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Searching for discrete series

representations at the late-time boundary
of de Sitter

Gizem Sengor

Abstract The group SO(d + 1,1) makes an appearance both as the con-
formal group of Euclidean space in d dimensions and as the isometry group
of de Sitter spacetime in d + 1 dimensions. While this common feature can
be taken as a hint towards holography on de Sitter space, understanding the
representation theory has importance for cosmological applications where de
Sitter spacetime is relevant. Among the categories of SO(d + 1, 1) unitary ir-
reducible representations, discrete series is important in physical applications
because they are expected to capture gauge fields. However, they are also the
most difficult ones to recognize in field theoretical examples compared to rep-
resentations from the other categories. Here we point towards some examples
where we are able to recognize discrete series representations from fields on
de Sitter and highlight some of the properties of these representations.

1 Introduction

The group SO(d+ 1, 1), lies at the intersection of multiple disciplines. Being
the conformal group of Euclidean space in d dimensions it is of interest to
Euclidean Conformal Field Theory (CFT) [I]. Being the isometry group of de
Sitter spacetime in d+1 dimensions it is the group to address when discussing
quantum field theory (QFT) on de Sitter [4, 51 [6l [7]. Having both a CFT and
a curved spacetime side, makes SO(d + 1, 1) also appear in Holography [§].
SO(d+1,1) is a group about both Euclidean space and de Sitter spacetime.

de Sitter spacetime itself is one of the three maximally symmetric vacuum
solutions to the Einstein equations with a cosmological constant. This makes
it a very intriguing question to compare how our methods developed for one
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of the other maximally symmetric vacuum spacetimes with a cosmological
constant, be it in the context of QFT or CFT or Holography, work or need to
be enlargened to address de Sitter spacetime. Physically de Sitter spacetime
expresses accelerated expansion. As we are aware of two epochs of accelerated
expansion in the cosmic history of our universe, the primordial inflationary
epoch, and the current day dark energy epoch, de Sitter spacetime enters
discussions in a very physical and observable setting; in Cosmology. From
a broader perspective it is a group of interest to CFT, QFT, Holography
and Cosmology. All of which are disciplines of interest both in Physics and
Mathematics literature and which aim to address matter and gravity.

Wigner’s identification of elementary particles on flat spacetime in terms
of the unitary irreducible representations of Poincaré group [2], the isometry
group of Minkowski, has given us a solid framework to discuss quantum field
theory and particle physics. Therefore to talk about the particles on de Sitter,
which play a role both in our understanding of gravity and of observations,
we turn on to the unitary irreducible representations of SO(d + 1,1). These
fall under four categories: principal series, complementary series, exceptional
series and discrete series. Here we are interested in unitary, irreducible sym-
metric traceless tensor representations, which are also referred to as type-I.

From a physical perspective we tend to think of fields either in terms of
matter fields or gauge fields which mediate interactions. Among the four cat-
egories of representations the discrete series representations are expected to
capture the gauge fields [3]. As gravity is an interaction, learning about the
properties of discrete series representations on de Sitter is part of the long
winded goal of learning about gravity on de Sitter. At a more practical level,
earlier on in [B] we were able to provide a list of principal and complemen-
tary series scalar operators at the late-time boundary of de Sitter, in a setting
convenient for inflationary studies. Now we would like to enlarge this list by
including in discrete series late-time operators. From a mathematical per-
spective, while each one of the four categories of representations have their
individual properties, the discrete series representations have certain proper-
ties that make them even more unique then the rest. For instance discrete
series representations, exist only when the rank of the group equals the rank
of the maximally compact subgroup and for the group SO(d + 1, 1) they can
only be accommodated in terms of symmetric traceless tensors for two spe-
cific number of dimensions, d + 1 = {2,4}. There are no such restrictions on
the dimensionality for the other categories [I]. Here we focus on the discrete
series representations for d = 1 with the goal to recognize them in field the-
oretic examples. We will first discuss the unitarity properties and construct
discrete series operators both in the bulk and on the late-time boundary.
Motivated by the results of [7], we will focus on building highest and lowest
weight states of a free massless scalar, at the late-time boundary of dSs. This
can further be considered in the context of BF theories for a more complete
picture.
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2 Summary of subgroups of SO(d + 1,1) and Unitarity

The group SO(d 4+ 1,1) is composed of the following subgroups: rotations
M = SO(d), dilatations A = SO(1,1), special conformal transformations
N, maximally compact subgroup K = SO(d+ 1) and spatial translations N.
What sets de Sitter in d+ 1 dimensions apart from Minkowski in d+ 1 dimen-
sions is that this list does not involve time translations which exist for the
Poincaré group, I50(d,1). Instead it has dilatations and special conformal
transformations. The lack of time translations sets de Sitter apart from Anti
de Sitter, whose isometry group in d + 1 dimensions is SO(d, 2), as well.

In general, unitary irreducible representations are induced by the invariant
subgroup. For the group SO(d+1, 1) there are two sets of invariant subgroups.
One of them is made up of dilatations, special conformal transformations and
rotations (NAM). This invariant subgroup induces the principal and com-
plementary series representations. The second invariant subgroup is the max-
imally compact subgroup K, and this is the one that induces discrete series
representations. Being induced by a compact group also hints the possibility
to talk about highest and lowest weight states.

The representation theory of the de Sitter group has been well studied in
Mathematics literature, dating back to the works of Harisch-Chandra [10].
There are two main ways to construct representations, either from the action
of finite group elements [I], or from the algebra [9] [I1]. Recent reviews of
both methods catered towards a CFT construction can be found in [12] and
of the first method catered towards cosmological applications in [5]. In global
coordinates, as well as static patch coordinates, the metric of dS;1 can
be analytically continued into the sphere metric S%+2. Similarly, the group
SO(d + 1,1) can be analytically continued to the group SO(d + 2). One can
make use of this analytic continuation to capture the representations as well,
where some of the generators are effected by the analytical continuation. This
method has been employed to study scalars [I4] a well as fermions [I5] on de
Sitter, and it works differently in d + 1 = 2 dimensions [T} [16], then it does
in higher dimensions. The unitary irreducible representations are labeled by
the eigenvalues of the quadratic Casimir which involve spin s and scaling
weight c. The spin label is in general the eigenvalue of the rotation subgroup
except for some of the exceptional series categories. We will denote these
labels as x = {s,c}. For d = 1, the rotation subgroup M = SO(1) is trivial
and the concept of spin is replaced with the concept of being odd or even [13].
Among the two labels, the scaling weight plays a special role as it determines
the categorization of the representations. The scaling weight is a part of the
scaling dimension that carries information about the mass of the field. Under
dilatations an operator with scaling dimensions A transforms as follows

as & — A\, O\L) — A\~20(%), (1)
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where # € R%. For the group SO(d + 1,1) the scaling dimension has a very
fixed format based on the number of spatial dimensions d and the scaling
weight ¢ as follows
A= d +ec. (2)
2
For SO(d + 1, 1) both real and purely imaginary c give rise to unitary repre-
sentations. However the range of ¢ determines the category of the representa-
tion. For comparison complex scaling dimensions of SO(d,2) do not capture
unitary representations, while complex scaling dimensions such that the scal-
ing weight is the imaginary part, are unitary for SO(d + 1, 1), these are the
category of principal series, and correspond to heavy fields on de Sitter. This
difference between dS and AdS is due to the lack and presence of time trans-
lations in each one. For the category of discrete series representations the
scaling dimension is a positive integer.

In building representations from finite group elements, these representa-
tions act on function spaces with certain properties and equipped with a well
defined inner product. When building representations from the algebra, the
focus is on normalizable states and the generators act on states. Unitarity
means the representations acting on the functions of the function space, or
the generators acting on states should preserve the well defined inner product
on the function and on the state respectively. This boils down to figuring out
what is the corresponding bra state for a given ket state. Here subtleties arise
due to dilatations and this is why the range of the scaling weight works into
the definition of unitarity. While standard Hermitian adjoint of the ket gives
the bra in the case of principal series, the inner product needs to be modified
to include an invertible, normalizable intertwining operator that carries on
a similarity transformation such that ¢ — —c for the rest of the categories.
The intertwining operator being well defined depends on the range of the
scaling weight and for this reason each representation category is equipped
with its own set of intertwining operators. One can consult to [T 12] for the
intertwining operators of various categories and to [Bl [6l [1I'7] for the discussion
focusing on scalar operators with examples that can be used in inflationary
cosmology. In section B2l we will review the discrete series inner product and
hence the discrete series intertwining operator to the extend we need to make
use of. A short review on the properties of the discrete series representations
can also be found in [18].

One can understand the necessity of different intertwining operators for
different categories by considering the normalisation. A convenient choice for
the normalization of complementary series intertwining operator is

doo_
nt(x) = (g—i—s—i—c—l) % (3)

However note that the Gamma function I'(z), has poles for z = 0, -1, -2,. ...

In general for scalar fields ¢ = :I:\/df2 —m?[? and for a massless scalar we
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have ¢ = :I:% which is captured by exceptional series. When d = {1, 3}, the
normalization becomes ill defined for ¢ = —%, which is where we expect to
find discrete series representations for d = {1,3}. The exceptional series are
in general reducible into discrete series [I] and when d = {1, 3} they overlap
with discrete series [3].

The function spaces on which the representations act are labeled by spin
and scaling weight, just like the representations. In talking about normaliza-
tion one needs to pay attention to which well defined intertwining operator
maps which two functions spaces. For the case of scalars on d = 1 parity is
trivial and it is enough to label the function space by scaling dimension. The
function spaces C1_a and Ca with A =1,2,3,... are the ones that capture
discrete series representations that we are after.

In the next subsection we will obtain both bulk and late-time operators in a
specific example, identify which function space they belong to and normalize
them. In section Ml we will build highest and lowest weight states from some
of the late-time operators.

3 Identifying scalar discrete series operators at the
late-time boundary of dS,

We will work in conformal global coordinates, where the dSs metric takes the
following form
ds? B —dT? + db*
2 sin®T
and [ is the de Sitter radius. The generators can be realized as differential
operators in terms of the Killing vectors. We will write them as in [7]

, T €(—m0) (4)

Lo = —id, (5a)
Ly1=—e " (icosTdy +sinTar), (5b)
L, =—et? (icosTOy —sinTOr). (5¢)

The generator Ly is the generator of the maximally compact subgroup, which
in this case is K = SO(2). These generators obey the so(2,1) algebra, whose
double cover is the sl(2, R) algebra, which can be written as

[Lins Ln] = (m —n) Ly (6)

We introduce our free massless scalar field as is customary for a real scalar
field in quantum field theory, by expanding it in terms of mode functions and
annihilation and creation operators such that the expression is real. In the
basis of the maximally compact subgroup generator we have
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inf
oT.0)= Y S [én(@an+e%,(T)al,]. (7)

neZ/{0}

One can think of label n as a discrete momentum label, and the expansion
(@) is similar to going to momentum space often employed in inflationary
cosmological calculations. The mode functions satisfy the equation of motion

6’%¢n + n2¢n =0. (8)

Here we remove the zero mode (n = 0) by hand, which we will comment
on more later on. However one can make use of the gauge invariance of the
massless scalar or consider it in the context of a BF theory, which is a gauge
theory with a scalar and a vector field, to put the removal of the zero mode
in a more rigorous context [7]. We consider the field to be quantized and
demand a,, and a/, be the annihilation and creation operators satisfying

! ] = 5n,m; an|0> =0, a;rz|0> = |Aan>7 <0|6Ln = <A,TL| (9)

[an, a,

with 6y, being the Kronecker delta, the annihilation operator a,, annihi-
lates the de Sitter invariant vacuum state |0) and label n stands for the Lg
eigenvalue, which we will comment more on in the next section. The general
solution for the mode functions leads to
einG
o0 = Y S [(A cosnT + BsinnT) ay + (A* cosnT — B* sinnT) ain} .
nez/{0}

(10)
Our goal is to decompose the field in terms of operators which we can recog-
nize as the unitary irreducible representations of SO(2,1). We will follow two
complementary routes, first we will focus on operators in the bul, next we
will focus on the late-time limit and make use of the holographic dictionary.

3.1 The bulk decomposition

The abstract generators, which we will denote as Lo following [7], and the
Casimir C of the algebra (Bl acts on states |A,n) defined in ([@) as follows

C|A,n) = A(A=1)|A,n), Lo|A,n) = —n|A,n), Li1|A,n) = —(n+A)|A,nt1).
(11)

In the bulk decomposition, we want to focus on the mode functions and

make sure that they explicitly realize unitary irreducible representations of

1 We thank the anonymous referee for pointing out to us this way of organizing the
field. The discussion in the following subsection[3.Jlhas evolved mainly by the referee’s
input.
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SO(2,1). For this purpose, it is convenient to start first by labeling them

with A, n just like the states. Thus we introduce ¢§1A) (T, 0) such that they
obe

L ®N(T,0) = — (n+mA) ¢\, (T,0) for A=0,1. (12)
With this purpose, choosing A = —B = \% and replacinéﬁ n with —n in the

sum, we can rewrite (I0) as

O(T.0)= > [60(T.0) Pa +o((T.0) 5] (13)

neZ/{0}

with the modefunctions being

—in6 —inb o3 T
O (7, 9) = & T, ¢M(1,0) =< " 14
On, ( ) ) = cosnT, ¢, ( ) ) o n ( )
and the bulk operators defined as
1 n

B T Bn _ {_ f }
oap =— |a_, +a)|, = —= |—an+al,|. 15
7 | I =75 (15)

Equation (@) implies that the bulk operators Za,, and Zp,, obey the following
nontrivial commutation relation

[ Bana Bﬂm] - nan,m- (16)

As a check, action of the differential representations (&) on (I4) does sat-
isfy (I2). Comparing the action of the differential operators (Gh) and (5d)
on ¢ (T,0) and (b%l)(T, 0) with ([I2)), one can confirm that P (T,0) has
dimension A = 0, implying that it corresponds to a state in the function
space Cp and ¢,(11)(T, 0) has dimension A = 1, making it a state in C;. In
other words the mode functions ¢,, in (@) that obey the equations of motion,
are also related to ¢§1A), the eigenfunctions of Lg.

At this point, for gb,(zl) it is necessary to exclude n = 0 where as it can be
kept for ¢$10). However we will continue to remove the n = 0 mode as we have
done so by hand in the sum in (I3).

2 We thank the anonymous referee for pointing out to us to organize the modefunc-
tions this way.

3 This replacement of n — —n is necessary to have the modefunctions satisfy the
algebra as stated in (I2]).
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3.2 Normalization of Ba, and Bpj3,

Next we wish to identify which function space the operators P, and 23,
belong to in order to normalize them. As in the previous section, we can
make use the action of f)il to read off the dimension. So far we have worked
out how Ly, acts on ¢(7, 6) via differential operators (&) and how it acts on
the mode functions ¢ (T,0) via ([I2). Using the action of the generators
on the modefunctions, we can work out the action of the generators on the

operators Pa,,, Bp,. Thus we introduce LE,?’ through

~Lud(T.0) = 3 {60(1,0) (£, D] +60(T.0) [£5). "B }

(17)
where

[Lﬁ,ﬁ”, Ban] = (n—m) B v and {E;}L), Bﬂ,n} =n Bﬂ,ner. (18)

The commutators in ([I8]) are achieved by making use of (I2)) and rearranging
the indices appropriately. Focusing on m = 1 in ([I8) we have

{Ego), Ba,n} =—(n+1) Boz_(n_H) and [Cgl), Bﬂ,n} =nbBp_ 1. (19)

Comparmg the above with the action of L,, in (), we conclude that
Ba_, = Bal is a A = 1 operator with respect to f) In other words
a, is a A = 1 operator in the representation of LT = —lAL,m. Similarly
B3, is a A = 0 operator among the representatlons of Ly,

Lastly, we can write the generators ﬁm that we have mtroduced in (1Y)

in terms of the operators Za,,, Zf,. Taking into account the commutation

relation ([I6l),

B

k+ mA
L == 2 gy B P 20)
k

realizes (I8).

At this point, among the representations of L,, we have identified
B, =— [an + aT_n] € (Cq, (21a)

= ﬁ [—an + ain} € Cy (21b)
B, N

From these operators we define the normalized bulk operators, “al, =
N, Ba_, and BpYN = N;g B3, whose normalization we will now work out
using the discrete series inner product.

For dimension A, there is the following position space intertwining oper-

ator [12] 11 [13]
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i1
G (z) = %F(2A) A1 C_A = Ca. (22)
In n-space, this will be
i , _
G (n) = 7 (2A)(—m)2A LiCioa—Ca. (23)

For A =1, regarding (ZI)) the intertwining operator will act on a,, and 3, as
follows

Bafn = G(l)(n) B&fm BBn = G(l)(n) Bﬂn (24)
with n
G (n) = 5 :Co—Cr. (25)

In normalizing the bulk operators, we first we identify the intertwined oper-
ators &_,, and f3,, using (28) in (24). Then defining states from our operators
as

|0) = 04]0), (26)

and the inner product as follows

(0.0) = %Z@@), 2=37(A,—n|A, —n). (27)

we arrive at the following normalized bulk discrete series operators

BalN = @ [an + ain} , Bl = (—z)\/% [—an + atn] . (28)

The appearance of factors of n in the normalization carry on the information
that n = 0 mode is problematic, especially for ZY  and is one justification
of our removal of it. Lastly, notice that

(Ba¥,)" = Pal, (Pp)'= PpY,. (29)

3.3 Late-time decomposition

From the point of view of holography we expect to have operators appear at
the boundary of spacetime of interest. Moreover, the holographic dictionary
determines the scaling dimensions of the operators from the field behavior at
the boundary. For de Sitter there are two spacelike boundaries: one at early
time and one at late-time. Here we focuse on the boundary at late-time.
Employing the holographic dictionary via the late-time limit determines the
scaling dimensions from the time dependence of the field behaviour at late-
times. Considering the holographic dictionary in general dimensions in the
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case of scalars, we expect to find operators in the late-time limit with certain
scaling dimensions appearing in the following format

lim ¢(T.6) = TA05(0) + T20A(8), (30)

where A + A = d.

Our goal is to obtain the operators Oa and O 3, in a way we can recognize
them as unitary irreducible representations of the de Sitter group SO(2,1). In
doing so, our key tool will be to identify which function space they belong to
and be able to normalize them as is expected for the representation category.

Keeping the convention that A = —B = %, the field (IQ) is reorganized

in the late-time limit with respect to the holographic dictionary ([B0) as

in
lim 6(T.0) = > [Yom +T "B,] (31)
- nez/{0}
with .
.o L T g N T
ap = 7 (an + afn) , B = 7 ( an + afn) . (32)

Reading off the dimensions by comparison from the holographic dictionary
we expect to find the following two position space operators

inb
ta)= > S=la,, A.=0, (33a)
nez/{0y v 2
inb
It € it
BO = > B, Ap = 1. (33b)
nez/{0y v 2

t

This let’s us to identify the operators "a,, and *#, to belong to the following

function spaces
"o, €Cy, "Bn €. (34)

Then the intertwining operator and the normalization procedure we discussed
in detail in section lead to the following normalized late-time operators

N = \/% [an + aT_n} , g = —i@ [an - aT_n] (35)

These discrete series operators also appear in the context of Abelian BF
theory on dSs [7] (here our convention is such that the operator with the
lower scaling dimensions is «, opposite to the convention of [7] and our finding
in section Bl). Just like in the case of bulk operators factors of n and where
they appear in the normalization justify our removal of the zero mode. We
would like to note two properties of our normalized discrete series late-time
operators. Their Hermitian adjoints satisfy
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Mol T = Mo, gt = N (36)
If we go back to position space

inf

e
0= ——0Op, 37
> or (37)

our normalized operators satisfy the following nontrivial commutation
[#a (9), BN (0)] = 2i6(0 — 0') (38)

similar to that of a quantized canonical field and its conjugate momentum
up to a factor of 2.

4 Massless scalar highest and lowest weight states

In the basis of maximally compact subgroup generator Ly, using our normal-
ized late-time operators we can build states, as we did in (26)), which we also
know are labeled by the Casimir eigenvalue A and the maximally compact
subgroup eigenvalue n

|ON) = ON|0) = |A, n). (39)

Remembering the action of the abstract generators ([Il), by definition the
highest and lowest weight states get annihilated by the raising and lowering
operators respectively

Highest weight: L, 1]|A,n) =0, (40a)
Lowest weight: L_;|A,n) = 0. (40b)

Focusing on our normalized late-time operator BN we see that
1,-1) = "B{'|0) (41)
is the highest weight state and
11, —n) = “gN0), for n=1,2,... (42)
gives a tower of highest weight states. Similarly
1,1) = "5Y[0) (43)

is the lowest weight state and gives rise to the following tower of lowest weight
states
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I1,n) = "N 10), for n=1,2,... (44)

Notice that since we removed the zero-mode the tower of highest weight states
is disconnected from the tower of lowest weight states.

5 Concluding remarks

A characteristic feature of discrete series representations is that the operators
obtained by intertwining maps are not unitarily equivalent. Physically this
gives rise to a tower of highest weight states that are distinct from the tower of
lowest weight states. We have seen this feature arise explicitly in our example
in section [4] and related it to the removal of the zero mode. In section [ we
made use of the late-time operators constructed in section B3 In addition to
these we also discussed bulk operators in sections B.1] and

The generators L, can also be expressed in terms of the annihilation and
creation operators [7]

o0

L,=— Z (k+nA) aLrnak. (45)

k=—o0

We can invert ([B3]) to rewrite the annihilation and creation operators in terms
of our normalized discrete series late-time operators

LVl n -ﬁltN i1 ﬂltN_-ﬁltN
[ ST ﬂ] vz T ﬂ()
46

V2
Finally the generators can also be expressed in terms of the normalized dis-
crete series late-time operators

a, =
2

2

oo

o1 |kllk+nl 1+ N It N 2 It N It QN
=g 5 e [ ol e

k=—o0
o [|k4n| 1w, N tpN _ ; [kl 1taN It N
+ W Y—k-n B —i [E+n] Spen o |- (47)

By inverting equations ([28) to rewrite annihilation and creation operators
in terms of the normalized bulk operators we can also related the bulk and
late-time operators. The relation comes out to be

it N B_N It aN B QN 18
3 —_— [i .
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We leave it for future to further discuss the relation between the bulk and
the boundary operators.

The treatment of the zero mode was a key point in our discussion. Remov-
ing the zero mode corresponds to removing one entire de Sitter representation
and therefore does not spoil de Sitter invariance [7]. Note that we have not
argued whether the zero mode is a unitary or nonunitary representation.
Earlier on in literature, the zero mode has been identified as a gauge mode
[19]. This identification has been made more rigorous recently in a specific
example of a spin-1 field [3]. As was already mentioned, the removal of the
zero mode can be made more rigourous in the context of interacting quantum
field theories, where in the end the discrete series states do not end up in the
physical Hilbert space once gauge invariance is taken into account, moreoever
the removal of the zero mode has implications for locality [7]. We leave it for
future work to explore more the gauge theory side of the zero mode and its
treatment for other spin and scaling dimensions.
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