arXiv:2308.00957v2 [stat.ML] 30 Apr 2024

Causal Inference with Differentially Private
(Clustered) Outcomes

Adel Javanmard*f Vahab Mirrokni Jean Pouget-Abadief
May 1, 2024

Abstract

Estimating causal effects from randomized experiments is only feasible if participants agree to
reveal their potentially sensitive responses. Of the many ways of ensuring privacy, label differen-
tial privacy is a widely used measure of an algorithm’s privacy guarantee, which might encourage
participants to share responses without running the risk of de-anonymization. Many differen-
tially private mechanisms inject noise into the original data-set to achieve this privacy guarantee,
which increases the variance of most statistical estimators and makes the precise measurement
of causal effects difficult: there exists a fundamental privacy-variance trade-off to performing
causal analyses from differentially private data. With the aim of achieving lower variance for
stronger privacy guarantees, we suggest a new differential privacy mechanism, CLUSTER-DP,
which leverages any given cluster structure of the data while still allowing for the estimation of
causal effects. We show that, depending on an intuitive measure of cluster quality, we can im-
prove the variance loss while maintaining our privacy guarantees. We compare its performance,
theoretically and empirically, to that of its unclustered version and a more extreme uniform-
prior version which does not use any of the original response distribution, both of which are
special cases of the CLUSTER-DP algorithm.

1 Introduction

Measurement and experimentation are essential tools to improve any user-facing product. Tech-
nology companies routinely run randomized experiments (Imbens and Rubin, 2015), also known
as A/B tests, to compare the performance of a new product or iteration (the treatment) to some
well-chosen baseline (the control). Randomized experiments are also used to evaluate the impact
of new drugs, in the form of clinical trials, or to inform public policy. Measuring causal effects
from these randomized experiments assumes that participants are willing to share their potentially
sensitive or private response to treatment. This assumption is constantly challenged by the rise
of privacy concerns and regulations for protecting individuals’ online data. Many participants and
regulatory guidelines agree with sharing some degree of information, as long as there is so-called
plausible deniability, meaning no response can be tracked to any individual user, by sharing only
aggregated data for example. However, data aggregation is often not sufficient to entirely prevent
the risk of de-anonymization (Sweeney, 2000; Narayanan and Shmatikov, 2008).
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Differential privacy is one possible framework which has emerged as a solid contender under
which user outcomes might be shared while diminishing the risk of deanonymization. It formalizes
the notion that two privatized datasets are unlikely to differ in any measurable way if the true
responses differ by a single point. Ensuring such a privacy guarantee often comes at the risk of
adding additional noise into the original dataset, which increases the variance of statistical estima-
tors. This privacy-variance trade-off is crucial for causal inference applications, since randomized
experiments aim to obtain the most precise measurements possible of a causal effect.

Our paper has two main objectives: (a) to mathematically analyze the privacy-variance tradeoff
for an intuitive set of algorithms that allow for the estimation of causal effects from differentially
private data; and (b) to develop a novel mechanism CLUSTER-DP that enhances this privacy-
variance trade-off by leveraging non-sensitive cluster information about the dataset.

Many of the algorithms we consider assume the existence of a central unit that observes all
outcomes, and computes and shares a privatized dataset on which causal inference analyses can be
run by a third-party. Furthermore, our suggested CLUSTER-DP mechanism assumes that outcomes
exhibit some cluster structure, such as geographic regions or broad demographic classes. Notably,
these clusters need not satisfy specific cardinality or quality constraints, and can include singleton
clusters, random clusters, or even a single cluster containing all units. We do show however that
our results improve when the clusters exhibit a measure of cluster quality that we define.

In Section 2, we motivate and define the differential privacy setting and causal objective of
our work. In Section 3, we consider several intuitive mechanisms for privatizing a dataset while
allowing for unbiased and consistent estimation of the average treatment effect. In particular, we
consider the UNIFORM-PRIOR-DP mechanism which samples responses with some probability at
random from the space of possible outcomes. In Section 4, we introduce our novel private-and-
causal CLUSTER-DP mechanism, and its special case when all units belong to the same cluster, the
CLUSTER-FREE DP mechanism. We evaluate their privacy guarantees and their variance gap to
their non-differentially-private counterparts. We conclude in Section 5 with numerical experiments
on simulated and real graphs to validate our claims and compare the empirical performance of each
algorithm.

1.1 Related works

There are different approaches to preserving the privacy of user data regardless of any downstream
analysis of it. A popular approach involves anonymizing data by removing, aggregating, or ran-
domizing identifying details in some way before releasing the data to the public, in the hope of
making ‘re-identification’ of users difficult. Several privacy measures have been proposed under
this approach, including k-anonymity (Sweeney, 2002, 2000), ¢-diversity (Machanavajjhala et al.,
2007), and t-closeness (Li et al., 2006). While providing a layer of privacy protection, there are well-
documented cases where de-identified data has been combined with other data sources to uniquely
re-identify large proportion of users (Narayanan and Shmatikov, 2008; Sweeney, 2000).

In this work, we consider the differential privacy measure, which is a property of a data process-
ing algorithm, rather than of a data set (Dwork et al., 2006a,b). Differential privacy is widely used
and extensively covered. In this work, we will focus primarily on label differential privacy, intro-
duced by Chaudhuri and Hsu (2011). The literature on label differential privacy is mostly dedicated
to classification and regression tasks with the goal of improving excess risk while offering protection
for labels (Beimel et al., 2013; Bassily et al., 2018; Wang and Xu, 2019). More recently, there have
been several papers improving utility-privacy tradeoffs of label DP algorithms (Esfandiari et al.,



2022; Ghazi et al., 2021, 2022). Our mechanism is inspired by a technique by (Esfandiari et al.,
2022), which we adapt to the estimation of causal effects. We further provide privacy-variance
tradeoffs and a tighter analysis of the privacy guarantee than the proof methodology of (Esfandiari
et al., 2022), which we extend to an (g, d)-type guarantee (See Theorem 4.1).

Panigrahi et al. (2022) study the problem of treatment effect estimation after adjusting for
potential confounders from different independent studies. Using a Lasso estimator, a parsimonious
model is selected in each study and an unbiased estimator is constructed by aggregating simple
summary statistics. While sharing only the summary statistics provides some layer of protection,
this work does not provide any differential privacy guarantees.

Closer to our work, Kancharla and Kang (2021) also study the problem of average treatment
effect estimation from a randomized control trial, where outcomes have been privatized using a
differentially private mechanism. Specifically, they consider a binary outcome space and a mech-
anism, which for any given true response y;, either returns ¢; = 0 with probability rg, 7; = 1
with probability rq, or the true outcome g; = y; with probability 1 — ro — 1 for some choice of
probabilities 79,71 € (0,1). Our setting and results differ significantly in that (1) we go beyond
binary responses and consider a general discrete outcome space; (2) our mechanism leverages a
clustering structure of responses to improve the privacy-variance trade-off, and we quantify the
impact of cluster quality on the variance of the estimator. In fact, their proposed procedure does
not account for the empirical distribution of responses, such that an extension of their algorithm to
a general discrete outcome space would be closer to the UNIFORM-PRIOR DP mechanism, which
we consider along with other baselines in Section 3. In the absence of non-compliers, the procedure
in (Kancharla and Kang, 2021) can be viewed as a special case of ours, for binary outcomes and
assuming no-cluster structure (see Equation 7 for further detail).

Betlei et al. (2021) focus on the randomized control trial set-up and propose a differentially
private method, called ADUM, to learn uplift models from data aggregated along a given partition
of the feature space. The privacy-utility trade-off is studied by computing the mean-squared error
of the estimator and its dependence on the underlying partition size and privacy budget. The
analysis is for uni-dimensional feature spaces and makes the assumption that every bin has the same
number of treated and controlled units. The ADUM mechanism adds Laplace noise to the count
and the sum of responses from treated and controlled groups within each bin, and uses the (noisy)
aggregate responses to estimate the conditional average treatment effect (CATE). While the bins
can be thought of as clusters based on the features, their work does not use this clustering structure
to reduce the variance of the estimator resulting from the added noise to achieve differential privacy.
The ADUM mechanism is very similar to the noisy Horvitz-Thompson estimator baseline discussed
in Section 3, with the difference that ADUM adds noise to the count and the sum of responses,
while the noisy Horvitz-Thompson estimator baseline adds noise directly to the average response
of treated and controlled groups in each cluster (cf. Equation (1)).

Niu et al. (2022) propose a meta-algorithm for multi-stage learning under privacy constraints
and apply that to CATE estimation. The methodology relies on multiple sample-splittings where
different parts of the sample are used to estimate different components of the estimator. The
approach uses DP-EBMs (Nori et al., 2021) as the base learner, and conducts a privacy analysis
using the sample splitting structure of the algorithm and the parallel composition property of
differential privacy. They study the privacy-accuracy trade-off empirically. This framework goes
beyond randomized control trials and allows for heterogeneous causal effects. However, they do
not leverage the cluster structure of the data to improve the variance-privacy tradeoff, nor do



they provide private ‘unit-level’ data to the experimenters; instead their work aims to estimate the
propensity model and the outcome model in a differentially-private way.

2 Causal Objective and Privacy Setting

We are motivated by the real-world scenario of a technology company in the business of selling
advertising space to advertisers. Its clients, the advertisers, wish to measure the effectiveness of
their advertising campaigns by running A/B tests, but do not want to rely on this technology
company to provide their causal estimates. Instead, they would like access to user-level data, such
as whether a user clicked on their ad, as well as any meaningful covariates about that user, so
that they can conduct these analyses themselves. One reason for this might be that advertisers
wish to run their own covariate-adjustment methods, or they would like to investigate proprietary
sub-slices of users. On the other hand, this technology company seeks to protect the privacy of
its users, and does not wish to share sensitive information about its users. Hence it must act as a
central unit which privatizes its datasets before passing them on to advertisers for them to perform
their own causal inference analyses on. We now introduce the formal causal objective and privacy
setting. To guide the reader through abundant notation, we include a glossary at the beginning of
the Appendix.

Causal Objective. We consider a fixed population of n users, henceforth units, where we can
assume the Stable Unit Treatment Value Assumption (Imbens and Rubin, 2015). Let y;(0) be the
potential outcome of unit 7 if it is controlled, and y;(1) if it is treated. These potential outcomes
are sampled from a finite response space ) of cardinality K = |)|. While finite response spaces are
common in many advertising settings (e.g. number of clicks or impressions), we suggest binning
when outcomes are continuous, as illustrated in Section 5.

For our CLUSTER-DP algorithm, we will further assume that there is some known clustered
structure of these units into C' = |C| non-overlapping clusters of size n., and let ¢; € C be the cluster
membership of unit 7. These clusters may be geographic regions or broad demographic groups the
units belong to. We do not make any assumptions on the number of clusters or their size. In
particular, our results hold for a single cluster or all singleton clusters. The strength of our results,
however, improve with a specific measure of cluster quality, introduced in Section 4.

While we focus on the common finite sample setting, we can easily extend our results to their
super-population equivalents. For this purpose, we will sometimes denote by z; € R¢ the covariate
vector of each unit ¢ such that each (x;,y;(0),v:i(1),¢;) is drawn from some joint distribution P .
Our causal estimand is the average treatment effect estimand defined in the finite sample regime
by

LS (1)~ )
T=— Yi —Yi .
i

Let z; correspond to the treatment assignment of unit ¢, z; = 1 if treated and z; = 0 if controlled.
Let ny be the total number of treated units and ng to be the total number of controlled units across
units. Treatment and control are assigned completely at random. When a clustering of the data
is available, the treatment assignment is sampled in a completely randomized way over clusters: a
fixed number of n; . (resp ng,) units is chosen uniformly at random to be treated (resp. controlled)
within each cluster C, with n. = ny . + ng . the total number of units in cluster c.



Privacy Setting. In the real-world advertising setting presented above, it is assumed that a
central unit privatizes the dataset before sharing it externally. Some of the mechanisms we explore
also work without the presence of this central unit, a setting known as local differential privacy,
but this is not a requirement for our framework.

Furthermore, an important question is which variables (treatment assignment, outcome, cluster
assignment and/or covariates if available) are sensitive and should be privatized. In our advertising
setting, a unit’s treatment assignment is assigned purely at random; it is therefore not sensitive,
and can be shared as-is. Outcomes are clearly sensitive and should be privatized. Finally, of the
mechanisms we present, only our proposed CLUSTER-DP mechanism uses clusters—or covariates
to form these clusters—to improve its privacy-variance tradeoff. While not all covariates may be
sensitive (e.g. broad geographic regions), we can decouple the privacy protection of covariates from
that of outcomes. In particular, by virtue of the composition property of differential privacy, we
can allocate e1 privacy loss for the first step (forming clusters from covariates) and e, privacy loss
for the second step (computing the estimator). The end-to-end process will be (= €1 + 2)-DP.
There already exists a rich literature on DP-clustering algorithms, see e.g., Nissim et al. (2007);
Feldman et al. (2009, 2017); Stemmer and Kaplan (2018); Cohen et al. (2021). We focus therefore on
the second step, namely estimating average treatment effect from differentially private outcomes,
assuming a given cluster structure. This more restricted setting is known as label-differential
privacy, introduced by Chaudhuri and Hsu (2011) and (re-)defined formally below. In this context,
a unit’s “label” refers to its observed outcome; we use the words outcome and label interchangeably.

Definition 2.1. (Label Differential Privacy) Consider a randomized mechanism M : D — O that
takes as input a dataset D and outputs into O. Let €,6 € R>g. A mechanism M is called (e,6)-
label differentially private—or (e, §)-label DP—if for any two datasets (D, D") that differ in the label
(outcome) of a single example and any subset O C O we have P[M (D) € O] < e*P[M(D') € O]+94,
where € is the privacy budget and & is the failure probability. If 6 = 0, then M is said to be e-label
differentially private, or e-label DP.

Achieving label-differential privacy implies that the output of a mechanism does not change
too much if a single label in the input dataset is changed. The privacy loss € controls the size of
the possible change, and § is the failure probability in providing such a guarantee. In other words,
(e,0)-differential privacy ensures that, for every run of the mechanism M, the observed output is
(almost) equally likely to be observed on every other neighboring dataset, simultaneously. The
(e, ¢)-differential privacy property relaxes this constraint and states only that it is unlikely that
the observed value M (D) has a much higher or lower chance to be generated under a dataset D
compared to a neighboring dataset D’. Differential privacy can also be viewed from a statistical
hypothesis testing framework, where an attacker aims to distinguish D from D’ based on the
output of the mechanism. This viewpoint has been put forward by Wasserman and Zhou (2010)
and Kairouz et al. (2015), who show that, by using the output of an (g,d)-DP mechanism, the
power of any test with significance level a € [0, 1] is bounded by e« + §. For small enough (e, 9),
this bound is only slightly larger than «, and so any test which aims to distinguishing D from D’
is powerless.



3 Aggregation-based baselines and the Uniform-Prior-DP mech-
anism

In this section, we introduce three differentially private algorithms that still allow for the estimation
of causal effects. These will serve as important baselines to our proposed CLUSTER-DP algorithm,
which will be introduced later in Section 4.

3.1 Two aggregation-based baselines

The simplest approach to sharing a differentially private estimate of the average treatment effect is
for the central unit to compute some unbiased estimator based on the original responses y; and add
noise to the estimate before sharing it externally. We provide an example in Algorithm 1, written
in the broadest generality when a clustering is available. When no clustering is available, we can
simply assume that all units belong to the same cluster.

Algorithm 1: NO1SY HORVITZ-THOMPSON mechanism

Input: Individual responses yi, ..., yn, (optional) cluster memberships ci, ..., ¢,
Output: Privatized estimate 7

c izi Yill — 2
Return 7 := Z % {Z (y 5 M) +wc} , we ~ Laplace(n,) . (1)

n n
ceC i€c Le 0,c

The variances of the noise parameters 7. determine both the privacy guarantee € and additional
estimator variance of the Noisy Horvitz-Thompson algorithm. To compute its privacy guarantee,
we apply (Dwork et al.; 2014, Theorem 3.6) and consider the sensitivity A, of the inner function
LUny Yizi — Ynoyi(1 — 2;), defined as the maximum change in its value when changing only one
label in the data set. The variance of 7 can be expressed easily as a function of the variance of its
non-differentially-private equivalent, the Horvitz-Thompson estimator without the Laplace noise:

TNo-DP i= Z % Z (ylzi _wll =) Zi)) : (2)

mn n
ccC icc 1, 0,c

Proposition 3.1. The noisy Horvitz-Thompson estimator 7 is e-DP when setting n. = Ac/e for
every cluster, where A. = min{ng ., n1 .}~ x maxyey |y|. Furthermore, its variance with respect to
the treatment assignment z and the Laplace noise (DP) is given by

. R ne Ac\
Varpp.[7] = Var;[Tno-pp] + 2 Z <> ,
ceC

where Txo-Dp @S the non-differentially-private stratified Horvitz- Thompson estimator defined in
Eq. 2, and Var,|[TNxo.pp] is its variance with respect to the treatment assignment z.

Because these results hold for any clustering, they also hold when no clustering is available; in
that case, we consider all units to be part of the same cluster. We refer the reader to the appendix
for the well-known closed-form expression of Var[7xo-pp]-



A second and slightly more sophisticated approach would be for the central unit to add noise
to the frequency of responses in each cluster before sharing the histogram externally, since the
estimated treatment effect depends only on the histogram of responses of treated and controlled
units in each cluster. We provide an example in Algorithm 2, written in the broadest generality
when a clustering is available.

Algorithm 2: NOISY HISTOGRAM mechanism
Input: Individual responses yi, ..., yn, (optional) cluster memberships ¢, ..., ¢,
Output: Privatized estimate 7
Compute the empirical distribution ps(y|c) of treated (a = 1) and controlled (¢ = 0) units
within cluster c.

. n A~ A~
Return 7 := 3~ 7€ 3~y x (p1(y]e) + wi.ey — Po(ule) — woey) . waey ~ Laplace(nc).
ceC yey
3)

Since the K bins corresponding to the K elements of ) are disjoint, and the sensitivity of the
value of each histogram bin is n, L the central unit can share the histogram privately by adding
independent draws from Laplace((n4.€)"!) to the frequency of each value. Furthermore, we can
compute in closed form the variance gap of the Noisy Histogram mechanism compared to its non-
private Horvitz-Thompson counterpart.

Proposition 3.2. The noisy Histogram mechanism 7 is e-DP when setting nq. = (na705)_1 for
every cluster. Furthermore, its variance with respect to the treatment assignment z and the Laplace
noise (DP) is given by

) . 2 2 ne)? (1 !
VarDP,z[T] = Varz[TNO-DP] + 672 Z Y Z (;) (2 " n%c) ’

n
yey ceC 0,c

where Tno-Dp @S the non-differentially-private stratified Horvitz- Thompson estimator defined in
Eq. 2, and Var,|[TNxo.pp] is its variance with respect to the treatment assignment z.

For the same privacy guarantee, the NOISY-HORVITZ-THOMPSON mechanism has a smaller

variance gap than the NoIsy-HISTOGRAM mechanism, since ||y[|oo < [|y|l2 and min(ngc, n1c) "2 <
. _ - —2 —2
min(ng e, n1.c) "2 + max(ng e, nie) "2 = nge+mny,.

Limitations These aggregation-based approaches have two drawbacks in the real-world setting
of Section 2. First, advertisers expect user-level data even if privatized. Perhaps this is because
they wish to analyse their own slices of the user population or perhaps they wish to apply their
own proprietary covariate-adjustment method to measure campaign effectiveness. Second, the level
of noise in Algorithm 1 is averaged over the number of clusters C'; in Algorithm 2, it is averaged
over the number of possible outcomes K. The next mechanisms that we introduce will privatize
user-level responses, and the noise level therein is averaged over n samples, the number of users.
This becomes an important competitive advantage of user-level methods in the case of one-shot
communication between the central unit and the advertisers. In particular, a user-level privatizing



scheme achieves lower finite-sample conditional bias than the prior two aggregation baselines when
n > K and n > C, when we condition on the randomness of the DP mechanism and consider the
bias with respect to the randomization in the sub-population. We will illustrate this point further
in Experiment 5 of Section 5.

3.2 The Uniform-prior DP mechanism

Unlike the two prior mechanisms, the next mechanism we consider provides user-level outcomes.
Formalized in Algorithm 3, it reports the true outcome with some probability, and otherwise reports
an outcome sampled uniformly at random from the space of possible outcomes. We refer to it as the
UNIFORM-PRIOR-DP mechanism because it does not leverage any information about the empirical
distribution of outcomes beyond its support.

Algorithm 3: UNIFORM-PRIOR-DP mechanism

Input: Individual responses y1,...,yn
Output: Privatized responses 41, ..., ¥n
forie {1,...n} do
7 {y? ~U(Y) with probability A // U is the uniform distribution
’ Ui with probability 1 — A

Return privatized responses {g1,...,Un}-

The UNIFORM-PRIOR-DP mechanism is a generalization of the mechanism proposed by Kan-
charla and Kang (2021) in the binary-outcome setting, when there are no non-compliers. In the
broadest generality when a clustering is available, the following stratified estimator is unbiased for
the average treatment effect:

. 1 Ne izi - Ui(l — z)
_ L NI A 1
= nz( : (4)

n n
ceC L O,

Proposition 3.3. The conditional expectation of the estimator Ty defined in Eq. (4), with respect
to the DP mechanism, is equal to the non-differentially private Horvitz- Thompson estimator. It is
therefore unbiased for the average treatment effect T over z and the DP mechanism.

Epp[7alz] = Tnopp  and  Epp.[f\] =T

Having an unbiased estimator for causal inference is an important but not entirely surprising
result. In fact, many differentially private mechanisms can recover true labels in expectation;
Kancharla and Kang (2021) also propose an unbiased differentially private estimator in the setting
of binary potential outcomes y; € {0,1}. Instead, the main difficulty is to minimize the variance gap
with non-differentially-private estimators. To state the variance of 7 under the UNIFORM-PRIOR-
DP mechanism, we consider the following notation: y := 1/y| Zyeyy and y2 = 1/jy| Zye)/ y?

over all possible outcomes. For a € {0,1}, we also define yc(a) := 1/n. Y ;. yi(a) and y2(a) =
Une > se.y2(a) over the units of cluster c.

Theorem 3.4. For any € > 0, the UNIFORM-PRIOR-DP mechanism is (£,0)-label DP when we
set & = max(0,1 — X\ + #(1 — €)). In particular, it is e-label DP with ¢ = log (1 + W)



Furthermore, the variance of estimator 7y in (4) under the UNIFORM-PRIOR-DP mechanism and
the treatment assignment z is given by

2 2 252
A R n 1 1\ Ay2— A
Varppz[f] = Varz[fo-pp] + Y —% ( + > ﬁ
CEC n nO,C n17c

2 2200 2(1) v (0 o.(1)
n A 0 1 27 0 1
n 1-—A no.c nie 1-A no.c nic
CGC b K b b
As the sampling probability grows small A — 0, we recover the non-private variance formula
Varpp,.(7) — Var;[Txo-pp], but the e-DP guarantee goes to infinity. Since the UNIFORM-PRIOR-
DP mechanism itself does not depend on the clusters, the privacy guarantee does not depend on
the clustering properties of the data, if any. The dependence on the clustering in Equation (5) is
only due to the definition of the stratified estimator. When a good clustering is not available, the

above estimator can be simplified to its unstratified version 7% by considering that all units belong
to the same cluster:

1 (s 51— =)
= —— - 6
T 1-A Z ( ny o (6)
=1
The following variance result is a direct corollary of Theorem 3.4.

Corollary 3.5. Under the UNIFORM-PRIOR-DP mechanism, the variance of the unstratified esti-
mator T defined in FEq. 6 is given by

n AN <y2<0>+y2<1)> 2y <y<0>+y<1>>
A

ning (1 — )\)2 1— no ni 1—-A no ni

Varpp.[7"] = Var;[TXo.pp] +

where Var [T\, pp] denotes the variance of its non-private equivalent 7, np. Its differential pri-
vacy guarantees are the same as those in Theorem 5.4.

We refer the reader to the appendix for the well-known closed form formula of Var,[7¢, pp]. The
special case of the unstratified estimator 7% in (6) for binary outcomes ) = {0,1} was previously
proposed by Kancharla and Kang (2021), in which case the variance of the estimator can be further
simplified:

Varpp.[7"] = Var,[T¥o.pp) + _7)\)22 : (7)

The first two aggregation-based mechanisms in Section 3.1 assumed that a trusted data curator
(e.g. a technology company, in the motivating example in Section 2) has access to the true outcomes
and computes a differentially private estimate or empirical distribution of these responses. In
contrast, the UNIFORM-PRIOR-DP mechanism can be implemented without such a curator: each
user can privatize their response before sharing it with the experimenter. In other words, the
UNIFORM-PRIOR-DP mechanism provides a local DP guarantee, defined by Kasiviswanathan et al.
(2011), which is stronger than a DP guarantee. That said, in our motivating example, assuming the
existence of a trusted curator—the technology company—is more natural than putting the burden
of privatizing responses on each individual user.



4 The Cluster-DP and Cluster-Free-DP mechanisms

We now introduce our main differentially private mechanism, CLUSTER-DP, which not only pro-
vides user-level privatized outcomes, but also leverages information about the empirical distribution
of outcomes within each cluster to improve its privacy-tradeoff. When no good clustering is avail-
able, we consider its special case when all units can be considered part of the same cluster, the
CLUSTER-FREE-DP mechanism.

Algorithm 4: Our suggested differential privacy mechanism: CLUSTER-DP

Parameters: threshold v € [0, 1/k]; noise scale o > 0; re-sampling probability A € [0, 1]
Input: Individual responses yi, ..., y,, treatment assignments z1, ..., z,.
Output: Privatized responses 41, ..., ¥n
// Compute noisy response distribution per cluster and treatment group
for ce C do
for a € {0,1} do
// Add noise to each empirical probability distribution p,(y|c) and truncate
for y € Y do
| qa(ylc) < max{vy,min{1,p,(y|c) + w}}, where w ~ Laplace(o/nqg)
for a € {0,1} do
/] Renormalize each distribution
for y € Y do
if Zy Qa(y|c) > 1 then Cy — Qa(y|c) -7
else ¢, < 1 — qa(ylc)
for y € Y do

@) o) + e (1- 2, wllo)

/ Randomize responses
forie {1,...n} do

o y? ~ G, (-le;)  with probability A
v Yi with probability 1 — A

~

Return privatized responses {y1,...,Un}-

Formalized in Algorithm 4, our proposed mechanism deals with each cluster individually and
independently of other clusters, handling treated and controlled groups separately. It returns a
privatized potential outcome g; for each unit, which is either the true outcome with some probability
or sampled from a transformed empirical distribution of responses from units in the same cluster.
The transformation is inspired from a mechanism in Esfandiari et al. (2022). For the sake of
exposition, we focus on the controlled units of a cluster ¢ € C.

(1) Compute the empirical response distribution of the controlled units in the cluster po(y|c).

(2) Add noise drawn from a Laplace distribution with parameter (/ng ) to each response prob-
ability. Recall that ng . is the number of controlled units in cluster c.

(3) Truncate the response probabilities to be within the interval [y, 1], with v < 1/k.
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(4) Renormalize the response probabilities to form a distribution. We follow a specific renormal-
ization so that the resulting response probabilities remain in [, 1], and add up to one.

(5) With probability A, each original response is replaced by a random sample from the distribu-
tion constructed in the previous step.

4.1 Privacy guarantees

The following theorem and its corollary state the differential privacy guarantee of our proposed
CLUSTER-DP mechanism.

Theorem 4.1. Let £ > 0 and § := max(0,1 — X\ + A\y(1 — €¥)). The CLUSTER-DP mechanism

described in Algorithm J is (g,0)-label DP with € = min (%, %) +£&. By setting € = log(1+ %), we
12
Ty

have § = 0, and therefore the CLUSTER-DP mechanism is also e-label DP, with € = min (U ) +
log (1 + %) .

We refer the reader to the Appendix for a full proof of Theorem 4.1 and provide here some
intuition for its stated privacy loss . The first term min (1/o,2/y) is the privacy budget used to pri-
vately estimate the empirical response distribution ¢,(+|c) for each cluster. Fixing the transformed
empirical distributions g, (+|c), the log term is the privacy budget used to generate the privatized
responses ¢;. By the composition theorem for differential privacy (Dwork et al., 2014, Theorem
B.1), the total privacy loss is given by the sum of these two losses. As expected, when the resam-
pling probability goes to zero (A — 0), the privacy loss grows large (¢ — +00). Similarly, as the
Laplace noise o and truncation parameter v grow large, the privacy guarantee improves (¢ — 0).

Because these privacy guarantees do not depend on the size, cardinality, or quality of the
clusters, Theorem 4.1 also holds for the special case where there is no cluster structure to the
data, in which case we can repeat the same mechanism as if all units belong to the same large
cluster. Known as the CLUSTER-FREE-DP mechanism, it has the same privacy guarantee as the

CLUSTER-DP mechanism. We will show the benefit that clusters may have in the following section
on the variance gap.

Similarity with uniform-prior-DP The careful reader may have noticed similarities between
the privacy guarantees in Theorem 3.4 and Theorem 4.1. In fact, our CLUSTER-DP mechanism is a
generalization of the UNIFORM-PRIOR-DP mechanism with the right choice of parameters, and by
extension also a generalization of the mechanism proposed by Kancharla and Kang (2021) with no
non-compliers. To prove this, we observe that the distributions ¢, (y|c) constructed in the CLUSTER-
DP mechanism obey the following properties: G,(y|c) > ~ forally € ), and Zy Ga(ylc) = 1.
When setting the truncation parameter v = 1/k, these distributions reduce to uniform distributions
over the space of all outcomes, in which case the cluster-DP mechanism amounts to the simpler

UNIFORM-PRIOR-DP mechanism, regardless of the value of the Laplace noise variance o2,

4.2 Estimation and variance guarantees

We now consider estimating causal effects from the privatized outcomes provided by our suggested
CLUSTER-DP mechanism. For each cluster ¢ € C and each value a € {0,1} of treatment, we
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Figure 1: Hlustration of CLUSTER-DP mechanism with a central unit computing the (clustered) privatized
outcomes for valid causal inference.

construct the response randomization matrix Q. , € REXK.

Qealy'sy] = (1 = NIy =y) + Aa(y']c). (8)

Conditional on its true outcome y;, treatment assignment z;, and cluster assignment ¢;, the pri-
vatized response g; of unit ¢ is distributed according to Q, », [¥i, yi]; in other words, Vy/, P(y; =
Ylcis zi yi) = Qe [y yil-

We use the inverse of the response randomization matrix to debias the privatized responses.
Recall the notation y to represent in vector form the space of all possible potential outcomes, with
similar ordering of rows and columns as @, .. With a small abuse of notation, we write the
index g; of the vector yTQ;;Z_ as yTQ;;Z_ [7:] and show that it is an unbiased estimate for y; over the
randomness of Algorithm 4. As a result, by reweighting each privatized outcome by the inverse of its
conditional probability of occurring Qe -, (¥, yi], we propose the following Horvitz-Thompson-like
estimator for the average treatment effect:

TQ _chz< Tch,L

ceC i€c

YT Qi ) | ©)

l,c no,c

A proof of the following theorem can be found in the Appendix.

Theorem 4.2. Conditionally on the randomness of the treatment assignment, 7¢ is equal in expec-
tation over the randomness of the DP mechanism to the stratified difference-in-means estimator,
such that 7g is an unbiased and consistent estimator of T.

Epp[7qlz] = ch <Z vi(1

ceC

1—=z2 . A
Zyz Z) =17NopP and Epp.lfgl =7

For the third parties to compute this estimator themselves, the central unit must pass along
the cluster assignment the treatment assignment, the privatized response y;, as well as the vector
of probabilities y” c z , as illustrated in Figure 1. Since ¢, (+|c) and the responses y; are e-DP, by
the post-processing property of differential privacy (Dwork et al., 2014, Proposition 2.1), all the
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information passed to the third-party, as well as any estimation based on this information, is also
e-DP.

Our goal for Algorithm 4 is to make the gap between the variance of our differentially-private
estimator 7 and its non-differentially private counterpart 7no.pp as small as possible for a given
privacy guarantee. While all our results hold for any given clustering, they are greatly improved
when clusters are homogeneous, as defined below.

Definition 4.3 (Cluster homogeneity). For a € {0,1}, define a clustering’s homogeneity as the
average intra-cluster variance of outcomes ¢, > 0, defined as

2 Q2(57
P S L A0)

n? n ’
ceC a,¢

where for any vector @ € R?, S?(@) := 745 3 ca(u—0)? and w:= 1> cu.

The quantity ¢, has a natural super-population interpretation when taking its expectation of
over the distribution P: ¢, = E[Var(y(a)|c)] = Var(y(a)) — Var(E[y(a)|c]) > 0. Holding Var(y(a))
constant, lower values of ¢, implies that clusters are better separated. For ¢, = 0, the outcome
values of each clusters are contained within a singleton set. On the other hand, if ¢, is high,
clusters contain a wide range of responses, up to the variation of outcomes of the entire population.
The following theorem provides a bound on the variance of our estimator 7o, with respect to the
randomness of Algorithm 4 and the random assignment z, as a function of Var,[TNxo.pp] and ¢,.

Theorem 4.4. The variance of the estimator 7 defined in (9) is bounded by

R R 1 ng A(ng,c)
0 < Varpp.[rq] — Varz[fno-pp] < =y 1) Y dat DD R

ae{0,1} a€{0,1} ceC
where ¢4 1s the measure of cluster homogeneity defined in Definition 4.3, and for any x,

2 2 2 _ _
BlylZ + AWK +1)° + [lyl3(1 — AKX — 1)7) {7+ %(S_W/a B e_x/(f)] ’

(1=A)?

Alz) = 2K +2[lyll3%

with K the number of possible potential outcomes andy € {Y}X the vector of all possible outcomes.

Theorem 4.1 and Theorem 4.4 together allow us to capture the privacy-variance trade-off of
our proposed mechanism. Recall that the privacy guarantee of Theorem 4.1 is agnostic to the
clustering. On the other hand, the variance gap in Theorem 4.4 depends first on the homogeneity
of clusters, as defined in Definition 4.3, and a second term that is agnostic to the clustering. As a
result, more homogeneous clusters—those with low ¢,—result in a smaller variance gap with equal
privacy guarantees, leading to a better privacy-variance trade-off than less homogeneous clusters,
all else being equal.

We now provide some intuition for the second term A(z). By choosing v and o to be arbitrarily
small, we can make this second term arbitrarily small. As expected, the privacy guarantees of
Theorem 4.1 suffer in that regime. When setting A = 0, our CLUSTER-DP mechanism always
outputs the true outcome, and we no longer produce privatized outcomes. In that case, we can set
the truncation parameter v and the Laplace noise o to be zero with no consequence to recover the
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trivial equality Varpp,(7) = Var;[?no.pp] from our bound above. Naturally, the more interesting
setting from a privacy perspective is A € (0,1).

As discussed previously, the privacy guarantee in Theorem 4.1 for the CLUSTER-DP and CLUS-
TER FREE-DP mechanisms reduces to the guarantee of the UNIFORM-PRIOR-DP mechanism in
Theorem 3.4 when setting the truncation parameter v = 1/k and o = oo. Yet, because both
CLUSTER-DP and CLUSTER-FREE-DP mechanisms use data-dependent priors, there may exist
choices of (o, v, A) which result in better privacy-variance trade-offs than the latter for certain out-
come distributions. Rather than computing the variance gaps of each mechanism in closed-form, we
encourage practitioners to compute their performance empirically for different values of each mech-
anism’s parameters, and to keep track of the resulting privacy guarantee. In the following section,
we conduct empirical evaluations of the privacy-variance trade-off of the different mechanisms.

5 Numerical experiments

In this section, we perform a series of simulated experiments to validate the theoretical claims
we make in the paper and to illustrate their usefulness. Except for Experiment 5, we focus our
attention on the UNIFORM-PRIOR DP, CLUSTER-FREE-DP, and CLUSTER-DP mechanisms, due
to the strong limitations of the aggregation-based baselines in our real-world setting compared to
these three user-level privatization schemes.

We start by considering a Gaussian Mixture Model setting where for every unit ¢ in cluster ¢,
a continuous quantity y; is given by

Vi € ¢,y = \/Bpic + /v — Bw;, (10)

where p. and w; are drawn from the standard normal distribution. The coefficient 5 € [0, v]
measures the dependence of the response on the cluster center. This specific parameterization is
chosen to fix the variance of the response, equal to v, as 8 varies. Since the proposed mechanism
is for discrete outcome spaces, we quantize the response in the following way:

K'if y > 2y/v
yi(1) =vi(0) + 7 and  y;(0) = ¢ =K' if y; < —2\/v
[y/A] otherwise

where A := 2,/v/K' and [z] denotes the rounding of x to the nearest integer. The treatment effect
is an additive 7 term on the potential outcome under control. We fix 7 = 1, such that the outcomes
take values in the set Y = {—K’,...,0,...,K', K’ + 1}. We denote by K := 2(K’' + 1) the size of
outcome space.

Unless otherwise specified, and with no particular reason to fix parameters one way or another,
we take K’ = 5, v = 5, and 8 = 4.5. We consider C' = 3 clusters of sizes 500, 103, 2 x 103 with
an equal number of controlled and treated units in each cluster. To display confidence intervals
around certain results, we consider a super-population of three clusters of sizes 2.5 x 103, 5 x 103,
and 10* units, and repeatedly draw uniformly at random sub-populations of three clusters from
these original clusters.

For any given sub-population, we compute the variance Varpp ,[7g] by empirically computing
the variance (or histogram) of 7 empirically over 500 realizations of the randomness in the corre-
sponding DP mechanism (e.g. Laplace noise and response randomization), as well as the treatment
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Figure 2: histogram of 7 — 7

Figure 3: qqg-plot of 7 — 7

assignments, which are done by choosing balanced set of treated and controlled units uniformly
at random within each cluster. Unless otherwise specified, for the CLUSTER-DP mechanism, we
set the truncation parameter v = 0.02, the Laplace noise ¢ = 10, and the resampling probability
A=0..8.

Experiment 1. (Bias and Gaussianity) We first verify that our CLUSTER-DP estimator
70, given by (9), is unbiased and admits an asymptotically Gaussian distribution by plotting the
histogram and the qqg-plot of 7 — 7 in Figures 2 and 3.

Experiment 2. (Privacy-variance trade-off) We next compare the privacy-variance trade-off
of our suggested CLUSTER-DP mechanism with that of the CLUSTER-FREE-DP mechanism, as well
as the stratified and unstratified versions of the UNIFORM-PRIOR-DP mechanism. We observe that
the CLUSTER-DP can have significantly lower variance for its estimator, compared to the other
mechanisms, for the same privacy loss (g, 0).

In Figure 4, we aim to fix the privacy loss to € = 0.2 and § = 10~ for all three mechanisms.
For the CLUSTER-DP and CLUSTER-FREE-DP, we set the Laplace parameter to ¢ = 10, and vary
the truncation parameter v € [0.1/K,1/K]. Following Theorem 4.1, we first choose € so that the
corresponding privacy €, is equal to its target € = 0.2, and then choose the re-sampling probability
X to obtain the failure probability § = 10™%. Likewise, for the UNIFORM-PRIOR-DP, we set the
re-sampling probability A according to Theorem 3.4, such that e = 0.2 and § = 10~*. In summary,
as the truncation parameter v varies, we compare the three mechanisms at the same privacy loss.
As we observe in Figure 4, for small values of v, the CLUSTER-DP achieves significantly lower
variance compared to to the other mechanisms. When v = 1/k and o = oo, the theory tells us that
CLUSTER-DP reduces to UNIFORM-PRIOR-DP (stratified) and the CLUSTER FREE-DP reduces
to UNIFORM-PRIOR-DP (unstratified). However, since we have set ¢ = 10, we observe that the
variance for the UNIFORM-PRIOR-DP becomes lower than the other mechanisms for v = 1/k. The
error-bars here correspond to 50 independent draws of the sub-population.

In Figure 5, we plot the variance of the estimators versus the privacy loss ¢, as we fix § =
10~*. Here, we optimize the choice of Laplace parameter o € {10,20,00} and the truncation
parameter v € {0-01/k 0.1/ 1/} We observe that both CLUSTER-DP and CLUSTER FREE-DP
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Figure 5: Privacy-variance trade-off for the four DP
mechanisms under the setting of Experiment 2. We
fix the failure probability in DP guarantee to 6 =
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Figure 4: Variances for the DP mechanisms, as we
vary the truncation level v € [0.1/K,1/K], under
the setting of Experiment 2. The privacy loss is

estimators, which use data-dependent priors achieve a better trade-off than either version of the
UNIFORM-PRIOR-DP mechanism. Furthermore, the CLUSTER-DP mechanism, which also leverages
the clustering structure, showcases an even better trade-off compared to the CLUSTER FREE-DP
mechanism.

Experiment 3. (Role of clustering quality) In this experiment we show that, as the clustering
quality improves, the variance of the estimator for the CLUSTER-DP mechanism decreases when
compared to the variance of the estimator for the CLUSTER FREE-DP mechanism, without affecting
their privacy guarantees, since these are agnostic to the clustering according to Theorem 4.1. Under
our specified potential outcome model (10), the cluster homogeneity ¢,, as defined in Definition 4.3,
is given by ¢o = E(Var(y;(0)|c)) < v — 8 = ¢1, hence our clusters become more homogeneous as
0B increases. From Theorem 4.4, the clustering structure reduces the variance of the estimator at
more homogeneous clusters, i.e. lower values of ¢g, ¢1, and A\. We verify this in Figure 6, which
plots the ratio of the variances for two values of A € {0.5,0.8} as we vary 8 . As [ grows, we
observe a stronger reduction in the variance using the clustering structure of data. This effect is
stronger at smaller values of \.

Experiment 4. (Validation of theoretical bound) In Theorem 4.4, we bounded the excess
variance of the private estimator (9) compared to the non-private estimator (2). The bound had
two additive terms. The first one depends on the cluster structure of data, namely the cluster
homogeneity quantities ¢g, ¢1, and the second term did not depend on the clusters, capturing
instead an increase in the variance due to the randomness of the CLUSTER-DP mechanism. In
Figure 7, we compute the gap Varpp ,[7] — Var, [Txo-pp] empirically, by averaging over 500 different
realizations of the randomness in the DP mechanism and the treatment assignments in the same
setting as the previous experiment. We plot this gap as we vary [, along with a shaded region
whose upper boundary corresponds to the upper bound given in Theorem 4.4 and its lower boundary
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Figure 6: Ratio of the variance of the estimators under the CLUSTER-DP and CLUSTER FREE-DP mechanisms
in Experiment 3. The benefit of CLUSTER-DP mechanism is stronger at larger 8 and smaller value of .
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Figure 7: The variance gap between the private estimator 7, given by (9), and the non-private estimator
T~No-DP 1n the setting of Experiment 4. The upper boundary of the shaded area corresponds to the upper
bound derived in Theorem 4.4, and it lower boundary corresponds to the the first term in that bound. As
we see the gap remains between the two boundaries.

corresponds to only the first term in that bound. We observe that the variance gap remains in the
shaded area which validates the theoretical upper bound given by Theorem 4.4, and shows that
the derived bound is tight, up to the second term.

Experiment 5. (Comparisons with aggregation-based baselines) We next compare the
privacy-variance trade-off of the estimator based on the CLUSTER-DP mechanism with the other
baselines discussed in Section 3, namely the noisy Horvitz-Thompson estimator and the noisy
histogram estimator. The goal of this experiment is to show that in the case of one-shot commu-
nication between the central unit and the advertisers, the CLUSTER-DP estimator achieves lower
finite-sample conditional bias than the other two baselines. To demonstrate this point, we fix the
noise and randomization in each DP mechanisms for the super-population and compute the bias
of each estimator with respect to random draws from the super-population and of the treatment
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Figure 8: Bias of the CLUSTER-DP, noisy Horvitz-Thompson and noisy histogram estimators under one shot
communication between the central unit and the advertisers in the setting of Experiment 5.

assignments. Specifically we compute the expectation of the treatment effect estimator over 500
sub-populations, each consisting of 500, 1000, 2000 units from each cluster, uniformly at random
with a balanced number of treated and controlled units in each cluster. The bias is then computed
as the difference between the expectation of the estimator and the true treatment effect. As we see
in Figure 8, CLUSTER-DP estimator achieves a lower conditional bias compared to the other two
baselines, as we vary the privacy loss €. The error bars are obtained by considering 50 different
realizations of the noise/randomization in the DP mechanisms.

5.1 Simulation on the Youtube social network

We now use a subset of the Youtube social network to replicate two experiment results in a setting
with natural clusters. First, we demonstrate that the proposed stratified estimator combined with
the CLUSTER-DP mechanism is unbiased and admits a Gaussian distribution, replicating the results
of Experiment 1. We then compare the variance of our suggested estimator for the CLUSTER-DP
mechanism with its variance when using the CLUSTER FREE-DP mechanism to show the benefit of
leveraging the clustering structure, replicating the results of Experiment 2.

The Youtube social network dataset (Leskovec and Krevl, 2014) contains the friendship links
of a set of users on Youtube, and the ground-truth clusters correspond to groups created by users.
We form a smaller dataset, by considering only the 50 largest communities, which includes a total
of 22,179 users with a minimum cluster size of 199. We generate the potential outcomes for the
users as follows:

yi(0) =2 B+wi, (1) =y (0)+7,

with w; ~ N(0,v%) capturing individual i’s effect and the x] 3 term capturing the cluster-level
effect. We follow a similar model as in (Zhou et al., 2020) and consider a four-dimensional feature
vector x;, with z;; being the number of nodes in cluster ¢; (the cluster of user i), x;2 the number
of edges in ¢;, x;3 the number of edges in ¢; with other clusters, and x;4 the density of cluster ¢;.
Recall that for a cluster with n nodes and e edges, its density is defined as e x (g)_

Since the proposed mechanism is for discrete outcome spaces, we quantize the responses into
K = 8 levels. We standardize the features by making each of the four features zero mean and unit
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Figure 10:  Privacy-variance trade-off of the
CLUSTER-DP and CLUSTER FREE-DP stratified es-
timators. The dotted line represents the variance of
the non-private stratified estimator.

Figure 9: qqplot of 7 — 7, with 7 the CLUSTER-DP
estimator using 500 realizations of randomness in
the outcomes and the DP mechanism.

norm across clusters, and setting the standard deviation of the Gaussian noise w; to v = 0.1. In
our experiments, we set 3 = (1,1,1,1)T and 7 = 1. In the CLUSTER-DP mechanism, we set the
truncation threshold to v = 0.1/K and the Laplace noise level to o = 5.

Figure 9 shows the qqplot of 7 — 7 with 7 being the CLUSTER-DP mechanism, using 500
realizations of the randomness in the outcomes and the DP mechanism. As the plot demonstrates
7 is an unbiased and Gaussian estimator. In Figure 10, we plot the privacy-variance trade-off for
the CLUSTER-DP and the CLUSTER FREE-DP mechanisms, along with the variance of the non-
private stratified estimator, finding once again that the CLUSTER-DP mechanism achieves a better
trade-off by leveraging the natural cluster structure of the Youtube users.
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Appendix

Notation and common formulas

We recall here all the notations used in the paper and in the proofs:

n: total number of units.
no (resp n1): total number of controlled (resp. treated) units.

zi € {0,1}: the treatment assignment of unit i. z; = 1 (resp. 0) implies unit ¢ is treated
(resp. controlled).

Y: response space of cardinality K = |)| < oc.

yi(z) € Y: the potential treatment outcome of unit ¢ under treatment assignment value z.
7; € Y: privatized outcome of unit ¢ returned by the DP mechanism.

y = (y)yey : vector notation of the entire response space.

C: set of all clusters of cardinality C' = |C| < oo.

¢;: cluster of unit 3.

ne = |{i € [n] : ¢; = c}|: number of units in cluster c.

Ogc :={i: ¢z = ¢,z = a} : units belonging to cluster ¢ and treatment assignment z; = a.
O :={i: ¢ = c} : units belonging to cluster ¢

Na,c = |Oq,c| for a € {0,1}.

v € 10,1/K]: minimum of clipped empirical distribution

0 noise scale

1 — X €[0,1]: true response sampling probability

pa(ylz) = P(Y(a) = y|X = x): true distribution for treated (¢ = 1) and controlled (a = 0)
units.

pa(ylc) = P(Y(a) = ylex = ¢): true distribution for treated (¢ = 1) and controlled (a = 0)
units within cluster c.

Palylc) = il :‘ {cxl e A ; y}| empirical distribution for treated (a = 1) and con-
i ey =Czi=a

trolled (@ = 0) units within cluster c.

When the context is clear, we sometimes adopt this lightened notation:

— pr = %Hz € Op,c : yi = {}| : empirical probability of outcome ¢ for the controlled units
in cluster ¢
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— p = [Piliey € REXL: empirical distribution of outcomes of the controlled units in cluster

¢, arranged into a K-dimensional vector, with coordinates py.
o ¢, = Var(E[Y(a)|cx]): clustering quality
o Qcaly,yl =1 =Ny =y)+ Au(¥|c) : response randomization matrix

e When the context is clear, we sometimes adopt this lightened notation

— Q@ =Qcp0

— Qap = Qcola, b],
~ Qup = Qolasb],
- Q T=(@"H".

— G = [Go(ylc)lyey € RE*! the distribution constructed in the DP mechanism (after adding
noise to empirical distribution pg p, truncation and normalization)

— §;: coordinate [ of vector q.
® Ugc = Zieoa’c Zy/ey Q;,la ' ly’ -
o Juc:={yi(a) i€ Oy}, for a € {0,1}. Note that g, . is observed by the experimenter.
e y.(a):={yi(a): ¢; = c}. Note that y.(a) contains unobserved values.

o ¢, € REX! with 1 at the /-th position and zero everywhere else

o Alx) = 2K B (B +2) + CES VI - MK — )} [y + g (e — e ]

recurring expression in variance bounds

We now state the well-known expression for the variance of the stratified Horvitz-Thompson
estimator, which we recall below:

oppi= 32 e 30 (12 w02

ceC i€c N0,

Let ¢, := {y; : ¢; = ¢} € V" be the vector of outcomes of units in cluster ¢, and 7. := 4.(1) — ¢.(0)
be the vector of the differences between each unit’s potential outcome in treatment and in control.
The variance of 7no.pp is given by

. 2 /15%(y.(1 S%(.(0 S2(7.
Var[7No-pp] = Z% ( %1( ) + (30( D _ 757- )> )
ceC C ¢ ¢

where, for any vector u € R?, §2(@) := 25 3, cz(u — @)% and @ := 33, _;u. The formula for
Var, [7X, pp) can be obtained from the formula above where all units belong to a single cluster

IC| =1 and n. = n.
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A.2 Proof of Proposition 3.1 and 3.2

We start by proving Proposition 3.1. Recall the noisy Horvitz-Thompson estimator 7 given by (1):

R n s . 1_Z.
o R I R

n
ceC i€c 0,c

To show its privacy guarantee, we apply (Dwork et al., 2014, Theorem 3.6). Consider the sensitivity
A, of the inner function /n, .y;z; — Y/no.yi(1 — 2;), defined as the maximum change in its value
when changing only one label in the data set. Since the assignments are not private, we keep
them intact in computing the sensitivity. Therefore, changing only on label will change the inner
function by at most A, = min{ng,n1,.}~! x maxyey |y|. By using (Dwork et al., 2014, Theorem
3.6), adding Laplace noise with parameter Ac/c will make each of the inner terms e-DP and by the
post-processing property (Dwork et al., 2014, Proposition 2.1 ), 7 is also e-DP.
For the variance, recall the non-differentially-private Horvitz-Thompson estimator 7xo.pp from (2),

by which we can write

Since w, are drawn independently from each other and also independent from the assignments
z;, we have

“ . Ne 2
Varpp,z[#] = Varpp.z[fno-pp] + (;) Var|w,]

ceC
2
. ne A
= Val“Dp’z[TNo_Dp] + 22 <CC> ,
ceC noe

where the last step holds because w, ~ Laplace(n.) with 1, = Ac/e.

We next proceed with proving Proposition 3.2. Its privacy guarantee follows easily from the
fact that p,(y|c) has sensitivity 1/n,. (histogram queries) and therefore adding independent draws
from Laplace((nayce)*l) to the frequency of each value will make the histogram e-DP. To prove the
claim on its variance, we note that the non-private Horvitz-Thompson estimator can be written as

No-DP = ) _ % > upi(yle) = > wbo(yle)

ceC yeyY yey

Therefore, we can write the noisy Histogram estimator (3) as

A n N
T= Z Zc Z y(pl(ylc) T Wiy — Po(y’C) - wO,c,y)

ceC yey
N Ne
= TNo-DP + Z o Z Y(Wi,cy — Woey) -
ceC yey
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Since wq,,y are independent from each other and wq ., ~ Laplace(n,,), we get

Varpp . [7] = Varpp.[TNo-Dp] + Z Z (—y) (Var[wi cy] + Varfwo cy))
ceC yey

2
= Varpp z[™No-Dp] Z Yy Z (;) (207 o + 215 )

yey ceC
R 2 Ne 2 1 1
~vemon o+ 5 (07 ) S (%) (o1 )-
&€ n nlc noc
yey ceC ) )

This completes the proof of Proposition 3.2.

A.3 Proof of Theorem 3.4

Because the UNIFORM-PRIOR DP mechanism is a special case of the CLUSTER-DP mechanism, we
follow the proof of Theorem 4.4, which is detailed below and which the reader might prefer reading
first. In this special case, we can obtain an exact form for the variance gap. Hence, we continue
from (27), which in the case that there is no Laplace noise added, reads as

Vaer(

) =noey' @ 'diag(QP)Q Ty — > 17(0). (11)

€00,

Note that we are using the lightened notation p to indicate the empirical distribution of outcomes
of the controlled units in cluster c.

In the mechanism described by Algorithm 4, ¢ is data-dependent and so correlated to p. In
that case, we analyzed the first term via the decomposition diag(@Qp) = diag(Qq) + diag(Q(p — q))
and bounding ||g — p||1. In the current case that g is the uniform distribution, this approach is not
tight as ||g — p|[1 would be large. However, since ¢ (and therefore @) is data-independent we can
directly analyze the first term as follows:

y' Q' diag(Qp)Q Ty
1 A . A A
= myT <I - K11T> diag ((1 —\)p + K1> <1 — K11T> y

1 A 22 A2
T iag(p) + —diag(1) — ———1pT — 11T
y {(1 — oy diae(P) + i apdine() - TR 1P T oy }y

_ Y NP 29 N
TN Ao AT oae

Y. +A?—A2g2_ N
TN o o nee

(12)

where we use the shorthand
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Using (12) in (11), we arrive at

2 - 29 _
_ R 2y =
VarDP(UO,c|Z7P) - nO,C [(1 - A) + (1 . )\)2 (1 - )\) yO,C nO,cy(),c

— N2 N2 2)F ]

A 2
— Me [1—)\%’6 Ao T a-nve

Invoking (23), the above characterization yields the following;:

n2 [ N (¥, vl 2Ny (Yoo Tie
V T = B 770 € - < 770
arpp(7|2,P) Z n? |1—X\no. * nic (1-=X) (”070 i Nle

ceC
1\ Ay? — A2
- 13
+Zn2 (noc nl’c> (1—X)2 (13)

We next compute E, [Varpp(7|z,P)|. Since we are fixing ng . for each cluster, we have P(z; =
nnLc’C for i € O, and a € {0,1}. We therefore have

Je(a) .

E. [ya,c] =E, [ ! Z ]I(Zi = a)yz(a)] = ni Z yz(a) =

n
B o, ¢ ico.

o N

= y2(a). Using this identities in (13), we obtain
E.[Varpp(7|z, P)] De
DP E 2

Likewise we have E,, [E} =7
A yg(O) + yg(l) o 2)‘:0 yc(o) + yc(l)
ceC 1—A no,c Nic (1 — )\) n0,c Nic

n2 (1 1\ Ay?2 — A2
+Zn2<no,c+n170> (1—)\)2 '

ceC

We next recall (22):

2/~ 207 2(7,
Vor, Eop (s, P)) = 3 78 (s (ric(l)) LS (i/oc(o)) - Sn( )) ,
ceC o° “ ‘

which is the variance of the typical estimator with no-differential-privacy and so was written as

Var,[7Nxo.pp]. Finally, from the law of total variance, we have:

Var(7|ng,n1, P) = E.[Varpp(7|z, ng, n1, P)] + Var,[Epp(7|z, ng, n1, P)]

= EZ[VaI‘DP(ﬂZ,P)] + Varz[EDp(ﬂz,P)]

A nd(L, L)
= Var,[7no-Dp] + Z n2 (no * n1> RV

ceC
v20) , 2 _ 207 (5(0) | we(D)
+Zn2 [1— <nOc +n170>_(1—)\)<n07c+n17c>]'
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A.4 Proof of Theorem 4.1

The CLUSTER-DP mechanism randomizes the labels using the empirical probability of units with
the same treatment status (treated or controlled) within the same cluster, so we can focus on the
controlled units within one cluster, and drop the index a, ¢ from our notation, unless needed for
clarification. With slight abuse of notation, suppose that there are n controlled units in the cluster
and denote by M the mechanism described in Algorithm 4.

We can think of M as composition of two mechanisms M; and My with M (D) = My(D, M, (D)),
where M (D) represents the mechanism that returns the noisy cluster label distribution ¢, and
Ms(D, q) represents the mechanism which uses ¢ to re-sample the labels and use them to form the
average treatment effect estimator 7. By composition theorem for (e, §)-DP (see e.g. (Dwork et al.,
2014, Theorem B.1)), if M; is (e1,61)-DP and My is (€2, 02)-DP, then M is (g1 + 9,01 + d2)-DP.

After adding noise terms wy . to empirical distributions po p(y|c) and p1 p(y|c), the dataset D
is not accessed anymore. Furthermore, the empirical distributions have sensitivity 1/n. and the
Laplace noise used in M is of scale o/n., which imply that M; is (1/0,0)-DP (see e.g. (Dwork
et al., 2014, Theorem 3.6) for an argument).

For mechanism My, note that it is a randomization per label mechanism (using perturbed
distribution ¢), followed by post-processing (computing average treatment effect estimator). We
next show that Ms is (€, §)-DP. Note that for all y € ), we have

PG =ylyi=vy) =1 =X+ Ai(y), PG =ylyi #y) = A\q(y).

Since P(g; = y|y; # y) is independent of y; and P(y; = yly; # v) < P(g; = yly; = y), the only
condition we need to verify is the following:

PG = ylyi = y) < PG = ylyi # y) + 6.

By substituting for the events probabilities and ¢, the above condition becomes equivalent to

0 <Ay —d(y)(d—e),

which holds since € > 0 and v < ¢(y). To summarize, by applying composition theorem for
(¢,0)-DP, we obtain that M is (¢’,0)-label DP, with ¢’ = 1/0 + &.

We next show that M is (¢”,)-label DP, with ¢’ = 2/ + o, which along with the previous
result gives the claim of Theorem 4.1. Let Yi., be the random vector denoting the labels of the
units. We need to show that for any two neighboring data sets D = (y1.n, Z1.) and D’ = (y4.,,, T1:n)
(where yi., and v}, differ only in one entry) we have

P(M (y1:0) € O) < e P(M(y;,,,) € O) + 4, (14)

for any set O € Y™. Proof of this part requires more effort. Let Wi.x be the random vector
representing the noise values added to the set of possible labels in the data set. We then have

P(M<y1n) S O) = Z P(M(yln) € O)‘len = Yl:n, Wl:K - wl:K) IP)(‘/VI:K - wl:K) y

w1:K
(15)
P(M(yi.,) € 0) = Y P(M(y.,) € O)[Yin = Y Wik = wii) P(Wieke = wiikc) -

w1:K
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It suffices to show that for any value of wi.x, we have

P(M(yln) S O)|Y1:n = Y1:n, Wik = wl:K) < 65//P(M(yim) € O)D/ln = yllzn’ Wik = wl:K) +4.
(16)

By multiplying both sides of the above equation with P(W7.x = wi.x), and summing over wy.x,
and using that Zw”{ P(W1.x = wy.x) = 1, we get the desired bound in (14).

Let ¢ and ¢’ be the empirical distributions of the DP mechanism, as defined in Algorithm 4. we
continue by establishing a lemma on ||§ — ||, proven in the next section.

Lemma A.1. For ally €Y, |§(y) —q(y)| < 2.

Define the shorthand R := M (yi.,) and R’ := M (y}.,). In order to prove (16), it suffices to
show that for all 01.,, € V", we have

]P)(R = 01:n|}/1:n = Yi:n, Wik = wl:K) < GE/IP(R/ = 01:n|}/1:n = yll;np Wik = wl:K) +9. (17)

By the definition of the mechanism M we have

]P)(R = 01:n|)/i:n = Yi:n, Wik = wl:K) = P(R = 01:n|Y1:n = Yl:n, (j()) = H]P(R'L = OZD/Z = Yi, (j())
=1

n
P(R/ = Olzn’YI:n = yll;n7 Wl:K = wl:K) = P(R = Olzn‘len = yi:na ql()) = H]P(R; = Oi’Y;’, = ygv q~ ())
=1

For ease in presentation, we adopt the shorthand
A =P(R; = 0;Yi = 4;,4()), Bi:=P(R;=0ilY] =9;,7()),

for ¢ =1,...,n. Our next lemma bounds the event probability A; in terms of the event probability
B;. Proof of Lemma A.2 is deferred to Section A .4.

Lemma A.2. Let £ > 0 and define § := (1 — X+ My(1 — €°)); < 1. Without loss of generality
suppose that the neighboring label sets yi., and y}., differs in the first coordinate. We then have

A <ef <1 + fn) Bi + 6, (18)

2
AigBi<1+>, fori=2,...,n. (19)
yn

28



We are now ready to prove inequality (17). Using Lemma A.2, we write

n

IP(R = 01:n|Y1:n = Yin, Wl:K = wl:K) = HAZ
) 2 . 2\
<lef{1+—|)Bi+d|mnil (14— 15
n m =2

1

=e° P(R/ = 01:n|}/1:n = yllzm Wik = wl:K) +9.
where the second equality holds since A; < 1, for all 1.

Proof of Lemma A.1

Recall the notation of Theorem 4.1. We consider two neighboring datasets D = (Y1, Z1.n) and
D' = (y}.,,, 1:n), where y1., and yj.,, differ only in one entry. Define the function f, as follows:

v, TSy
fy(x) =max{y,min{l,z}} = ¢z, v<z<1
1, z>1

We consider ¢(y) := f,(p(y)+wy) and ¢'(y) := fy(P'(y)+wy), where p and p’ respectively denote
the empirical distribution of y1., and y}., and w, indicates the component of w;.x corresponding
to label y. We wish to bound the difference between distributions G(y) and ¢'(y), defined in
Algorithm 4, and recalled below:

~ — Cy A ~/ — / C:ZI A/
q(y) Q(y)+zy/ oA q'(y) Q(y)+2y/ a8

where A =1 -3 q(y) and A" = 13" ¢'(y). To achieve this, we will need a bound on
lg(y) — ¢'(y)| and on a bound on |A — A|.

e Since f, is 1-Lipschitz, we have for any y €

la(y) — d'(W)| = |/, (By) + wy) — £, (y) +wy)| < [B(y) — 7' (y)| <

Y

S|

where the last inequality holds because the datasets D and D’ differ in only one label.
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e We now show that |A — A’| < 1/n. Without loss of generality, we can assume that the
neighboring label sets yi., and v}, differ in the first coordinate, with y; = ¢, y; = ¢ for

(,0' € Y, such that

O =P+ L, pe)y=p@)- L

n n’
It follows that

A —A Zy: Zq

= f+(B(¢) +W) + £ (B(0) +wer) = (5 (0) + we) — f (5 (€) + we)

where the second to last inequality holds since f, is a non-decreasing function, and the last
step follows from 1-Lipschitzness of f,. Likewise, we can show A — A’ < 1/n in order to
obtain |A — A'| < 1/n.

With this, we next bound the difference between distributions ¢(y) and ¢'(y), defined above.
Consider three different cases:

e A>0,A"<0. We have

Cy C; A/
Z Cy Ey’ C:;’

2
< la(y) — ()| + 1A - & < =

lq(y) —d W)l < laly) — ¢ ()| +

The case of A <0, A’ > 0 can be handled similarly.
e A, A" < 0. We have

. B A
q(y) = a(y) + (a(y) —7) >, @) — )
— 0+ (a0) = V15—
= ) =) + ) ) e
1—- Ky
R el ey ok
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Therefore,

~ ~ — Ky 1—- K~ 1—-Kv
atw) ~ 7)) < ) V| =3 T A | ) 1wy e
(1—-Kv)|A— A 1 1-Kxy

=W - VG ATy Ky TRl A
|- Ky F«) DA = A 1

T1-A— K~ 1-A-— K’y) n
(a) —

<1 1 K” aly 1
—nl 1-— A Kq/

®) _

V2 1Ky Kv 2

“Tnl-A"—-Ky " n

(a) holds since |A — A’| < 1/n. (b) follows from the fact that, since g(y) > ~ for all y,

gy) + (K =Dy <qy)+ > qly)=1-A
YAy

such that ¢(y) —v<1—-A — K».

e AA’ > 0. We have

i) = a0) + (1~ 400)) =y ==

14 0-a0) (55571

= 1+(1—q(y))Ai_KK_1~

Therefore,
i , 1- K 1-K K—1
_ < (1 — _
4w -7 <0 -a0)| s~ a1l W) —CWl g
A —A] 1] K-1
< (1 — (L bt S T
<@ q<y))[A+K1 ANTK-1

1 1 K 2

S(l_q(y»n(K—l)4_ﬁ_nK—1 n’

Combining the above three cases together, we obtain our stated lemma.

Proof of Lemma A.2
We start by proving (18). Consider three different cases:

e 01 # y1,y;: In this case, we have

Ap = XG(o1), By =\ (01).
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Therefore, we can write

A1 < A7 (01) + Mg = 7'l

2\
S )\(j/(Ol) + F

< A(o1) <1 + 2)

ny

=B <1+2>
wy

z 2
< e By (1 + ) + 9,
ny
where the second step follows from Lemma A.1, third step holds since v < ¢’(01), and the
last step holds since &, > 0. So the claim (18) is proved in this case.

e 01 = y1: In this case,
A1 =1-=X+XG(o1), Bi=x{(01).

We then have
A <1=XA4+ X7 (01) + MG = ' lloo
2 N
<1—=A+X(01) + A;ﬁ’(m)ea : (20)

where we used Lemma A.1 along with the facts that ¢’(o;) > v and € > 0.

We next recall the definition ¢ := (1 — A + My(1 — €f)),+ < 1. By a simple rearrangement of
the terms and using that ¢’(01) > v and € > 0, we can verify the following,

1—A+Ag(01) < A7 (01) +6. (21)

Therefore, by combining equations (20) and (21), we get
EN A 2 ~ g g 2
A <efAG(o1)+6+A—G(01)e" =e* = |1+ — | B1+6,
ny ny

which completes the proof of claim (18) in this case.

e 01 = y;: In this case,
Ay :/\q~(01), By = 1—)\+)\q/(01).

The proof of claim (18) in this case follows readily from case 1, because A; is the same as in
there, while B, is larger.

This concludes the proof of Claim 18. We next prove Claim 19. Note that for i = 2,...,n, we have
y; = yi. Consider the following two cases:

e 0, = y; = y,: In this case we have

Ai 1= X4 Xg(o)

B, 1-A+Ad(0)
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e 0; # y;: Since y; = y,, we also have o; # y,. In this case,

A Ag(oq)

B;  A{(0;)

By symmetry, we can assume (0;) < ¢'(0;), without loss of generality, and therefore, the maximum
value of the ratio A;/B1 is achieved in the second case, for which we have
A qlo; i—q 2
i g(OZ) Sl—l-Hq~, 7' llso <1+ =,
B (o) q'(0:) ny

This completes the proof of (19).

A.5 Proof of Theorem 4.2

We would like to express the expectation E(7|ng,n1). Recall that there are three sources of ran-
domness:

e the differential privacy mechanism DP: determines the Laplace noise w and the A\ probability
of reporting the true outcome.

e the randomized assignment z: determines which units get assigned to treatment and which
units get assigned to control.

e the super-population P: determines the potential outcomes as well as the cluster assignments.

For a given unit ¢ with (y;(0),vi(1),¢;) ~ P and z; = a,

Epp | > Qullv 0ily'z|z.P| =Epp | D) 1 = v)Qu .1 vy 2|2, P
y'ey y'eYyey

(@) - _
= Z Epp Zﬂ(yz’ =9)Q.L I vz P| vz

y'ey yeY

b ~ p—
= > Ew | D Eal(@ =) Q5 vl|zP| v

y'ey | yeY

(:C) Z ]Ew Z Qciyzi [y) yZ]ch,lzl [yl7 y] z, P ylzi

y'ey | yeY

@ Z E. [H(yi = y’)‘z,P] Y 2
y'ey

D3 Ui = )y
y'ey

(a) holds since assignments z; is independent from {y;(0),v;(1),¢;}; (b) holds from the law of
iterated expectation and the fact that there are two sources of randomness in the differential privacy
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mechanism: (A, w) with Q. , independent of the Bernoulli A; (c) follows from the definition of Q. 4:
Qealy'sy] = (1= NIy =y) + Ada(y/|c) ; and (d) follows from the fact that I = Q'Q,, therefore,
for any a,b € [K],

Z Qc_il[a7 Y|Qe; [y, b = ab = [(a=10).
Y

Finally, (e) follows from the fact that w is independent from {y;(0), y;(1),¢;}. Similarly,

Epp | Y QLI 0y (1 2)|z,P| = ui(0)(1 - )
y'ey

As a result, with ng . (resp. nj ) the total number of controlled (resp. treated) units in cluster ¢
and n. 1= noc + Ny,

Epp[7|z,P] = ch (Z%

ceC

IO _Zi>
=1

no,c

We recover the standard form of the difference-in-means estimator. From the law of iterated
expectations, we have
EDP’Z[’IA'] = Ez [EDP[’IA"ZHTlo,nl,'P] =T.

A.6 Proof of Theorem 4.4

We would like to express the variance Varpp . (7). We begin by expressing the variance with respect
to the first two, considering the third fixed. From the law of total variance, we have:

Varpp,.(7) = E;[Varpp (7|2, no, n1, P)] + Var, [Epp (7|2, ng, n1, P)]
= Ez[Vaer(ﬂz,P)} + Varz[EDp(ﬂz,P)]

We bound the term Varpp(7|z,P) in a separate proposition

Proposition A.3. For the average treatment effect estimator 7 given by (9) we have

Varpp(rlzP) < 30 3 (o) Tl Al ]

ae{O 1} ceC ) )

where Yo = {yi(a) : i € Oy}, and

e =215 (-2 +2) + Ot ) e S o)

We now take its expectation with respect to z. We assume that, for each cluster ¢, there is a
fixed number of units (n; ) assigned to treatment and a fixed number of units (ng.) assigned to
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control, regardless of the cluster assignment. We compute the expectation with E, [52 (gj’ajc)],

(na,c - 1)Ez [52 (ga,c)}

N
—E. | > (w(@) - w(@lico...)
| i€0a.c
- 2
1
=K, Z yi (a) = na,c Z yi(a)
i€0q,c GC i€Oae
) 2
= P (zz = a) y?(a) — nmCEZ (n Z H(Zz = a)yz(a)>
i€O, “C e,
n 1
= ;’Cyf(a) - D Pz =a,z = a)yi(a)y;(a)
€0, ¢ € €0, jeO,
n 1 1
= ;’Cyf(a) - > Plzi=a)yi(a) - - > Pz =a,2 = a)yi(a)y;(a)
€0, ¢ D ieO, GE i€,
Ng, 1 1 Na,e(Na,e — 1)
= 30 ) - o S v - e Y Ty (a).
€0, ¢ € ic0, G sstico, VT

Adding and subtracting — ﬁ > ico, Yila 2(a), we get:
(na,c - 1)]Ez [SQ(ga,c)]

_j:nac
e

2
12 _723/1 nancc_l Zyz nancc_l (Z yl >

1€O¢ ZEO 1€O¢ €O
2
Na.c 1 Na,c — Ne 1
— = - — + y n ) 1 o y a
(TLC e ncnc_1>z§ ‘ we )nc—1<nci§ i(@)
2
n —
i€, Me i€,

= (na,c - 1)52(yc(a))'
For the second term, we again make the assumption that the number of treated units is fixed

at the cluster level. For the second term, from the proof of Theorem 4.2, we have:

n

Eppl7|z, P ch (Zy o~ Zyi(0)1_2i>

T,
ceC i=1 0,

As a result, the second term is given by the usual formula for the variance of the stratified

estimator:
7’L2 2(7 2(7 2 7

ceC

35



where, for any vector @ of length n, 5?(u) = 15 Y0 (u; — @) and @ = LS u;. Recall that
Te = {yi(1) — 4i(0) }isey=c = Ye(1) — 4-(0) . Since this is the variance of the typical estimator with
no-differential-privacy, we write this term:

Var;[Epp(7|z,P)] = Varz[?xo-pp]
As a result, we obtain

VarDP,z (7A_|n0,ca N1.c, P)

et 7 E ) S 2

a€{0,1} ceC ’

) n2 S%(7, n2 A(n
Svarz[TNO—DP]+<(1 NE ) Z Z y Z Z Na,c

ac{0,1} cec ac{0,1} ceC

which we can rewrite as:

. . A(n
VarDP,z (7—|n0,07 Ni,c, 7)) < Var, [TNO—DP} + <(1_) > Z d)a Z Z n Nae

ae{0,1} ac{0,1} cec

where we have defined

Proof of Proposition A.3
We seek to compute Varpp(7|z,P). We can rewrite 7 as

e uac
D DE- D

ccC " ae{0,1} Ma,c

where Og . :={i € [n]: ¢; =¢,z; = a} and ug, := Zieo” Zy/ey Q;}a[y',gji]y’. Since (y;(0), yi(1))
are i.i.d across units, and the DP mechanism is applied to each clusters separately, such that the
privatized outcomes y; are independent across clusters, we have that ug . and u . are independent
across clusters.

. n2 1
Vaer(T]z,P):Zﬁ > = Varpp(ualz, P). (23)

ceC ac{0,1} *°

We proceed by calculating Varpp(ug |2z, P). The computation for Varpp(u; .|z, P) is identical.

e Computing Varpp(ug |z, P)

We have
Vaer(u(]’c\z,P) = EDP[UaC’z77D] — EDP[UO,c‘zJDP

We begin by computing Epplug .|z, P]. Fixing cluster ¢, we lighten the notation by using the
shorthand Q = Qc0, Qup = Qcola,b], Q;}) = Q;é [a,b], and Q7T = (Q~!)T. Finally, recall that
y = (y)yey is the set of possible outcomes arranged into a vector with the same ordering as the
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columns of Q, and e, € RE*1 is the vector with 1 at the /-th position and zero everywhere else.
Writing in matrix form, we have
TH-1
UO,C = Z y Q7g1 :

1€00,c

Let g, y, z, w be the vectors of variables g, yi, z;, (w)y,c respectively. We then have

z,P]

7]

Eppluoelz,Pl= Y Epp [yT
1€00,¢

= ZEDP

1€00,¢

@z P

Y'Y Q=74

ey

= Z TZEDP[ I(l=u)|z

1€00,c ey

Following similar steps to the proof of Theorem 4.2, we have

Epp Q710 = §)|2 P| = By [QEx 10 = gji)|w]‘z,77} =B [Q7/Quy|2.P| = Iei.
It follows
Eppluoelz,Pl= Y yTei= > 4(0). (24)
7,6(90 c ZGOOYC

We next calculate Efuf |z, P].

Epp [up.l2,P] = > Epp [YTQE(Q&)TY

i,je(’)o,c

z,P}

= > y'Epp | Y QQ NI =3I = )|z Py

,7€00,¢ Ley
= > Y'Ew | >, Q) E[I1 =) = gj)|w]|2,P|y
1,j€00,c Lrey
= Z yTEw ZQ QZyLZP
Z‘EO(LC ey
+ > Y EBw | Y Q@) QuyQuy, |z Py (25)
i#§€00,c ey
For the first term, we write
Q@) Quy =Y Q7 (Q7))(Qey,)e = Q7' diag(Qey, )Q T, (26)
ey tey

Let p = [po(ylc)lyey € RE*! be the empirical distributions of outcomes of the controlled units in
cluster ¢, arranged into a K-dimensional vector, such that py = ﬁHz € Op. : yi = £}|. In vector
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form,
1

no,c

P = €y; -

1€00,c

Taking the expectation of both sides in (26) and summing over i € Op ., we get

> Ew [ZQ ) Qe |2 P] w|Q 'diag [ Q > ey, | Q7|2 P
1€00,¢ ley 1€00,¢
— By, [Qding(no.Qp)Q |2, P
= 0, Ew | Q' diag(Qp)Q T |2 P)|

We next proceed with the second term on the right-hand side of (25). We have
Y Q0 QuyQuy = Y Q0 (Qey)e(Qey,)e
ey ey

= 3 Q7 Qe (Qey)IQT

ey

= Z szl/ (Qeyj e;/ri QT)E’,EQ:gT

ey

-1 TATH-T T
= Q7 Qeye,Q Q77 =eyey,.

Taking the expectation of both sides of the above equation, we arrive at

w| Y Q Q) QuyQry,|2P|y=Euy [yTeyﬁ;y‘z,P}

L0y
= vi(0)y;(0),

where the second equality holds since ¢ # j € O .. Putting these pieces together, we obtain

Eppluf |2, P] = nooy TBu | Q' diag(@P)Q |2, Py + D 5i(0)y;00),
i£i€00.¢
which along with (24) gives us
Varpp(uo.c|z, P)
= Eppluj |2, P] - Epplug.c|z, PJ?

— 0.y "B [Q 7 ding(@D)Q [ Py + D wi0)y0) — | D wi0)

1#j€0,,c 1€00,¢

z77’}y— > i),

1€00,c

= 0.0y B | Q" ding(QP)Q T
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e Decomposing Varpp(ugc|z,P)

We wish to bound Var(ug.|z,P). We begin by decomposing it into two distinct terms. Let ¢ =
[Go(y|c)]yey € REX! be the distribution constructed in the DP mechanism after adding noise to the
empirical distribution p, truncation, and normalization. We consider the following decomposition:

Q 'diag(QP)Q™ " = Q 'diag(Qq)Q™ T + Q 'diag(Q(p — §)Q .
Plugging into (27),
Varpp(uoclz, P) =

noe | v Ew |Q71iag(Qa)Q Tz, Py +y By [QMdiag(@p — @)Q 2P|y | = D 4(0).

iEOO,c

term I term I1

e Bounding Term I

By definition, we can write Q as Q@ = (1—A)I+Ag1' , with 1 € R¥*! indicating the all-one vector.
Furthermore, 17§ = 1 because § is a probability distribution (see (Esfandiari et al., 2022, Theorem
6)). Using the Sherman—Morrison formula, we obtain

1 A

—1 ~T

Q ' =—-I—-—-ql1" .
1-A 1—-A

Plugging for @ and Q !, we have the following chain of identities:

RQig=(1-Ng+Xrg=q,

A
Q' ding(Qq) = 1 diag(a) — -dd"
1 A? —2)
Qding(QQ)Q™" = FTypdias(d) + T4 -

Using the last identity, we have

Y Ew [Qdiag(Q@)Q Iz, Py

1 A2 -2\

= ———y By [diag(q)] y + Tz

T "Ew [4d"]y

o 1 ZE [~] 2+A2—2)\E Z ~
_7<1_/\)2 -~ w |9y| Y (1_)\)2 w Yqy

~ B | B2+ (1= s ) Balus O

~ B | 372 (Bl 0) ~ Bl O0F) + EqlusO)2 =P (29)

which can also be written as:

VTEw Q7 ding(Q@)Q |2, Py = =32 (Bawlb?(0)]2, PlBawlyn(O)lz, PI) +Egwlyn O]z, PP
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In the following lemma, we relate the expectation of outcomes with respect to g to their expectation
with respect to p.

Lemma A.4. If outcomes are bounded by B,

o 1
Eg.wly? (0)]|2,P] < B*Ey||G — pll1 + -

> wil0)%.

0,c Z'EO(LC
2
1 A
Egulyi )2 PP > | = 3 5i(0) | —2B%Eullg - ol
0,c Z'G(Qo,c
Using the above lemma, we obtain:
14 N 1 A
VB [Q7 iag(QD)Q |5 Pl y < (s | BEwlld — Bl + .~ 37 wil0)
¢ iGOo,c

2

> wi(0) | —2B°Ewlg -5l

¢ 1€00,c

(o= )

Y Ey [Q diag(Qg)Q T

S(1—1A>2 ni PORTCSE P SR

n
0,c iEO(LC

which can be simplified to

z,P} y
2

3 ~ A~
€ i€,
noe — 1 5%(4o.c) _ 2 ) 3 o
< = ) R B
T omoe (1-N)? ( (0) +B ((1 )2 +2)Ew [lg —»l] . (29)

where S%(@0) = =1 Y oacila — a)? and @ = & e

|[d—1]

e Bounding Term II
We begin with the two inequalities

y' Q 'diag(Q@®—@))Q Ty < Q@ Ty[*1Q(® — d)l
<1Q TyI*1QlscllP — dll1 » (30)

where |Q]oc = max; ; |Q;;|. For every £ € Y ¢, > v (see (Esfandiari et al., 2022, Theorem 6)), and
> ¢ecy @ = 1, which implies that V¢ € ), ¢ < 1 — (K — 1)v. Therefore, by definition of @, we have

Qloo <1 = A+ A1~ (K —1)y) =1 \K —1)y.

The following lemma bounds the maximum singular value of matrix Q.

40



Lemma A.5. The mazimum singular value of label randomization matriz Q' is at most %

Using Lemma A.5, we get

(AWK +1)°

1= )2 Iyl (1 = AME = D)) — qll: - (31)

y'Q 'diag(Q(® — q))Q "y <

e Bounding Var(ug c|c)

Combining (29) and (31) with the expression of Var(ug|c, z), we get

Vaer(u()’C\z, 7))

= noe [ Y7 Ew [Q71diag(Q@)Q |2 P |y +y By [Q7Mdiag(@(B - 0)Q T P|y | - Y 4A(0)

)

1€00,c
term I term II
S*(Fo.c) =92 p2f 3 .
< c 7 c Ui c B 2 IEw -
< (moe =gy +noe (0 + B (=555 + 2)Bwlld — )+
MWK +1 L
VR 21 = MK = 19)Eulp— dll) = 3 4200)
( ) 1€00,c
n _
=T 55%(e) + 000 = 3 v0) + no oAl Eulld — Bl
1€00,c
1 R U
= (0= 1) (g — 1) S%0me) + oy Eulld ~ pl] (32)
with JE
3 (AWK +1)2
b =B ——5 42 —1)7).
o= B (e +2) + O R = A — 1)
The final step is bounding the term E,,[||g — pl|1]-
Lemma A.6. Recall the notation g = [Go(y|c)]yey and p = [po(y|c)]. Then,
o
~ < —yno,c/oc _ ,—no,c/o )
Bullg - plh) < 2K [y + 2 ¢ el ]
By using Lemma A.6 in (32), we obtain
1 ~
Varpp(uoc|z,P) < (noe—1) <(1_)\)Q - 1) S*(5:(0)) + no,cA(no,) , (33)

with

Alw) = A 2K [y + 2 (e772/7 — el |

= 2K (32 (5 +2) + “{ +)” IvIP(1 = A(K —m)) [y + 2 (emwte — o)

A similar bound can be derived for Var(u; ¢|c), which in conjunction with (23) gives the desired
result.
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Proof of Lemma A .4

We recall the statement of Lemma A.4 below for convenience.

Eguwlyi (0)]|2,P] <

> wil0)%.
¢ iEOQc
2

1 A
Eqw[yi(0)|2, P)* > - > wi(0) | —2B°EyG—plh-
¢ Z'GOO,C

Proof. Since the outcomes are bounded by B, we have

\Eq,w[ﬁ(onz,m—Ep[y3<o>n:'Ew S 26, - py)|e P ‘
yey
< Eq Zyz(qy_ﬁy) z,P §B2Equ_ﬁH1-
yey

Therefore,
Egw(v7 (0)]1z, P] < Eply7 (0)|2, P] + B*Ewllq — 1 -
We next note that

E[y; (0)] ey Y M=y

yey ZEOO c

Vi lz,P| = Z i (0)%.

This completes the proof of (34). Likewise we have

Egly:(0))* — Eplui(O)2| = |Bgaolvi (0)] — Eplyi(0)]| - |Eqawlui(0)] + Eplyi(0)]

awly ()] — Eplyi(0)]]
< 2B°Euwllq — p]1 -

Therefore, we obtain:

Egwlyi (0)|z, P] = Ep[yi(0))* — 2B°Ewllq — Bl1 -

(zz i =y) ) (1 zyz«m) .

n
YEY i€y ¢ e

We next note that

This completes the proof of (35).

42

(34)

(35)



Proof of Lemma A.5

Lemma A.5. The mazimum singular value of label randomization matriz Q™' is at most

MWK+
-2 -

Proof. For any unit norm vector u we have

1 A
TH-1_ T _ TaqT
u Q =T U 1_)\uql.

Therefore, by triangle inequality

1 A 1+ AWK
To Y < —— + 2 gl - 11|l < =22
[WTQ < o + ol -l < FERNE

where in the last step we used |[ul| =1 and ||q|| < ||q|/: = 1. O

Proof of Lemma A.6

Lemma A.6.  Recall the notation ¢ = [Go(y|c)]lyey and p = [po,p(y|c)], where we dropped the
subscript ¢ to lighten the notation. Then,

Ew(llg —plh] < 2K {7 + = (e‘”"o’c/” - e_”oﬁc/f’)] .
no,c
We follow the proof of (Esfandiari et al., 2022, Lemma 5). By a tighter derivation which carries
over in a straightforward way, we obtain the following bound analogous to Equation (6) therein:

Ewl[llg — plh] <2 Ey[max(y, min(1, [wy,c|))] = 2KE[max(y, min(1, V)],
yey

where V' = |wy .| ~ Exp(no,/0), since wy . ~ Laplace(c/ng ). For a random variable V' ~ Exp(«),
we have

y 1
E[max(vy, min(1, V))] :/ 'yae_o‘”dv—i—/

0 v
g

o
vae_o“’dv—i—/ ae *Vdv
1

—Qu |00
(&

1 —Ot’U1
—(w+ )e| - e

which after substituting for u = ng /o gives the claim.
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