € {—1,1} is the label and randomly generated with uniformly distributed pseudo-
random integers taking the values {—1, 1} and x; 4 is the s-th coordinate of z;. Specifically, we
assume A = 0.001, = 1,m = 200 and the initial value of each agent x;(0) is randomly chosen

in [0, 1]*°

Algorithm  Compressor 7y w n S¢ q Qzr  Qy
PGTC-C1 Ch 02 — 0.1 100 0.1 05 05
PGTC-C2 Cy 02 — 0.1 100 0.1 05 05
PGTC-C3 Cs 01 — 015 100 0.1 05 05
DiaDSP — — — 015 100 01 — —
PPDC-C1 Cy 45 5 0015 100 01 02 —
PPDC-C2 Cs 45 5 0.01 100 0.1 02 —
PPDC-C3 Cs 25 5 001 100 0.1 02 —

TABLE I: Parameter setting for different algorithms.

We conduct experiments to verify the convergence rate of PGTC and PPDC using different
compressors. The parameters are set as specified in TABLE [, except for s = 0.1 and ¢ = 0.2,

which are consistent across all agents (sg, = S¢,, = S¢,, = S¢ and ¢; = ¢ for all © € V).

Y

. A .
To evaluate the convergence, we compute the residual defined as Ry = min,<y [|x; — x||?,
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Fig. 2: The evolution R; of residual under PGTC, PPDC, uncompressed method DiaDSP for
distributed binary classification problem (37).
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Fig. 3: The evolution R of residual with respect to the transmitted bits under PGTC, PPDC,
uncompressed method DiaDSP for distributed binary classification problem (37).
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Fig. 4: Effect of noise decaying rate on convergence accuracy for distributed binary classification

problem (37).
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Fig. 5: The evolution R; of residual under PGTC, PPDC, uncompressed method DiaDSP for

distributed nonconvex optimization problem (38].
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where x> is the convergence point. Fig. 2| shows that x; linearly converges to the point x>
under PGTC and PPDC with different constant stepsizes and compressors. Furthermore, the
convergence rate of PGTC can closely match that of DiaDSP [21]] with suitable parameters
and compressors. Fig. [3] illustrates that, compared with DiaDSP, most of our algorithms re-
quire less number of bits. This means our methods are more efficient. We then simulate the
effect of the noise decaying rate on convergence accuracy. We use ||V f(z*°)|| to measure the
convergence accuracy of different algorithms. We set s = 0.1 and other parameters are the
same as TABLE[Il The relation between accuracy and decaying rate ¢ is shown in Fig. 4 where
q = 0.18,0.26,0.34,0.42,0.5,0.58, 0.66, 0.74, 0.82, 0.9. It can be seen that the accuracy of PGTC
is nearly the same as that of DiaDSP and the accuracy is only noise dependent and not related
to stepsize, 7, and compressors. Compared with PGTC, it can also be seen that the convergence
accuracy of PPDC is more affected by noise.

We further consider the following nonconvex problem [49]
18
mxinf(a:) =56 qu
i=1
fi(x) = 2"z + 3sin(z) " sin(x) + miz cos(z), (38)

where m; € R is constant. In this example, the parameter m,; is randomly generated and such
that Zle m; =0, m; # 0, Vi € V. The initial value of each agent z;(0) is randomly chosen
in [0, 1]%°.

Similar to Fig. Bl we then verify the convergence rate of PGTC and PPDC with different
compressors for distributed nonconvex optimization problem (38, the parameters of different
algorithms are given in TABLE[Il Fig. [5] shows that x;, linearly converges to the point x> under
PGTC and PPDC with different constant stepsize and compressors for problem (38]). As shown
in Fig. 3| due to the primal-dual method causes more noise redundancy (details can be fond in
Remark [6)), the PPDC is generally slower than PGTC. Fig. [6] shows that compared with the ideal
communication method, our algorithms converge to the same accuracy with much fewer bits
transmitted. In addition, even from the perspective of transmitted bit, the PPDC still generally
slower than PGTC. We then simulate the effect of the noise decaying rate on convergence
accuracy for distributed nonconvex optimization problem (38). Similar to the Fig. Ml let s¢ =5

and other parameters be the same as TABLE [l The relation between accuracy and decaying rate
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Fig. 6: The evolution R; of residual with respect to the transmitted bits under PGTC, PPDC,

uncompressed method DiaDSP for distributed nonconvex optimization problem (38]).

q is shown in Fig. [7l It can be seen that the accuracy of our methods is only noise dependent

and PPDC is more susceptible to noise compared to PGTC. This also verifies the Remark

VI. CONCLUSION

In this paper, we investigated differentially private distributed nonconvex optimization under
limited communication. Specifically, we proposed two algorithms under compressed communica-
tion. We established sublinear convergence for smooth (possibly nonconvex) cost functions and
linear convergence when the global cost functions additionally satisfy the Polyak-fLojasiewicz

condition even for a general class of compressors with bounded relative compression error.
Furthermore, we observed that the proposed algorithms achieve similar accuracy to the algorithm
with idealized communication. Importantly, compared with existing literature, our proposed
algorithms preserve a more rigorous e-differential privacy for the local cost function of each agent
and are suitable for a general class of compressors. Future work includes extending the study to

directed graphs and exploring the relationship between compressors and privacy performance.
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Fig. 7: Effect of noise decaying rate on convergence

optimization problem (38).

A. Supporting Lemmas

We first introduce some useful vector and matrix inequalities.

APPENDIX A

THE PROOF OF LEMMA [1]

Lemma 2. For u,v € R and Vs > 0 we have

T S 2 1 2
< Z _
uTo < Sl + ol

1
[+ ol* < (14 s)lful® + (1 + )0l

accuracy for distributed nonconvex

(39)

(40)

Lemma 3. [32] Suppose Assumption d holds. For v € (0,1] and any w € R"™, we have

[Wow —@|| < A|w — @, where A =1 —~(1 — py,) with p, =

Lemma 4. Suppose an random variable x ~ Lap(0), we have E[z?] =

May 2, 2024
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and E[|z|] = 6.
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B. The proof of Lemma [l]

Denote H = (1,1 ®1;), K = K, ®1; = I,,— H. We then prove Lemma Il by constructing
the upper bounds of E[€2, s11], E[Qy x41], E[Q, r41], and E[£), 111], respectively.
(a) According to (18)), we obtain

E[Qx11] = E[|Wxi — R + W, 6ok — Ev
+ (W = I,) @ La(%e — x5 — Eape) — 0(ye — ¥)|17]
1 -
< (14 8)(1 —=vp)E[Qy ] +(1 + ;)(3)‘12/V—172T0E[Qoz,k]

+ 30°E[Qy k] + 3NE[[| o — Eol|’])
INZ, yro 9n?

Ll Bl ] + - E{2] + i @1)

< (1= DB + =

where p 5, = %E[ngC — &,.1||%]; the first inequality holds comes from (@), (dQ), and Lemma 3]
and denoting p = 1 — p,,; the second inequality holds by choosing s = vp/2 and v < 1, p < 1.
Then we constructed the relationship between E[Q2, ;1] and E[€2, ;].

(b) From (19), we have
E[Q%k-i-l] = E[HW’YYIC —¥Vi+ W’ygy,k - Ey,k
+ YW = 1,) @ Li(Fr — yr — &y k)

+ K(VE(xp41) — VE(xi))[|7]

95\%[/_ Y7o

< (1= )E[Sy ] + E[Q, ]

972 95\2 _
+ TJE[||xk+1 — x| + — Bl - & il (42)

where the first inequality due to (@), Ak = 1, Assumption [I, and Lemma 3l By (12), it holds
that

Ell[xr41 — x4[*) = E[[|€p + (W = 1) @ L%y — ny|”]
S E[[[v(W = 1) @ Li(Xe — x5 — &ai)
+ (W = L) @ La(xi — %) + Woloe — nyll?]
< ANy 10 [Qo, 1] + 4N B[ k]

+ APE[Qy 4] + A0°E[| 74 ]|7] + ANE[|E, k] 43)
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where the second inequality holds due to (6) and the fact that ||y|* = ||y — ¥||*> + ||¥]|* for any
vector y € R™. Combining (@2)—(@3), one obtains that

Yp 367}2L2
E[Qy,kH] < (1 D) + vp f)E[Qy,k]
9N 369N, _ L2
+ W—IW”OE[QJ k] VAW 1 fE[ka]
p v p ’
36\, L2 36n2L%
T E ]+ —HE) + (44)
3672 L2 9 932 = 2 . .
where pia) = —E[|Gk "] + ZSE[[€y0 — &yrll?]. Then we constructed the relationship
between E[(), ;41| and E[Q, 4].
(c) We have

E[Q0, k1] = E[lIXG11 — Xes1 — Eo i [|”]
= E[l|lxr — X1 + &k — o1 + X5, — X — Eok
Far O+ ax — x5
< (14 s)(ar(l—¢) + (1 —a,r)E[Qy, £
+(1+ é)(QE[HXk—i—I = X512 + 2E[[|€x k41 — &ekll])

4
< (1= 2B ] + —Ellxes — x|
¥1

4
+ —E[[&e k1 — Eall?]
Y1

2 16725\%[/_17‘0

< (1 — " E[Q
— ( 2 + Spl ) [ O'xyk]
167202, 16n?2 16n2_..
+ LWL, ]+ — B[Oy 4] + — B[ 962 + (45)
¥1 ©1 ©1

where pi3 5, = 12’;\2E[Hgm,kHﬂ—i—iE[H&MH—gm,k||2]; the second equality comes from (I4) and (16);

the first inequality comes from Lemma [2] and Jensen’s inequality; the second inequality follows

by denoting ¢; = min{w,ry, a,re}, choosing s = 2_“021@1, and «a,r < 1. Then we constructed
the relationship between E[Q,, 1] and E[€2,, ].
(d) Similar to (43)), we have

4
B, k] < (1= 5B, 4] + —Elllyks = vl

4
+ —E[||& k41 — Eyrell]- (46)
©1
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From (13)), it holds that
Elllyers — yell®] = E[lléyn + (W = 1) © 1§
+ VE(xpr1) = VE(x) ]
<E[[v(W — 1) ® La(Fr — Y — Eyk)
+ (W = I,) @ La(yr — ¥&) + Wolyk + VE(Xk41)
- Vf(Xk)Hz]
< 4y A roB[Qo, k] + (492N _; + 160> L7)E[Qy ]
+ 167° A Lir0E[Q0, &) + 167° A5y _ LIE[Qq ]
+ 167 LIE(55]1%] + 16X°E[||&0,0l1*] + 4XE[II&, ])- (47)

where the first inequality holds due to the fact that (W — I,,) ® I;¥ = 0. Combining (46)—@7),
one obtains that

V1 16725\%[/_17‘0

B Qs 01] < (1= 5 + =B,
167202, + 64n2 L2
n YV AW—1 7 fE[QM]
©1
64~2\2, L2 64~2\2, L2
L OB AW LT [JMHME[QM]
¥1 ©1
64n2L%
+ LE[9]%) + pa, (48)

642 162
L€ k)| 2]+ LRI k1)) + 2By k41— €k ]12)- Then we construct the

relationship between E[), ;1] and E[Q2,, 1]. Let j = 14115 f2.kes 43,15 b k] > combining (@), @4), @3),
and (48]), we have

where fi4), =

E[Ok1] = GE[Ok] + LE[|Fx/]* + 1k,

where the elements of the matrix G € R*** and vectors 1J;, € R* correspond to the coefficients

in @I). @), @3), and @8). Since &, ~ Lap,(se, ¢F) and &, ~ Lap,(se, ). we have ju; <

U2q°%5¢%, where ¥, is given by

A2 36AZL2 9X2 16(N\2+1
192—{9_ f+9_ M

Y

WP v ¢ 49)
6402, +16(\%,_, + 1) }2nd
¥1

Then we know that (20) holds.
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APPENDIX B

THE PROOF OF THEOREM [1]

For simplicity of the proof, we also denote some notations.

— . n 1
¢; = min{ S 2Lf(ﬁ T 930)’ 2+Llf8n_ + 576
1 1 1 }
EEEI 4 576 + 102410 £ + 1447 21 + 1767
4 o
fi=1 My =E[Vo] + ) _(0ig*5¢"),

k=0

by =s"0y + (% + Ls)n.
We first construct a upper bound of E[f(Z41)] — f*.
E[f(ze)] - f* <
Bl (70)] — £+ EIV f(50) ( (1] @ L)(En
— )]+ LB @ )Gk — i)
< E[f(@)] — f* = JEIIV @) 2] - JE(I5 )
+ JE(IV (@) — 717+ TENIV £ (@)1

—E[II—(ll ® 19)&onl’]

LfE[H—(lT ® Ia) (Eape — nye) 1]

From (19), we introduce a key property of PGTC, i.e., for k& > 0,

nyk = an(Xk ® Id Z gyt
Then (50) can be rewritten as
Elf (Zr1)] — f* < E[f ()] — f* - ZEHIVJ‘(@W]

~ Dligel?] + TRV /(7) - V00

(1" ® Ia) Zﬁytll + E[II—(1T®Id)€kuI]

t=0

FLE(S (17 @ L)l + 7 LEl el

2>|P—‘
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<E[f(@)] - = JEIVS @)

I .n 2 — 12
— —(= —n°L)E
~( — PLpE5)

nL} L
+ T0g g ) + LB Zw

1,1 )
o LRl (52)

where the second inequality holds due to Assumption [I]and Jensen’s inequality. From 21I)), (32),

and Lemma [l we have

ElVin] < EIVi] - TE[IVF@I7) - B[,

+(sTG—(1— g)s + cE[O)]

l(ﬁ

2 2k ~ 2

where
c=|" 0 0 0.

Then the Theorem [I] can be proved if there exists some positive constants (;—(4 such that the

following inequalities hold.
((1— g)[ —GN)s—c=0, (53)

(g — 2L —s'9;) > 0. (54)

. - 1 1 1
Since ¢, = ¢, < (1, we have ¢, < 1o G < o416 < 12 From v = Cypp1, n =

S|

Cﬂpz/Lf, and p < 1, we have

3672 L2
(LN Mt g G

2+ yp o 4
1_Q+M<1_ﬂ.
2 ©®1 4

Then (33)-(34) can be transfer to the following inequality
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[ oL Cnrp? 3633, _;veLy 166433y, _ ;vpLy 64¢y 33y, _ oS Ly
ol — T I e— - = - o 2
96203 203 Cppt 16¢2¢yvp° 16¢yvp® Ay _ +4¢2p%) w
T TnLy InL; ~ 2nL2 T Ly - nLy S} 0
9 ARy _groeily 366533y _yp%e1ly  e1ly  cneyedes _ 643Xy etroeiLy 2] 0
n B n 4n 2n n —
0 79%)‘%\/—17‘0%1#2 0 10?2 _ SnéyePen e 0
nLp InLy TLJQ_ Ca l(7471,“,2 +€3,va95¢1)
36¢2vp° 16¢2¢yve® 36¢2¢y P 2Ly Ly
| 0 - nLy - nLy - nLy |
(55)
which can be rewritten as
Cnp 32 32 32 2 ] i ]
1-— LLf =T2MN ;1 =320, Ay —128C Ay _1p ¢ 2¢,p
2 2¢,p 2, 2 32 2,4 !
~36(2 = SSGGE 6 Oh G| | 0
12 12 2 260 ¢y0° 23 2
=36C, Al _pro  —144G A7 1 St —256¢2 A3, _ ,p ro ) = 0
22 260y p0° 3
0 =36y Ay _ 170 0 1-— # ¢ 0
4
3 3 5 3
| 0 —72G,p —32¢nCyp —72C,Cyp | -1+ 2CnCyp 1]
(56)

Since p; < 1, p < 1, and N}, _; < 4, it is easy to verify that (56) holds if ¢, = ¢, < (i,
(1= %, (3 =1, and (» = {4 = ;. Then we have (53)-(54) hold, which means

=3 IV A @) + Ellx — %))

k=0

RAM, 4 >
S T + EE Z gy,t

APPENDIX C

THE PROOF OF THEOREM

In this proof, in addition to the notations used in the proof of Theorem [Il we also denote

n 1
8Aw—14/To 2Ly(515 + 930)" 25 + 576

1 1 1
AP0 4 576 +1024r0 22 + 1441 201 + 176"

(5 = min{

From (32) and Assumption 3, we have

Elf(Zr1)] — [

s(—fgxmﬂ@ﬂ—fw—

3

(5 = n* L) E[I5x]°]

3|H

[\

nL3 L
+Tf (15 — x&/)?] E||Z§y,t||
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1.1 )

From (21), (37), and Lemma [Il we have

E[Vin] < (1— %V)E[Vk] +(sTG— (1 7’7”>ST+ cE[O)]
1 _ ok
——(4 Ly — sTOOE[|]] + big* s
k 2
+ %E Zgy,t
t=0

Then the Theorem [2 can be proved if there exists some positive constants (;—(4 such that the

following inequalities hold.

((1- %”)I—GT)S—C ~ 0, (58)
%(g —n*L; —s"9;) >0, (59

Similar to the proof of Theorem [T, we complete the proof if ¢, = ¢, < (o, ¢; = %, (3 =1,
and (2 = (4 = G-

APPENDIX D

THE PROOF OF THEOREM

From PGTC, it is clear that the observation sequence ‘H = {H}7>, is uniquely determined

by the noise sequences &, = {&;x}e20, & = {&yk}io. and random sequence o0 = {ox}72,,

a

where g € R™ is a vector and its element [gz];; is the compression perturbation of L
We use function Zr to denote the relation, ie., H = Zz(&,;, &y, 0), where F = {x(0), W,S}.
From Definition 2] to show the differential privacy of the cost function f;,, we need to show
that the following inequality holds for any observation H C Range(C') and any pair of adjacent

cost function sets S and S@,

P{(gxagyag) S \II|Z]-'(1)(£907£Z/7 Q) S H}

S GEP{(gx,gy, Q) c \I]‘Z]-‘@) (£m7£y7 Q) S H}7

where FO={x(0),W,S8®}, I=1,2, and ¥ denotes the sample space. Then it is indispensable
to guarantee Zra) (&, &y, 0) = Zre (&, &y, 0), 1€,

C(il??,;c’(l), o) = 0(932;6’(2)7 k), (60)
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Clyi Y, o) = Clu . aw), (61)
for Vi € V and any k£ > 0, where

a—c,(1) _ a,(1) c,(1)
L; i =Tk — Lip—1

a—c,(1) _ a,(1) ¢, (1)
Yik =Yk — Yik-1
Since z; (1) = yfél =0,1=1,2, from (I4)—(17) and (GO)—(GI), we have

c,(1 c,(2 1 (2
zlvlg)_ Z]g)’yzlg)_yi7]§)> k:(),...,oo

Then one obtains that

folal oW, o) = fo(@.5P, o),

) (62)
Felyin ™ o) = ﬁ(yf;( 08);
if xZ’,ﬁl) = xZ’,f) and y; ’k(l) = ¥ }52), for Vi € V. Then due to the property of conditional
probability, we have
P{(é-wv é-yu Q) c ‘;[]‘Z]-'(l)<£m7 gyu Q) € H}
P{(&xagya Q) S \D|Z}‘(2)(§xa gya Q) € H} (63)
L PUEE) € VZro(6.8) € H)
- P{(gxagy) € \I]|Z]-‘(2) (€x>€y) H El}’
where ) = U2 {z; 2 = xZ’,ﬁl), yf”k@ = yfk(l ,Vi € V} is an event. We then analyze the right
side of the inequality (63). Since event F; holds, one obtains that
€k = € i = 6o VR EN, Vi o, (64)
From (I2)-(13), the noises with respect to agent iy should satisfy
Agxio,k = _Axio,ka (65)
Aé-yio,k - _Ayio,lm (66)
Axio,k-l—l = _nAyio,ku (67)
Ayio,k-ﬁ-l = Afio,k-i—l - Afimka (68)

where A&, ési?k—sifgk, sym és;? —&2 o Aig e 2 2 =D Aok 2 Y k=Y
and Afi r = Vf ( o, k) Vf ( o, k) From (64)- ([@I) we know for any pair ( o @Sl)),
there exist a unique pair (& ,Sy ) = (5 + A, Y+ A¢,) such that ZF(U(& ,Sy ) =
Zro(&”,67). Let IO = {(&.6) 1 Zr0 (&, & >eH},z: 1,2. Then we have

P{(&, &) € V| Zro (& &) € HY
P{(gmagy) € \P|Zf(2)(£x7£y> S HvEl}
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P{&.6") e TV}
P{(&”.67) e IO}

fz(l) Je (fsg:l), 5351)) dgél)g(l)
fz(l) Je ( + A§x> Y4 A§y> dg

(69)
where
K n d

0.¢9) HHHfL( Toel 51-%)

fr (552 5 S&y, Qf>
Then (69) can be rewritten as

fe (&8, 55,”)

fe (68 + A&, & + Ag, )

—ﬁHH . (M]msﬁz.qf)

k=0 1= lfL _'_Agxl ]r,ngiQf)
i3

fr i k]T735y1q2>
o (160 + D&l 56,

K
A&, A
< exp (Z ||S 3 zolyl || gyLO ) .
k=0 5%0 Qig fyLO qlo

From (63)—(68]), we have
1AE, I < 4VAM, [|A&, | < 4v/dnM,

Then we complete the proof.

APPENDIX E

THE PROOF OF THEOREM [4]
A. Supporting Lemmas

Lemma 5. (Lemma 2 in [37]) Suppose Assumption 4| holds, let L be the Laplacian matrix
of the graph G and K,, = 1,, — %1,11;. Then L and K, are positive semi-definite, L < \;1,,

Ak, =1,

K,L =LK, =L, (70)
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0 <A Ky <L < ALK, (71)

Moreover, there exists an orthogonal matrix [r R| € R™"™ with r = %1,1 and R € R"*(—1)
such that
PL=LP=K,, (72)
'L <P <AL, (73)
where
Moo r’
.
AT |RT

with Ay = diag([Ae, ..., \y]) and 0 < \y < -+ <\, being the nonzero eigenvalues of L.

Denote f(x;) = S0, filzix), L = L®1, P = P 1, g = Vi(x), & = Hgy,
gl = Vf(X), 8 = Hg} = 1, @ V().
Before proving Theorem [3] we provide the inequality regarding with two state values by using

the following lemma.

Lemma 6. Suppose Assumptions [[H2] and hold. Under PPDC, if o, v, € (0, 1), we have
. . 1
Vk-l-l < Vi— ||Xk||?/£1—ﬁ217)17K - ||Vk + ;gzn?ﬁg—mm)nP
— (w5 — rem)n||8xl1* — (k7 — w5 — rgn®)[|xs
c M=
+ & — X |° — ZHgZH2 + fino[|€e el + 11| € el
k
+rnll Y &l (74)
=0
where
‘7 _ 1 2 1 l b2 TKP l b
b= 5l + 5lve + —gillprap + X KP(vi + —gp)

+ {1+ S — XE [+ n(f (@) — ),

_VAL 1 2
KI_T_E(7+9LJC+13M)’
5LF  6(2+ aurp), o« -
_ f zTP), 272 2 272
K2 = = + ot (VAL + L) +67°AL
9w? + 3~2 3
+¥>\L+3w2+§7
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w 3 1 1 v

= _ - (21421
1 (.U2S\L <
= — 2w A, + 6(1 2\
K4 AL+ 5 + 2w AL + 6( +%w)w AL
1 L? L? L?
Ry = — — ! + et + f2 )>
4 Cwdp o WAL Wiy
21> 212 L? 3L>
f f f f
= L
Rg W2AL + w?’AL + W2A% —+ 2 + IRl
Ky = ax;@<1 + OKITQO),
1 _
kg = 5(7+4w))\L—|—3wr0
_ _ 9w? 4+ 3~2 _
Kg = 672)\%7’0(1 + )+ r0(672)\2L + u)\L
3
3w? + =
+ 3w +2),
L? L? L? L?
ko = 4(—1— + i ! Lt

wiAp - wiAL o 2nwdp o 2nwiAp
(A+2p)Li 8LF 1 Ly, Mo

20022 4 +%+2)+ U
+10+4 (% + 3w 4 2wAL)n + (niw + %>i + aiigp
+ 62 (1 + %2 ) + 07 (67°A7 + Mfm
+3w? + g),

1, 1 0 5 3y A\t
N 22T AL
K11 = A (2n+2nw+2+2w+nw+ n),

2 2 2 2
Ly N 7Ly Ly Ly
wAp - wiAp o 2nwlp o 2nw?Ag

(1+2n)L% 302 1 Liy

+ 7

Kig = 4n2w2(

2nw2\2 4 2n 2

B. The proof of Lemma [0l

(i) For simplicity of the proof, we first provide some useful properties. The update equa-

tions (31), (32), (14), and (13) can be rewritten as the following compact form

Xp1 = X + o — N(VLRXE + wvy + Vf(x)), (75)

Vit1 = Vi + & p + nwLXy, (76)
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Xp = x5, + C(x} — x3), (77)

Xjy1 = (1= au)xj, + Xy, (78)
From (76), the propoerty of Laplacian matrix, and the fact that >  v; o = 04, we have
k p—
Vis1 = D o (79)
t=0
Then from (73)) and ({79), one obtains that
k
Xpt1 = X + Eo ke — N8k — MW Z Eu,t- (30)
t=0
Furthermore, we have following useful equations
gy — gell? < L3IRe — xil|” < L=l @1
Ig — &l = [IH (), — &n)|I” < L|Ixklk, (82)
lgr 1 — ghll* < L 1%es1 — Re1®
(83)

k
S L?‘Hé’c,k - ng - nwzgv,t||2a

t=0
where the first inequality comes from Assumption [[l and Ag = 1; the second inequality comes
from (8I) and Ay = 1; the last inequality comes from Assumption [I] and (80).

(i) The proof of Lemma [l We first provide the upper bound of % ||x;41(/k

1

1 .
§||Xk+1||%< - §||Xk + & — n(VLRy + wvi + 81 ||k

1 .
= 5l + Eo — LR
A 1
— nw(x + &o g — myL&s) TK (v, + agk)
1 2
+ |lvi + ;gk”L;?K
1 9 1 - 1o
< SlIxellx + §H§xk — nyL&g ||
+ 30 K((Tna + n7L)&e s — n7L(Zy — &ug))
T 1,
— (X + & — nyLxy) K vi + 8k
n n -
+ §|kaH§< + §||gk — g’ + HXkH%@Tsz
2
n n n
+ —llgr — goll* + 1 ellk + = llgx — ghl?
2 2 2
DRAFT
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+ |Jvi + Leo 1 Lep2
V JE— J— [——
k wgk wgk wgk n? g

1 . Ui
< S lillic = myp L& + &or) + 7 il

2
+—1 L.;,+ nyL 2 + 2
77”( nd T 1Y )fzkHK ||§:ck||K

A 1
+ ||xk||37272L2 — nw(x) K <Vk + ;g,ﬁ)

1 n*w? 1
+§||€x,k||%<+ 5 Vi + ;gZH%{
2,2
~ (12 nmw b2
+ ||Xk L + 5 Vi + ;ngK

n A
+ 5 lxellk + 7ller — ghll” + [1%l2202
2 LS
37]2 n
+ - llge — gell* + 5 6o rlk
2 2
1
+ip?vi+ bl

1 .
< Slxellic = Ixellion + %6 + ok — Xl

31
FeelZ + el
2
2 s |12
+ ||5r,k||(xﬁnd+,wL+§ 4 + HX’fH?nQvQLz

n 22

3n 1
+ (5 + Dllee — goll*+|vi + ag;’iHinzsz

. . 1
—nw (X +Xp — R+ —Ear) K(Vi+ ag;i)

< el = Il or o
- 2 T_(T-i_n(?—i_l)Lf)K

+ ||)AC]€ ||§n2'yzL2
1%+ o = Xkl (s, 1)

+ 10 k52
‘ (Almi%%+g+g+2nw&)l<

. 1
— nw (%) 'K (Vzﬁ-;g/g) : (84)
where the first and second equalities comes from (Z3)); the first, second, and third inequalities

comes from (39) and (Z0); the last inequality comes from (39), (81), and A\g = 1.
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We then provide the upper bound of ||vy1 + gk+1||P+WP

1 1, 9
§||Vk+1 + agk-i-lHP-i-%P

1 1 R 1
= SVt =gt LRt — (g — 8By 2p
w w w
<1 1 40 cTK 1,
< 2||Vl~ﬂL gullprap +0(y +w)X, Vi + —8
W w W
1
+ & (P +1P) (V‘f * —gi’e)
W W
L, T Y 1,
- _ PL_lp -
+w(gk+1 gr) (P+ " )| Vi + 8k
K 7K 3 2
+ %, (K + )(gk+1 gr) + §||fv,k||P+gP
R 1
IS+ gl — bl e
<1 l b2 ATK l b
< 5lvi+ =gillpsap + 00y + W)X K vi + —gp
W w W
1 i 1
+ o lesleze + v+ Zeblb. e
b b n b
+ %—wllgm - gk||12?+1P + 2_||Vk + _ng%’-i-%P
+ ||Xan K 2Hgk+l g+ ;—K(gk—i-l gr)
||§v k”P—i—“’P + ||Xk||n 2w(y+w)L
+ EHgZH - g2||%3+%1)

1 1 . 1
= glvict Zebl e + 0+ RTK (vt et )

1
+ 1%l oy TIVE+ —gillls 2ypzm)
+ Hgk—l—l gk“( L+ i J(P+IP)+iT
ny . 1 3
t %, K(gly — gZ) + (% + §)||§v,k||%+gp

1 1 1
§||Vk + gk||p+vp +n(y+w)%, K (Vk + ;g2>

1
IR +n2K+||Vk+agZ (242)(P+2P)

+ 20177 LY ||| + 451 L1, 1]
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k
7 : 4
+ 4[71772‘*)2[/3‘” Z gv,tH2 + X;—K(gZH - gZ)
t=0

w

1 3 ,
+ G+ Sl ze )
where b; = (H+ 277%u)(l +1) i + 1; the first equality comes from (Z6)); the first inequality comes

from (4Q) and (72); the second inequality holds due to (39), (Q), and (72); the last inequality
comes from @0), (Z3), and (83)).

We then provide the upper bound of xLlKP(ka + %g,ﬁ 1)
1
XJI+1KP(VI€+1 + ;g2+1)
= (Xp + &on — N(YLK, +wvi + g + g —gh)) "
1, . L, b
KP (v + & i + ;gk + nwLxy + ;(gk—i—l —g)
= (x — n(YLXy, + wvy, + &), + 81 — &) KP(v;
1 ~ 1
+ ;g;’i + nwLxy + ;(gZH —g}))
T 1, .
1, T B .
+ W(gk—i-l gr)) + &or KP(x — n(7L&y, + wvy,
b b
+ g+ —gp)
. 1
< (5 KP = n(y + nw?)% K) (v + —gy)

+ 1w Ky — [|Rxl[20n + o KP — 7%, K) (

k
gl — 8- n(wvitel +ei—gi— > & — &)
t=0
I%w+£g@—nWw+£dWPK@Ll—d)
—M&—g@Wmd@m+£KP@&4—£D
+ Cog | KP (Vi + & + %gi + WLy

1 A~
+ a(giﬂ —g)) + &ur PK(xy, — n(vL&y + wvy,

+gl g —gl)

. 1 5
< (T KP = & K) (vie+ ) + %oz
2
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1
+ e + gk”r,? 2 Ikl + 1%kl )

+ [Ixx |13

1K + ||gk+1 ng_P?

- UXIIK(ng gr) — Ilvi + ngan

N n = /-
+ gk — gll* + =] E Eoall” + llEx?

4 4 — 4
+ ||Vk—|—lgb“2 2 + ||Vk—|—lgb“22 2

w k113nP w klin?P

Loy b2 772 b2 T

+Z’|gk+1 — gl +§Hgk_gk|| + ’|Xk’|n2;2K

2
n
+ 5 llex — goll® + llghs — g;’iH;Pz

nw 1 b2 1 2 N
+ v+ ;ngp + n—w||§x,kllp + 1Rl 22

2
n2w?
2
+ ||§:c k” 1KP + ||glli+1 - gll;||22L2Kp2 + ||€x,k||2%K

Ui 2
+ Hgv kHlKP + Hgﬂc kHlKP §ka||K

oo € klpor + 1Rillz,z |+ 160kl pc

77"/L

277
1
+ [[vi + gk“ nepk + ||ka||anK + 35 Hgk — gl
+ ||§v7k||Lp2K2
2n
1 1
< x, KP(v;, + gk) &L K(vi + gk)

~

+ %2

nwK+n2(w2K—w7L+—w2;72 L) - ||X||MK

3
+ (7 +n)ler — il + et - gk||1+znp2+11

nd

7,
(g2+1 —gp) + ZHngz

2

1
- ||Vk + ngan 3nP2— 2P2_’7ZTWK

+ Hgm k“( 1 P+1K + ||£v k“ 1P2+p+,7wp

1’] —
SISl
t=0

| . 1
< x{KP(vi+ —g}) = & K(vi + —gj)
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a2
T ||XHnwK—l—n2(w2K—w'yL+7w2+72 L)

+||X||2’7—<w+4>1<+n(§+n)Lch (262’72L?+ gl

m
— ;X;IK(ng gr)

1 2
— |Ivi + gk“ L+w22xL)P

%—i)P—%(AL

Ar

+ ||§~’C’f||21 P+1K+4b2L2I7d+H€U’9H1P2+P+17wP

T+ by’ )| Z&,tn?, (86)
t=0

+ (
where the first and second equalities comes from (73) and (Z6); the first inequality comes
from (39) and (72)) and the fact that K = I—H; the second and third inequalities holds due to (39),
@Q), [2), and Ak = 1; the last inequality comes from (73), (8I), and (83); by, = 2;:22 T+ i.

AL

We then provide the upper bound of n(f(Zxi1 — f*)).

n(f(Zra1) = £) = (&) = nf* + f(Ri1) — F(Rn)
gmk

< f(&e) —nf* —n(g k+WZ§ut n)gk
Lyvz Fo
+ 5 €k — 1 an&,tH
t=
F= * =
< f(Xx) —nf —§||gk||2 g
U ~. £
+ 5l — &l &

t=0

+ 1 Lyl|gxlI* + 20" Ly’ Z Eoul®

t=0

+ 2L |l

i LM _ n,_
< f&) —nf -0 - 2nLy)||gxl? — Z!ngH2
1 A
+ %l 2k + 27720«}2(5 + LI &l

1
+2(5 + L) &l (87)

where the first inequality comes from (80), Assumption[I] and the fact that H = HH; the second
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and third inequalities hold due to (4Q); the last inequality comes from (39), (40Q), and (82).

| Xkt 1+E k1 — X2+1||2
= [|Xp41 + &aprr — X — o + X + ok
—X) — axrg(xk +&r — x5)|1?
< (14 s)(aer(l =) + (1 — aer)) %

+ gx,k - X2||2

1
+ (1 + ;)||Xk+1 + &t — Xp — Sl

‘P% 2
< (1- 02— 2w+ o — 5|

2
+(1+ ;)ka—i—l + & — Xi — Sl (88)
2

where the first equality comes from (14), (16); the first inequality comes from (39); the second

inequality follows by denoting ¢y = .7, choosing s = £, and a7 < 1. We have
|Xk1 + Eo ki1 — Xp — &,k“z

= [n(VLRk — Xk — &oe) + 7Lxk + WV + 85
+ 8k — 80) + Cakrr + (1L — D

< 607 (|7L(Zn — x1 = &) |2 + v + g
+ L] + [k — gpl1*) + 6[1€w k-l
+6[|(117L — D& il

< 6P (P Rrollxg — i — ExslP HIvict —gh ey, o
 l1%ellEy25 1 22)%) + 6l1ep
+ 65‘7277L—IH£:B,RH27 (89)

where the first equality holds due to (Z3)); the first inequality holds due to Jensen’s inequality;
the last inequality holds due to (6), (14), (Z1), (Z3), and (82)). Combining (88)—(89), one obtains
that

| Xk1+Ea k1 — Xz+1||2

2
- 2
<(1- 2 -2 4 622N (1+ —)|Ixk
2 2 ¥2
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2 2
&k =X+ Ixklloe e 22 422k

Ve SR e
w 6n2(1+ 5 )w?AL P

2
+6(1 4+ —) &1l
©2

2
11+ @2)|| el
From \g = 1, (73), @4)—(7), and ©O0), we have
Vi1 < Vi — kaHzBm + ||f<k||232n
1 _
— ||Vk + ;gZH%,{g_mn)np - (/{5 - /{677)77||gk||2

~ c ’r/ _ ~
— bs|xp + & — X5 — ZH%Z’P + by | &l

k
+ rn[[€okll” + maall D &l oD
t=0

where

B, = 1L T+9L% + w)K — 5L
1—7—1(4‘ + w) 77(2

2 _
+6(1+ ) (v*A7 + L?)K),

©2

3w? 2 1
By = wK + n(27°L? + WTHL + (W + §)K)>

) 902 2 272 2 n 3
by = —6 A 1+ —)—= 4w) A
2 2 2 2
P S A S

WA wiAL o 2nwAp o 2nwiAL

W28 81 Ly M

2Mw2\? 4 2n 2
1 1.1 12
+10+n+2nwAL+(—+ )—+
2 nw AL QT
2

+ 62 14+ —).

nyL— I( ¢2>

Since Jensen’s inequality and Ak = 1, it holds that
1R5 5 = 1%k — Xk — Eo + Xk + Eapllk
< 3rol|xk + Eak — Xill” + 3lIxkllk + 3|&e .kl 92)

Combining (91)-(2), we have ([74). Then the proof is completed.
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C. The proof of Theorem

For simplicity of the proof, we also denote some notations and a useful auxiliary function

+ ~ ~
Gz max{EES 1), G max(d G,
5 min ﬂ @ K5 \/I<L8+4H7I£9—I<L8}
T HQ I<L4 Iiﬁ 2%9 7

§4=%+1+Cl+2\/(;;+1(1+C~1))2+%(1+C~1),

. +G L2 L%+ (L2 L2
f Cl _'_2\/( f Cl f2+ f

=9 ,
C5 )‘L AL ) WQA%
AL —w
R13 = 7273L
: { L,
K3 = maxy{—, —————— |,
’ n (k1 — Kam)n

1 . [oe)
My = EE[VE)] (K10 + K11) Z 2dq2k 52
k=0

~ 1 .
U = |Ixilli + [lvi + ;gZH% + %k + & — x|
+n(f(zg) — 7).

From (39), we have

- 1 1, 1
Vi = Slxellic + 51+ D)lvie+ —eille -

2
o el
Y 1 .
= o lvi gl + e+ o — x4
+n(f(Zr) — )
> kysUp > 0, (93)

We then verify k1 — kan, K3 — K4, &5 — Kg1), K7 — Kgl) — Kg1)® are positive. Since v = (w,

&> 13+C4 , G >0, and w > G > 7+C , it holds that
CMAL

1 -
K1 - E(QW + 13w) > 0.

2

From v = C~1w, C~2 > 54 and w > 0, we have
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From v = flw, 52 > C~5 and w > 0, we have
2 ~ T2 2

1
- — — > 0.
4w AL WAL

Ry =

From 0 < n < (3, we can verify K, — ko1, K3 — K41, K5 — KgT), K7 — Kgl) — Kg7)® are positive.

From Lemma [6l we have

~ ~ T] _
Vierr < Vi = %1, oy — ZHgZH2 + Kol e rll?

k
+ ki l|&onl® + Rzl D &l
t=0

Then, one obtains that
T T

77 _ ~
(k2 = mam)mlxeellie + 7 18R17) < Vo + 3 (aollEeuel
k=0 k=0

k
+ ki onll® + mizll D &uall®),

t=0
which can be rewritten as
T
1 _ _ Rg M.
= (Blx - %l + BV £(2]?) < 222
k=0

K3k >
3K12 =
+ El| Y &l
n t=0

APPENDIX F

THE PROOF OF THEOREM

In this proof, in addition to the notations used in the proof of Theorem 4l we also denote

1 v v\ +w
K1qg = Maxy—= + —, — ,
Y BT 2,
. v Kt
K15 = nmin{r; — ka1, fis—ffﬂhga;—fis—figﬂ}

_ . k1 _
0 < Ry < min{—>, 1 — 7%}
R14

From Lemma [6] and Assumption 3 one obtains that
Vi < Vi — [IxeI? — lve + —gill?
k+1 S Vi kll (11 —wom)nK k wgk (k3—kKan)nP

— (ks — rem)nl|gxll* — (k7 — rsn — k)|

M(f(jk) — 1) + K10|&arl”
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k
+ ke [|€okll® + maall D Suall® 94)

=0
From (39), we have

-1 1. A 1
Vie < §||Xk||%<+—(1+a)“Vk+ag2||2p+ % |%

L|
2 27AL
b v+ gl + e + o — 7
2w w P ’
+n(f(7) — f7)
< K14y, 95)
Combining (94) and (O3)), we have

E[Vii1] < E[Vi] — :—ZE[‘N/M + k1016 I7] + F11E[[|E0 k)]

k
+rB[ > &)
t=0

< (1 - &) HE[Vy)
k

+ (/{10 + K,ll)n2§§2 Z(l i 1%4)k—tq2t
t=0

k t
+ i Yy (1= E) B[ Y o]
t=0 m=0

K10 + Iill)n28_52
1 —Fy— G

1 [ee)
+ r12—Ef] > ol (96)
k=0

< (1— ") (ET) + ¢

)

Noting that 0 < k4 < 1since ¢ < 1and 7> < 2% = %WW < 1. Combining (93)) and (96),

we complete the proof.

APPENDIX G

THE PROOF OF THEOREM

Similar to the proof of Theorem [3] we know that the Theorem [6] can be proved if the following
inequality holds for any observation % C Range(C') and any pair of adjacent cost function sets

SM and S@,

P{<£m7£t}7@) € ‘I’\Zf(n(gm,gm Q) S H}
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where FO={x(0),W,S8W}, I=1,2, and ¥ denotes the sample space. Then it is indispensable

to guarantee Zra) (&, &y, 0) = Zro (&, &y, 0), 1.0
Caf Y, o) = ", on),

for Vi € V and any k > 0, where

ngc’(l) = :cZ’,gl) — xf,glll, [=1,2.

Similar to (63), we have

P{(&: 80, 0) € V[ Zr0) (€, €0y 0) € HY

P{(&:&v, 0) € Y| Zre (€, Eus 0) € HY
P{(&s,80,0) € V| Z70) (€2, 60, 0) € HY

- P{(fx,fv, 0) € V| Zre) (&4, &0, 0) € H, B}

where Fy = O{xfo(,f = ;) (VY is an event. From (73) and (76)), we have
(1) @ )
xio,k-ﬁ-l - xio,k‘-ﬁ-l - _n(wvzo ko (U’UZO k + vfl ( 70, k)
2), (2
= VI @),
1 2 1 2 1 2
Ui(o,)k—l—l UZ(() )k—l—l Z(() )k ,UZ'((),)]C + 51(}10),]‘3 - 51(}10),]c

We then denote the following map by B(-), i.e (&cz 0,5%) 8(5:83,55}3 ).
59(53 0 — é-%o 0
gmlo 5%0 (Vf ( 20 0) v.f ( zo 0))

gmlo k+1 — ngo k+1 (vf ( zo k) vf ( zo k)
Vf (mk 1)‘|‘Vf ( 1)), Vk >,

D=0

e =€+ < £ (@) = VD (22)),

& pir = Q;Hf%< VD@D = VD @)
Vf (mk 1)+Vf (Zok D), Vk > 1.
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From (©8), (@9), and B(:), it is easy to verify that @@ — My > 0 holds. Then

i0,k i0,k

combining (7)), we have

P{(&,&vs 0) € Y| Z70) (&as §0s 0) € HY
P{(&:&v:0) € V| Zre (& 60y 0) € HY

P{(g-’mgvv Q) € \II|Z}'(1) (590,&,, Q) < H}
N P{(g-’mgvv Q) S \II|Z}'(2)(B(£M£U>7 Q) S H}7E2.

(100)

Thus, from (100Q), the proof can be completed in the same way as the proof of Theorem
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