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We study the effect of phase separating diffusive dynamics on the mean time to extinction in
several reaction-diffusion models with slow reactions. We consider a continuum theory similar to
model AB, and a simple model where individual particles on two sites undergo on-site reactions
and hopping between the sites. In the slow-reaction limit, we project the models’ dynamics onto
suitable one-dimensional reaction coordinates, which allows derivation of quasi-equilibrium effective
free energies. For weak noise, this enables characterisation of the mean time to extinction. This time
can be enhanced or suppressed by the addition of phase separation, compared with homogeneous
reference cases. We also discuss how Allee effects can be affected by phase separation.

I. INTRODUCTION
A. Motivation

A fascinating and important feature of stochastic systems is the ability to switch between different metastable
states. For systems with an underlying equilibrium dynamics, which imparts a free energy structure, such transitions
can usually be framed as the crossing of a barrier (typically a saddle) between two basins in the free energy landscape.
Such crossings are rare events driven by noise (typically thermal) in the dynamics [I]. Similar events also occur in
non-equilibrium systems, where they can be analysed by large-deviation theory [2] 3], although the absence of a free
energy makes the calculations more challenging in general.

Extinction events form an important class of such transitions, as studied in nonequilibrium statistical physics [4-
[T0]. These are irreversible transitions in which a system changes from an ‘active’ state, undergoing some nontrivial
population dynamics, into a state of zero population. Since there is no recovery from such a state, these are examples
of absorbing-state phase transitions [11]. Such transitions are relevant in a broad variety of fields including population
biology [12HIS], epidemiology [T9H23] and climate modelling [24H26]. Understanding the factors that lead to extinction
is of obvious importance, for example when trying to plan the global eradication of infectious diseases. Here typical
questions include devising effective control strategies to facilitate extinction [19] 27]. Another highly pressing example
is the loss of biodiversity caused by climate change [T16] 25| 26] 28H30]. Here it is vital to understand the factors that
influence the risk of extinction and possible strategies to optimally prevent species extinction [31]. In that setting,
stochasticity in the dynamics can lead to extinction in any finite population, no matter how stable it appears to be.
The likelihood of such an event is exponentially small for a large, apparently stable population but this also makes it
exponentially sensitive to small changes in environmental control parameters, population fitness, or initial population
size.

The random noise that causes these rare events may arise internally (for example by demographic noise, such as
random fluctuations in birth and death rates), or externally (for example environmental noise, leading to randomly
time-dependent conditions) [4, [I3]. In this paper we focus on demographic noise, which is already sufficient to cause
extinction, and we consider finite but large initial populations for which such noise is effectively weak and the mean
time to extinction (MTE) becomes exponentially large [7]. Calculating the scaling of MTEs in such model systems is
a long-standing challenge [4HI0]; it can be achieved analytically for simple systems but it becomes more challenging
as model complexity increases [0} [32].

An additional important aspect of these models is ‘the Allee effect’ (defined more precisely for our purposes below).
This generally refers to the idea that fitness (or per-capita growth rate) is nontrivially dependent on population density,
due to factors such as individual fitness, competition for resources, crowding effects, and transmission heterogeneity,
which also influence the MTE [4], [33H36]. In some cases, the per-capita growth rate may have a maximum at some
critical density below which cooperation makes fitness an increasing function whereas above it, competition makes it
decrease [37, [38]. In its strongest form, the Allee effect can create a finite critical density below which extinction is
almost certain. In this case, the MTE is given by the mean time for the density to fall to this critical value.

Given their status as rare events in stochastic many-body systems, MTEs are naturally studied using tools from
statistical physics. However, these systems are generally far from equilibrium, so there is no single-valued, global free
energy landscape. Still, for systems with weak noise, one may define a quasipotential [2} [3] from which the asymptotic



behaviour of barrier-crossing times can be determined. The quasipotential is defined locally within each metastable
basin and its computation is challenging in general. However, if the dynamics of a non-equilibrium system can be
reduced to a single Markovian reaction co-ordinate, the situation is simplified and it is often possible to reconstruct
a global landscape representing an effective free energy. We make extensive use of this fact in the following.

B. Extinction coupled to phase separation and inhomogeneous mixing

The main focus of this work is the effect of inhomogeneous densities on the MTE [39]. Extinction in systems that
combine local population dynamics with spatial diffusion have been studied extensively, mostly focusing on the MTE
and the most likely trajectory to extinction [5], [BHIO, 40H42]. However, there is so far little work on cases where spatial
diffusion leads to spontaneous structuring of the population into regions of high and low densities. This is surprising
since phase separation of this type represents a simple model of emergent heterogeneity at scales ranging from bacterial
colonies [43 [44] to human cities [45]. Such spontaneous heterogeneity clearly has consequences for global population
dynamics whenever the fitness is dependent on local population density. Less obviously, even without this coupling
phase separation can alter the dynamics, because the demographic noise terms are themselves density-dependent in
general.

In the following, we characterise these effects in two types of model system, which are a field theory and a discrete
particle model. For simplicity, we work in a limit where the mixing (or phase separation) dynamics is fast compared
to reactions (or birth/death). This allows us to identify a one-dimensional reaction coordinate for the extinction
transition, an approach that parallels previous works on nucleation in active matter [46]. (We note that the extinction
events considered here do not require that the population reaches exactly zero. For example, the field theory considers
a large volume V' and we treat sub-extensive populations as effectively extinct, under the assumption that recovery
from such small populations is effectively impossible. This point is discussed in more detail below.)

Within this setting, we extend previous results for MTEs, showing for the field theoretic-model that if phase separa-
tion arises for any global population density between its locally-stable state and zero, the MTE will be exponentially
affected. The discrete-particle model does not support phase separation because particles reside on just a few lattice
sites, but we again find that inhomogeneous mixing of the particles has exponential effects on the MTE. For both
models, we also show how Allee effects can be modified by inhomogeneous densities. In particular, we compare phase-
separating field theories with suitable reference theories where the density remains homogeneous. We find that the
existence and type of Allee effect can be qualitatively altered by phase separation.

To preview the paper: Section [[I] analyses the field-theoretic models, which are of ‘Model AB-type’ [47]. They
describe continuous density fields for a single species of particle, whose dynamics has a slow non-conserved part
(similar to Model A [48], describing birth-death processes or chemical reactions) and a fast conserved part (similar
to Model B [48], describing particle hopping, which drives phase separation). The dynamics is far from equilibrium
because, although the A and B dynamics each stem from an underlying free energy functional, these do not match.
The Model A sectors of the chosen systems are inspired by well-known population dynamics models (the logistic and
Schlogl models [49] [50]), although we note that the noises in the field theories are Gaussian, as usual in models A and
B [48]. (The relevance and implications of non-Gaussian noises for rare events in these population dynamics models
are discussed in Appendix ) The main results of Section [lI| concern the effect of phase separation on the MTE, and
on the types of Allee behaviour that occur.

Section [[T]] describes the discrete-particle model, which is motivated as a scaled-down version of a full population
dynamics model. Two species of particles hop quickly between discrete sites and they undergo slow on-site chemical
reactions. Inhomogeneous mixing of the species is implemented by on-site interactions, where again the hopping and
reaction dynamics are separately in detailed balance with respect to suitable free energies, but these do not match,
driving the system away from equilibrium. A weak-noise limit is obtained at low temperatures, so that extinction is
a rare event. In addition to the effects of density inhomogeneity on the MTE, the simplicity of this model also allows
computation of the paths to extinction, at the microscopic level, using transition path theory [51].

Finally, Section [[V] discusses our conclusions, including a summary of the main results, and a comparison between
field-theoretic and discrete-particle models. Some technical details are discussed in the Appendices.

II. SPATIAL MODELS FOR POPULATION DYNAMICS WITH PHASE SEPARATION

This Section considers a class of stochastic continuum models in which the dynamics of a population is coupled
to spatial phase separation. Previously, models of this general type have been used to describe, for example, the
formation of bacterial colonies [43] [44]. A canonical example is “Model AB” as defined in [47], in which a scalar order
parameter evolves via additive conserved (diffusive) and nonconserved (birth/death) processes. These are governed



by incompatible potential functions so that, although each sector would separately represent a noisy gradient flow,
together they do not. Equivalently, in thermal language, the conserved and nonconserved dynamics are governed
by different free energy functionals such that, although detailed balance would be obeyed in each sector separately,
it is broken in combination. The breakdown of detailed balance is a central feature in biological systems even at
subcellular scales [52] and almost unavoidable at population-dynamics level [53].

In Model AB [47], each free energy functional is chosen for simplicity to be of ¢, square-gradient form, with an
order parameter field ¢(x,t) o< p(x,t) — po, chosen so as to vanish at the critical density py of the phase separation
dynamics at weak noise. This is the density at which, under variation of other model parameters, the coexisting phases
become identical. To study extinction, it is more natural to consider the p field directly, in terms of which there is an
absorbing state at p(x) = 0 for all . We make this choice below, and also allow more general forms of birth-death
dynamics than can be represented by a ¢* free energy. Nonetheless our spatial models remain of “AB-type”. We
emphasise that our theories employ Gaussian noises as usual in Models A and B [4§], although exact application
of large deviation theories to chemical reaction or birth-death systems requires treatment of Poissonian noises that
originate in the underlying discrete particles. Implications of the Gaussian noises are discussed below in Sec[I[TH] and
in Appendix [A]

A. AB-Type Models: General Framework

We consider particles that are distributed in a large volume V according to a coarse-grained density field p(x,t)
which evolves in time via both a non-conservative mechanism (Model A-type) and a conservative mechanism (Model
B-type). Model A represents kinetic processes such as chemical reactions or population dynamics in which particle
numbers change, while Model B represents diffusive relaxation of spatial structure, towards either a uniform or a phase-
separated state. This terminology has long been standard in the statistical physics literature [48]. Each dynamical
sector has its own noise terms which are chosen following [47], such that detailed balance would hold in both the
non-conserved and the conserved sector if taken in isolation.

This allows chemical potentials 14 5(p) and local mobilities M4 g(p) to be identified for each sector, such that
when the two are combined, the density p = p(x,t) evolves in time according to
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Here A 4 is spatiotemporal unit Gaussian white noise with (A4 (x,t)) = 0 and (A (x,t)Aas(2’,t')) = 6(t—t')d(x—x'),
A p is a vector of independent similar noises, and ¢ is the noise strength. Note that € has been chosen equal for both
sectors without loss of generality; this can always be achieved by appropriate rescalings of mobility and chemical
potential. We are interested in the MTE for cases where extinction is a rare event, so we address the limit of small
€ throughout. This has the advantage that the phase separation dynamics is accurately described by mean-field
theory and it also means that It6 and Stratonovich interpretations of the noises in are equivalent, despite the
multiplicative noises. We adopt Ito calculus in the following, for concreteness. Later it will emerge that, for the slow
reaction limit addressed in this paper, the relevant noise scale for the extinction process itself is ¢/V. Hence it would
be quite possible to have a rare extinction — governed by a weak noise, large deviation limit — in a system whose
phase separation was strongly affected by noise, such that nontrivial exponents govern the behaviour of the B-type
dynamics, close to its critical point [48]. However we do not address such cases here.

Following [47], we assume each chemical potential, u4 and pp, to derive from a separate free energy functional
]:A,B5
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As such, the nonconserved or conserved dynamics, with the other switched off, would each lead to thermal equilibrium
steady states with Boltzmann distributions
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where Z4 p are partition functions. Importantly, the free energies 74 and Fp are not equal in general. The incom-
patibility of the free energy means that the dynamics is inherently out-of-equilibrium.

Now assume that the A-type dynamics arises from an underlying birth-and-death process with birth rate A, and
death rate A\g per unit volume. Reactions occur locally in space, so there is no particle transport caused by the A-type



dynamics. In this case the chemical potential and mobility are local functions of density, given in terms of the reaction
rates by

Ma(p) = 5 olo) + Malo)],
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These two quantities determine both the scaling of the non-conservative noise in and the (average) reaction rate,

Ra(p) = —Ma(p)p(p)
= Ao(p) — Aalp) - (5)

Note that all three functions M4, R, ua are fully determined by the birth and death rates Ay, \y. We explain in
Appendix [A] how these formulae can be motivated by applying a central limit theorem to the underlying birth-death
process, in a suitable limit, which also determines the noise strength e.

Such a reaction system has a fixed point at any p* for which R4(p*) = 0. The fixed point is stable if R’y (p*) <0
and unstable when R/, (p*) > 0, where the primes denote differentiation. In the absence of any conserved, B-type
dynamics, there is no diffusion and hence no interactions between different locations in space. Thus the Model A
sector equilibrates independently at every point in space. This implies that the free energy F4 can be written as
Falp(z,t)] = [dax Fa(p(x,t)) where the local free energy density Fi4 depends on p but not its gradients:

ra(p)

Falp) = [ dppate). (6)

Meanwhile, the conserved (Model B) part of the dynamics in is governed by the current Jp whose chemical
potential up = §Fp/0p stems from a free energy chosen, following [47], as the standard Model B form

Fold = [ da (Fao) + 36901 )

Fi(p) = ~ga(p— po)? + 18(0 — po)* (8)

with positive constants «, 8, k, pg. The theory remains well defined for o < 0 but there is no phase separation in
that case. As is usual in a Model B setting, the mobility Mg is now chosen constant, unlike M 4(p) for the reaction
dynamics. There is no cubic term in Fg(p) because the critical density po is defined by the vanishing of Fj; and F}y.
Moreover, adding a linear term to Fp has no effect on the dynamics because its contribution to pp is uniform in
space.

We define the global density as

w®:§/MMuw (9)

In the absence of the A-type birth-and-death dynamics, and assuming small positive noise parameter ¢, the B-type
dynamics in carries the system to a stationary equilibrium profile pp q(2) which is the minimiser of Fp subject
to a fixed total density ¢:

PB.cq(T) = argmin,, ) Fp[p(z)] (10)

It is important in the following that if the A-type dynamics is present but the timescales of A and B sectors are well
enough separated that such reactions can be considered indefinitely slow, the B-type dynamics will always maintain
the density profile at a solution of 7 with the only time-dependence entering through the total density ¢(t).
Assuming that V is large, we characterise the global minima in , via a common tangent construction to find the
convex hull of Fg(p) as illustrated in Fig. |l The common tangent meets Fg at the binodals densities p+ = po£+/a/5
which in turn define the miscibility gap [p_, p+]. With the above choice of F, the tangent is F'; = 0, this corresponds
to a vertical line in the left panel of Fig. (1} If ¢ lies outside the miscibility gap, ¢ ¢ [p—, p+], the equilibrium density
profile is homogeneous: pp cq(x) = ¢ for all . In contrast, whenever ¢ € [p_, p;] the equilibrium profile is spatially
inhomogeneous, describing coexistence between two bulk phases at the binodal densities, whose phase volumes Vi
obey the ‘lever rule’ whereby V_ +V, =V and V_p_ +V,p; = Vi, encoding respectively the conservation of system
volume and of matter. The relative volumes of the two phases ¢+ := Vi /V can then be written as
by = R _ PP (11)

Pt —p-’ o pr -



2.0 | homo i | T T T I T T T I T T T I T
r geneous | r
& sk I —
@ I phase separated
CQ B o)
S b ®
< 1.0F 4¢» g
< [ S
> r <
I 0.5
S i i L
: homogeneous : : 1 1 1 I 1 1 1 I 1 1 1 I 1
Fy(p) 0.0 0.2 0.4 0.6 1.0
z/V

FIG. 1. Left panel: Fp(p) in Model-B (horizontal) as a function of the global mean density ¢ (vertical). This is the free
energy per unit volume Fg/V of a homogeneous state at density ¢, which can be reduced by phase separation when ¢ lies
between the binodals, p— < ¢ < p+. In the case shown, p+ = 1 £ 0.5. Right panel: Resulting equilibrium profiles pp,eq(z) in
a one-dimensional box with periodic boundary conditions, for ¢ € {0.25,0.5,0.75,1.0,1.25,1.5,1.75}. For the phase-separated
state with ¢ = 0.75, the phase volumes V3 = ¢V of the dense and dilute phases are indicated via the black horizontal arrows,
as are the sub-extensive interfacial ‘volumes’.

When the system volume V' is not asymptotically large, the miscibility gap is narrowed slightly due to the sub-
extensive square-gradient contribution in . The resulting free energy cost takes the form of an interfacial tension
o = (8ka3/96%)'/? at the interface between phases; this interface has width ¢ = (k/2a)'/2. Fig. [1]illustrates such
profiles schematically for various ¢ values. Allowing for the resulting ‘interfacial volume’ one then has ¢, +¢_ = 1—¢
with ¢ o £V(d=1/d Tn what follows we consider V large enough that can be applied uncorrected, effectively
treating the interfaces as perfectly sharp. Under periodic boundary conditions, the global mean density ¢ and the
binodal densities p4 then entirely determine the equilibrium profile pp o4, up to spatial translations, with no further
dependence on the Model B parameters.

Hence, assuming (as above) that the time scales for B-type dynamics are much faster than those of A-type reactions,
the behaviour of the model in is fully determined by the density-dependent rates Ay, A4, the (small) noise strength
€, and the binodal densities p..

B. Choices of Birth-Death Kinetics

As representative examples for the birth-death rates, we consider two well-established models: the logistic model
and the Schlogl model [49, [50]. The logistic model can be interpreted as arising from the reaction system P = 2P,
resulting in a volumetric birth rate A\y(p) = p and death rate A\g(p) = p?/ps. There is then a stable fixed point at the
carrying capacity ps, while the state of zero density p = 0 is an unstable fixed point. If we denote stable fixed points
by x and unstable fixed points by e, the logistic model can be represented diagrammatically as
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The line represents density space [0, 00), and the arrows represent the gradient flow towards stable fixed points.

Since the death process 2P — P involves two particles but only removes one of them, the extinct state p(x) = 0
for all  cannot be reached via P = 2P in this logistic model. To restore the possibility of extinction, we therefore
assume an additional weak one-body decay process P — () which allows removal of the final particle and allows the
population to reach extinction from states from states with ¢ ~ 1/V. Since we work at large V, this process is only
relevant for very small ¢, and does not enter our calculations below for the dynamics of the global density ¢(t), in
which a single state ¢ = 0 encompasses all configurations with subextensive particle number [pV = o(V)].

Using , the logistic model has reaction rate and mobility

Ra(p)=p—p"/ps;  2Ma(p) =p+p°/ps . (12)

The dark blue line in the leftmost panel of Fig. [2[ shows R4(p). The carrying capacity ps appears as a stable zero
of Ra with a second, unstable zero at the origin. Using @7 the free energy density F4 for the logistic model is



constructed by integration as
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which is shown as the dark blue line in the rightmost panel of Fig. The global minimum of F4 occurs at the
carrying capacity ps and the constant of integration was chosen in such that F4(ps) = 0.

The Schlégl model shares with the logistic model the feature of a carrying capacity ps > 0 such that death
outweighs birth for p > ps. However, the Schlogl model requires a minimal population density for survival: there
generally exists a positive critical density p, < ps such that R(p) < 0 for p < p,, and the system is driven on average
towards extinction. The Schlégl model therefore admits an unstable fixed point that lies between stable fixed points
at the origin and at ps. This situation is represented diagrammatically as

Py »
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The Schlégl model has volumetric birth-and-death rates \y(p) = (pu + ps)p? and Ag(p) = p(p? + pups). Hence its
reaction rate and mobility in (4l5) are

Ra(p) = plp—pu)(ps —p),  2Ma(p) = p(p+ pu)(p+ ps) . (14)

The right panel in Fig. |2[ shows sample free energy functions for the Schlogl model, given by @ as

_ o [ Plo—pu)(p— ps)
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The unstable fixed point p, > 0 lies at the top of a free-energy barrier in F4(p). We again choose the integration
constant via Fa(ps) = 0.

The Schlégl model considered here can be realized microscopically by the reaction system 2P = 3P, P — (). The
original model of [50] included a reversible reaction P = () which would lead to an additional constant term in A, we
exclude that possibility here, so that the model has an extinct state at p = 0.

It is also useful to formally extend this model to allow negative values of the parameter p,,, specifically 0 < —p,, < ps.
We define p,s = (fpups)l/ 2. Then we extend the model by keeping R4 as in but modifying the mobility as
Ma(p) = p(p—pu)(ps — p) for p < p,s while retaining M4 as in for p > pus. In this case the diagrammatic fixed
point structure reverts to that of the logistic model. The resulting free energy is still given by for p > pyus while
for p < pys we obtain from (6)) that

Fa(p) = —2p+c (16)

where the constant ¢ is chosen to make F4 continuous at p = (|pu|ps)/?.

This extended example underlines the fact that the free energy F4 depends on both the mobility M and the average
rate R, which must respect physical constraints. If, while taking p, < 0, one attempts to maintain the original noise
variance M 4 from , there would be range of density p for which M(p) < 0, which is clearly unphysical, from .

C. Allee Effect and Definition of Allee Types

In population dynamics, an interpretation of the Schlégl model involves cooperation among individuals, so that
their fitness increases with increasing population density at low enough population densities [54]. Here, the fitness is
identified with the mean rate of population growth per capita, that is R(p)/p. Examples of co-operative effects are
access to potential mates, group hunting, and defending from predators. The model parameter p, then represents
a critical density below which the population ceases to be sustainable and tends to shrink deterministically. Such
cooperation is one example of an Allee effect [37,[38] [54]. More generally, the Allee effect is a loosely defined concept in
population dynamics describing the existence of a maximum in the individual fitness as a function of density p. Such
a maximum arises because positive cooperation (or a similar mechanism) dominates at low densities while negative
competition (crowding, etc.) dominates at high ones, as it does in the logistic model.
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FIG. 2. Classification by ‘Allee Type’ of the kinetic models considered in this paper. Rate function Ra (left), per-capita rate
function R4 /p (centre) and Model A free energy Fa (right). Stable fixed points are marked x and unstable fixed points . Type
0 is defined by the absence of an Allee effect, which implies a globally decreasing Ra/p. Types I-11I have locally increasing
Ra/p at p = 0 and thus exhibit an Allee effect. In Type I there is no unstable fixed point. Types II and III have such a fixed
point and are distinguished from each other by whether F4(0) lies above or below F4(ps) = 0.

In the models considered here, we use R4(p)/p is a proxy for individual fitness, and we say that an Allee effect
occurs whenever this is nonmonotonic in p. The centre panel in Fig. |2 shows various Ra(p)/p curves for the logistic
and Schlégl models. In the logistic case there no Allee effect: here crowding decreases fitness even at the lowest
densities, and indeed R4 /p decreases linearly from the origin towards ps. On the other hand, the curves shown for
various parameters in the Schlégl model each have a maximum in the per-capita reproduction rate and therefore can
be said to have an Allee effect.

In our later discussions, it will be useful to divide the Allee effect into various types, starting with Type 0 where
there is no Allee effect (e.g., the logistic model). Type I has a maximum in R4 (p)/p, and hence an Allee effect as
usually defined, but only one zero in R4(p). The fixed point structure is then indistinguishable from Type 0; in both
cases there is no barrier in F4(p). This means that the path to a rare extinction event is ‘uphill all the way’ on the
free energy landscape. Models of Type I can be found in the literature, for example a modified logistic model that
incorporates an Allee effect [55]. The extended Schlégl model introduced above [with p, < 0] is also Type I and is
the example shown in Fig.

Allee types IT and III both have a free energy maximum (i.e., a barrier) at density p,; they are distinguished by the
sign of the difference in free energy between the stable fixed points at p = 0 and p = p,. Specifically, we define Type II
as having F4(0) > Fa(ps) and Type III as having F4(0) < Fa(ps). The transition from II to III thus involves a jump
of the global minimizer of F4 from a state of uniform density ps to the state of zero density. If the zero-density state
was not in fact an absorbing one, the system would reach a stationary state. For Type II the stationary probability
density would then be concentrated on global densities ¢ ~ p,, with rare excursions to ¢ ~ 0, whereas the opposite
behaviour would arise for Type III. Note that, in contrast to our other definitions of Allee types, the distinction
between II and III depends on the noise structure as well as the mean reaction rate R(p).

In the literature, Type I is often referred to as a weak Allee effect, and Types II/III as a strong Allee effect [37], B8].
Other works have referred instead to Allee Types I/II as a weak Allee effect, and used a definition similar to Type III
for the strong Allee effect []. In the context of rare extinction events, the most important distinction lies between 0/1
and IT/TII: for Types 0/1 the extinction pathway consists of an excursion of ever decreasing probability to smaller and
smaller densities, eventually reaching zero, whereas for Types IT1/III, the pathway comprises an improbable excursion
to reach the unstable fixed point at ¢ = p,, beyond which the population is driven to extinction deterministically. In
the latter case, the extinction rate is set by the first passage time to reach p,,.



D. Timescale separation and the Langevin equation for the total density

In this Section, we study the model defined in Eq. in the limit of slow reactions. As already noted in Sec.
this time scale separation ensures that the density field is always close to the minimum of the B-type free energy

p(x) = ppeq(z), (17)

with pp.cq given by . For self-consistency, we assume small but nonzero e: small enough that fluctuations of p
away from pp q are negligible, but nonzero so that, on the very slow timescale of reactions, any nucleation processes
required to achieve phase separation have occurred. (Such nucleation is required in parts of the miscibility gap where
FZ(p) > 0 so that the uniform state is metastable.)

We also recall from Sec. @ that for large volumes we can consider the density ppeq to comprise two bulk phases
of known compositions p4 and phase volumes ¢, with negligible interfacial regions. We show in this section that this
results in a Markovian dynamics for the global density ¢(t), in which the overall birth and death rates are obtained
by summing separately the contributions from the two phases. While the Model AB system does not have detailed
balance microscopically, the single reaction co-ordinate ¢ becomes an autonomous degree of freedom that behaves as
a noisy gradient flow in a one-dimensional effective free energy landscape that we denote in the following by F(y).
Note that this F' is closely related to the quasipotential for the nonequilibrium problem, see Section [[TH]

To derive a dynamical equation for ¢(t) and from it the effective free energy F(¢), we begin by integrating both
sides of the equation of motion over spatial coordinates. Dividing by the volume V we have

Dyp = %/dm Ra(p(z, 1)) + % /dm 2 (p(@ A A, 1) — %/dmv Ty (18)

The last term on the right-hand side vanishes because the Model B dynamics conserves the density. We now use (17))
to approximate the remaining two terms

Opp = %/dw RaA(pBeq(x,t)) + %/dw \/26MA(pgﬁeq(w,t))AA(w,t). (19)

The next steps depend on whether or not ¢(t) lies in the miscibility gap. If not, the system is homogeneous so
PB.eq(®,t) = p(t) and the first term on the right hand side becomes R4(¢(t)). Likewise, by summing independent
Gaussian variables, the second term is

7 | VRN, 0) dw = [T MAo() () (20)

where A(¢) is a purely temporal unit Gaussian white noise. Together, we arrive at an effective Langevin equation for
©(t) whenever ¢ lies outside the miscibility gap

0up = Ra() + 1| e Ma(p) AH). (21)

In contrast, for phase separated states where pp .4 is inhomogeneous, we have

. / da Ra(ple, 1)) ~ < / Az Ra(pp.ea(x)) ~ 61 Ralps) + 6 Ralp-), (22)

where we recall that the densities of the two bulk phases are p+ = po £ v/«a/8, their volumes are ¢4 (¢)V obeying
, and the volume of the interfacial region is negligible for V' large. To find the stochastic term, we again use the
additivity of Gaussian variances to obtain

7 [ae (Vortatomate ) Aate.0)) = \/ 2% ([ @@ Mato ot ) At (29

where A is a purely temporal unit Gaussian white noise. As before, approximating the profile as two homogenous
bulk phases at densities p4 separated by an interface of negligible width, we have

7 ([ 4@ 0aon @) ~ 040000+ 02, (24)
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FIG. 3. Construction of the effective reaction rate R and effective mobility M, starting from the logistic reaction rate Ra(p)
and mobility M4(p) for p— = 0.35,p+ = 1.5. To construct R, take Ra, then find Rpg as the linear interpolation between
R4(p+) and finally set R to Rps for p € [p—, p+] and Ra else. The construction is analogous for M.

This means that for phase-separated states the Langevin equation is replaced by

0up = Ros(i) + /77 Mos () A(D) (25)

where we have used (22l|24)) to define the global reaction rate and mobility of the phase-separated state:

Rps(p) = ¢+ (p)Ralps) + o—(p)Ralp-), (26)
Mps(p) = ¢4 () Malp+) + o— () Ma(p-) . (27)

Bringing everything together, we have derived the Langevin equation for the global density in the limit of slow
reactions and weak noise

Orp = R(p) + /2eM () A(1) (28)
where € := €/V and recalling the definitions (5}[26]

_JRa(e) o & lp—,pi]
R(e) = {Rps(w) pelp,pyl’ (29)

_JMale) ¢ ¢ p-,p+]
Me) = {Mps(so) pelp_,psl’ (30)

We see that in the phase-separated regime the global reaction rate R in is a linear combination of the Model
A reaction rates R4 evaluated at the binodal densities p4; similar remarks hold for the global mobility M. As
anticipated above, the two binodal densities are the only parameters of the conservative (Model B) dynamics that
enter the Langevin equation . The situation would be more complicated outside the slow reaction limit considered
here.

The construction of R and M is illustrated in Fig. [3| for the logistic model. The solid black lines show the logistic
reaction rate R4 and mobility M4, which apply outside the mobility gap, ¢ ¢ [p—, p+], while the grey lines show Rpg
and Mpg which apply inside the gap only. The result for the global rate R and mobility M is found by stitching these
functions together piecewise, giving (29}f30]), which are plotted as the green lines in Fig.

E. Effective free energy and mean time to extinction
To obtain an effective free energy for ¢ from the Langevin equation (28)) we first define an effective chemical potential

() = _R(p) _ Jpale) o ¢lp-,pq] (31)
' tes(p) @€ lp-,pi]
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where ups = —Rps/Mps. Using (26}27)) and assuming Ra(p—) # Ra(p+) and Ma(p—) # Ma(p4) one sees that upg
is a ratio of two linear functions, so we parameterise it as

*

=
pps () = e (32)
with
o Ralpr)p— — Ralp-)p+ oo = Ma(ps)p— — Ma(p-)p+ . Ra(p+) — Ralp-) (33)
~ Ralpy) —Ralp-) - Ma(py) —Malp-) 7 Ma(ps) — Ma(p-)

The following results are straightforwardly extended to the degenerate cases Ra(p—) = Ra(py) and Ma(p—) =
Ma(py), we omit the details for brevity. Note that since the mobility M cannot be negative, ¢° always lies outside
the gap.

The parameter ¢* marks the (unique) zero of the reaction rate Rps, which may lie inside or outside the miscibility
gap. In the latter case, the only fixed points of R are those of R4, so the fixed points of the model-A dynamics
carry over to the AB-type model unchanged. However, if ¢* lies within the miscibility gap, it marks the location
of a new fixed point in R. This happens whenever R4(p+) have opposite signs, and the new fixed point is stable if
Ra(ps) <0< Ra(p-), as illustrated in Fig.

In what follows, we consider the MTE for systems initialised at a stable fixed point of R(y), which might be either
inside the miscibility gap (located at ¢ = ¢*), or outside it (in which case it must be a stable fixed point of R4). We
denote this stable fixed point by ¢s. To find the MTE we integrate Eq. to find the effective free energy for the
dynamics of the global density ¢(¢):

Fa(p) = Fa(p-) + Fps(p-) ¢ <p-
F() = [ don(o) = Frs(e) << (34)
Fa(e) = Falps) + Fps(py) p4 <o

where Fpg is given by
* * o Y — on
Fps(p) = /dwps(cp) =7 ((90— ") = (" —¢ )log’w — ) +C. (35)

where C' is a constant of integration, chosen such that F(ps) = 0. If ¢, is inside the miscibility gap (¢s = ¢*) then
C=0.

Then the MTE is the mean first passage time to a state with vanishing density ¢ = 0, starting from global density
@s. This is

7= (inf{t > 0: ¢(t) = 0}¢(0) = ¢s) (36)
where the average is taken over trajectories of , starting at ;. We work in the small noise limit which is € — 0 in
. For consistency with our previous analysis this should be achieved by taking ¢ — 0 at fixed V. (Taking V' — oo
at fixed € also yields a small-noise limit but its analysis requires a more careful analysis of the phase separated states,
since is only accurate for small €.) For small €, the mean time to extinction 7 then obeys asymptotically [T, 6]

élogT — F* with F* =sup{F(¢) : ¢ € (0,05)} (37)

where we used that F(ps) = 0. Physically, one sees that the MTE is controlled by the largest (effective) free energy
barrier between ¢ = ¢4 and ¢ = 0. As a point of comparison for F* we also define

F}3 =sup{Fa(p): ¢ € (0,ps)} (38)

which is the free energy barrier for a reference system where phase separation is absent (as may be achieved for
example by assigning « in to some arbitrary negative value). The density ps appearing in should be a finite-
density fixed point of R4, chosen to ensure comparability with . For the logistic and Schlégl models, the only
possible choice is to take ps in equal to the parameter ps that appears in their deﬁnitionsﬂ Analogous to ,
the MTE of the reference system scales as €log 74 — F, and the sign of

AF* = F* — F} (39)

determines whether extinction is speeded up by phase separation (AF* < 0, MTE decreases), or slowed down
(AF* > 0, MTE increases). The following subsections address this point for our chosen examples.

I For a general model: If the stable fixed point s in (37) is outside the miscibility gap then we take ps = @s which is a stable fixed point
of Ry4; if ¢, is inside the miscibility gap then there must also be at least one stable fixed point of R4 in the gap, so a suitable choice
for ps is always available.
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FIG. 4. Comparison between the effective free energy of a phase-separating logistic model F' with the free energy Fa in the
absence of phase separation. The fixed point of the effective reaction dynamics ¢* is marked by the dashed line. Left to right:
cases (i,ii) and (iii) as defined in the text. Model parameters: p_/ps = 1.2,0.4,0.2, p4+/ps = 2.8,1.6,0.9.

F. Extinction with Phase Separation in the Logistic Model

For the logistic model, the parameters in (33| are
- I - ) V= .
Pt T p— —Ps P+t pP—+ ps ps + p+ +p-

Fig. 4| compares the corresponding effective free energy F(p) from with Fu(p) from . We distinguish the
following three cases

* P+P— o __ P+P— _2PS_P+_p— (40)

case (i) 0<p_ <py <ps ° f ] >
case (ii) 0<p- <ps<pt ® [ ] >
case (iii) 0<ps <p-<ps ® f ] >

whose diagrammatic representation was introduced earlier, with the addition of [ and ] to delineate the miscibility
gap. It is easily verified that in all cases the effective free energy barriers to extinction [that is, the suprema in
] occur at ¢ — 0. From 7 the barrier height without phase separation is linear in the carrying capacity
Fa(0) =2(2log2 — 1)ps. We now treat the three cases in detail.

In case (i), the extinction pathway from a uniform initial state at ps passes through a phase separated state, and
then becomes uniform again before the absorbing state is reached. The illustrative example of this case in Fig. [4 has
AF* < 0, so this phase separation tends to speed up extinction. In fact, this case has always AF* < 0: one sees
from (12)) that R’i(p) < 0 and M’{(p) > 0. This concave/convex structure means that the linear interpolations in
(26}27) obey Rps(¢) < Ra(p) and Mpg(p) > Ma(p) within the miscibility gap. Then yields ups(¢) > pa(p)
so recalling that the effective barrier to extinction is at ¢ = 0 and that ¢s = ps in this case, one has

ps ps
Fr= - / ') dg' < / jale')dy' = F; (a1)

as required.

In case (ii), the stable fixed point ¢ = @, is phase separated, and the path to extinction involves a reduction in
the volume of the dense phase until the edge of the miscibility gap is reached, after which the system approaches
extinction in a homogeneous state. The illustrative example of this case in Fig. [flhas AF* < 0, and this result is also
general. To see this, note that p < pa as before, and that implies ¢* < pg, and that pa(p) < 0 for ¢ < ps, so
the analogue of is AF* = — [T p(e)de’ < — [ pa(y’) dy’ = AF}.

In case (iii) the path to extinction does not involve any phase separation, because the miscibility gap occurs at
densities higher than the carrying capacity ps. Hence F* = F} in this case and AF* = 0 (an illustrative example is
given in Fig. . In general, we see that phase separation never slows down extinction in the logistic model, AF™* < 0,
which is attributable to the convex/concave properties of R4 and Mjy.
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FIG. 5. Extinction in the Schlogl model. Free energies F' compared to Fs. Parameter values are p_/p, = 0.15,0.15,0.15,0.0505,
p+/ps =0.7,0.7,0.7,0.2, pu/ps = 0.3,0.5,0.1,0.04. Note the different scales on the y-axis.

The effect of phase separation on extinction times in case (i) is an intrinsically non-equilibrium effect: If F' was an
equilibrium free energy then it would be a state function, and the difference F* = F(0) — F(ps) between the free
energies of two homogeneous states could never be affected by the presence or absence of a miscibility gap between
p =0and p = p,. (The mean first passage time from ¢, to zero could be affected by intermediate free energy barriers
but these are absent in this case.) Hence, while the noisy gradient flow resembles an equilibrium model, the
effective free energy that governs this flow is not a state function for the underlying field theory. Instead, F' must be
constructed from the dynamics by integrating the effective chemical potential between initial and final states, which
is affected by phase separation at intermediate densities. This fact reinforces our terminology of effective free energy
and chemical potential for F' and p respectively.

G. Extinction with Phase Separation in the Schlégl Model

The concave/convex structure of R4 and My is a specific feature of the logistic model. As a more generic example,
we now consider the Schlégl model. We focus on case (i) as defined above: the system is homogeneous at its stable
fixed point ¢ = ps; with a miscibility gap between this fixed point and the extinct state at ¢ = 0. Recall that the
unstable fixed point of the Schlogl model is at density p, < ps. Hence we divide the original case (i) of the logistic
model into four subcases, according to the location of p, relative to the miscibility gap:

case (a) 0<p_ < py < puy<ps f ] * > X—<»
case (b) 0<po < py<py <ps X< < &>} >X<»
case (c) 0 < pu < p- < pt < ps . [ ] >
case (d) pu <0< p_ < py < ps ° f ] >

The effective free energy barrier [i.e., the supremum in ] is given by

F(p*) case (b)
F* =< F(p,) cases (a),(c) . (42)
F(0) case (d)

We discuss these cases in turn.

For case (a) the barrier lies at p,, and phase separation occurs on the relaxational pathway from there to extinction:
this does not affect the barrier, F* = F4(p,). This is similar to case (iii) for the logistic model, and underlines that
phase separated states only affect the MTE if they occur somewhere between the stable fixed point and the top of
the barrier.

For case (b), the barrier lies inside the miscibility gap, so the phase separation does affect the MTE. The Schlogl
model does not have the concave/convex structure of R4 and M4 that was found in the logistic model, so the MTE
can be either increased or decreased. Fig. bl exemplifies both suppression and enhancement.

In case (¢), the miscibility gap lies between the initial uniform state and the top of the barrier, similar to case (i) for
the logistic model. Again, there is no concave/convex structure for R4 and M4 so the MTE can be either increased
or decreased, with examples shown in Fig. [5l In that figure, the examples where the MTE is suppressed have small
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FIG. 6. Examples where phase separation changes the Allee type, compared to the homogeneous case (recall Fig. ) A: Be-
haviour of fitness function R(¢)/¢ showing change from type I in the homogeneous system to type 0 with phase separation,
this is case (d) with parameters: p_/ps = 0.01, p+/ps = 0.9, pu/ps = —0.5; B: Fitness function showing change from type II to
type I, this is case (e) with parameters: p_/ps = 0.25, p+/ps = 1.1, pu/ps = 0.6; C: Effective free energy, showing change from
type II to Type III, this is case (c) with parameters: p—/ps = 0.2, p4/ps = 0.9, pu/ps = 0.17; D: Effective free energy, showing
change from type III to type II, parameters: p_/ps = 0.02, p4/ps = 0.717, pu/ps = 0.25.

values of AF™*. We find in general that this suppression is weak, and occurs for a rather narrow range of parameters.
However, the weakness seems to be a specific feature of this model; we are not aware of any constraints that restrict
this suppression to be weak.

Finally, case (d) concerns the extension of the Schlogl model to negative p,,, as discussed in Sec. The resulting
fixed-point structure is the same as case (i) for the logistic model, including that the barrier is at ¢ = 0. Numerical
scans indicate that phase separation always lowers the barrier height in this case, similar to the corresponding situation
for the logistic case.

As well as the cases (a)-(d), we consider one additional possibility, which is a subcase of (iii) in the logistic model,
for which both ps and p,, lie inside the miscibility gap:

case (e) 0<p_ < pu<ps<pt X—<Tf<o>x<I}<»

In this case there are no finite-density fixed points for the dynamics of the global density, and one sees from
that R(p) < 0 except for ¢ = 0 which has R(0) = 0. This means that the system always drifts on average towards
extinction so the MTE is of order 1 and extinction is not a rare event.

The examples of Fig[5]show that the MTE can be either enhanced or suppressed by phase separation in the Schlogl
model. We also find that the Allee type of the model can be changed by phase separation (recall the definitions of
Sec.[[LC). This phenomenon is illustrated in Fig. [6] by several examples, as we now discuss. Fig.[6]A shows an example
where the system without phase separation has a type I Allee effect, which is changed to type 0 (i.e., no Allee effect)
on introducing phase separation. The example comes from case (d) which has Ra(p)/¢ positive as ¢ — 0, and its
derivative is also positive there, consistent with type I. A change to type 0 requires that R(y)/¢ is monotonically
decreasing between ¢ = 0 and ¢ = ¢, which requires in turn that the lower limit of the miscibility gap is at p_ — 0,
as in the illustration. To understand this change physically, recall that the maximum in R4 comes from a crossover
between co-operative effects at low density and competition at high density. In the presence of phase separation with
p— — 0, particles never exist in low-density states so the co-operative effects are irrelevant, and the (type I) Allee
effect is lost.

Fig. shows how a homogeneous system with Allee type II can be changed to type I by introducing phase
separation. This example comes from case (e) which means additionally that the stable fixed point is erased by
the phase separation, and extinction ceases to be a rare event, as already explained above. In other words, phase
separation completely removes the effective free-energy barrier to extinction, which is generic for case (e).

Figs. @(CD) show examples where a phase separation changes the Allee type from type II to type III, and vice
versa. Recalling that the distinction between these types is based on whether the global minimum of F () is at ¢ =0
or ¢ = g, this behaviour can occur naturally in cases where Fa(ps) and F4(0) are close in the homogeneous system
(with an intervening barrier). The examples shown come from cases (c¢) and (b) respectively. We note that the type
changes shown in Figs. |§|(A7C,D) require some parameter tuning, while that of Fig. is generic throughout class (e).

The examples shown in Figs. [0] illustrate all possible type changes. For example, it is not possible for phase
separation to change behaviour from type I to type II (or type III): this would require that F has a local maximum
that is not present in F4, which means in turn that R would have an additional unstable fixed point compared to
R 4. However, shows that Rpg(¢p) is linear in ¢ which means that the number of fixed points in the miscibility
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gap can never be increased by phase separation, hence local maxima cannot be created. It is also impossible for phase
separation to change the Allee type from 0 to I: Eqgs. (26l11]) imply

o _ Ralps)p— — Ralp-)p+
8@0 (RPS(()D)/SD) - @2(p+ N ,0—) ’ (43)

but if the homogeneous system has type 0 then %(RA (p)/p) < 0 for all p, which implies that Ra(p4)p——Ra(p-)p+ <
0. Hence the derivative of Rpgs(p)/¢ is negative and type I Allee effect is forbidden, even in the presence of phase
separation. This result also explains why phase separation cannot generate an Allee effect in the logistic model, since
the homogeneous system has Allee type 0 in that case.

H. Discussion of AB-type models

We briefly summarise our analysis of these field-theoretic models, with a few additional remarks. We have shown
that the MTE may be suppressed or enhanced by adding fast bulk phase separation to reaction-diffusion systems. Note
also that while Fig. [I] showed a one-dimensional illustration, our results apply independent of the spatial dimension
d. We also identified conditions on the convex/concave structure of R4 and M4 which ensure that the MTE can only
be enhanced. We showed (in the Schldgl model) that the Allee type can be altered by phase separation. We also
observe that since R has at most one fixed point in the miscibility gap, it is possible for phase separation to remove
a pair of fixed points as in case (e) for the logistic model, or for multiple pairs of fixed points to be removed, in the
general case. [The parity (even/odd) of the number of fixed points in the gap remains always the same, it is fixed by
the signs of Ra(p+).]

We recall that the type-AB models are defined to have Gaussian noise and our detailed results are restricted to
this case. Calculation of the MTE for small-noise limits of reaction-diffusion systems requires analysis of Poissonian
noise, but the qualitative behaviour that we find for our Gaussian models are mirrored in the Poissonian ones. This
is discussed in Appendix [A]

Note also that the effective free energy F(p) computed in is related to the quasipotential for . Specifically,
denote by @, the quasipotential computed for paths starting at the stable fixed point ¢5. Then F(p) = Q,, (¢) for
© within the basin of F' that contains ¢,. If F' has a barrier at finite ¢ (separating the basin of attraction of ¢ = ¢,
from that of ¢ = 0), then F' # @, for the basin containing the origin. In this basin it is possible to identify F' with
a suitable quasipotential g, but the existence of extinct states complicates the interpretation of this function, and
in any case the behaviour of F' in this regime is irrelevant for the MTE.

Finally, we note a similarity between our models that include phase separation, and situations where populations
exist in two separate spatial locations (“islands”) as considered in [42]. In that work, logistic growth takes place
on each island, and the result is that a separated population increases the MTE, in contrast to our logistic model.
However, the calculations differ significantly, in diffusion/migration is fast in our Model AB but slow in [42], and the
noise structure is also different. The resulting differences in behaviour highlight the broad range of phenomena that
are supported in physical situations with separated populations.

III. TOY MODEL

In the previous section, we analysed a reaction-diffusion system where chemical potential gradients drive the system
towards inhomogeneous states, via phase separation. In this AB-type model the dynamics could be projected onto
the total density, due to a separation of time scales. The stochastic dynamics of this co-ordinate involves a weak
noise, and we analysed rare fluctuations in a limit where this noise is small. We focussed on the extent to which
inhomogeneous density fields affect the MTE.

To complement these results, we now present a very simple (“toy”) model where a few particles of two species hop
between two lattice sites, as well as reacting with each other. We analyse a similar limit to that of the previous Section,
based on a joint limit of well-separated time scales and small noise. We show how inhomogeneous mixing of the species
can affect extinction events in this context too. The results complement those of the previous section: the model is
much simpler but it does capture the inherently discrete dynamics of reacting particles, and allows exact microscopic
computations. Furthermore, since the model does not involve projection onto a single reaction coordinate, it also
allows us to explore how interactions of the type that promote phase separation change the pathway to extinction,
not just the MTE.

When comparing the behaviour of the toy model with the field theory, note that the toy model has only two lattice
sites, so there is no possibility for phase separation, but the hopping dynamics between the sites can lead to perfectly
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homogeneous mixing, or to inhomogeneous (imperfectly mixed) states. It turns out that inhomogeneous mixing can
only slow down the extinction, in contrast to the field-theoretic model, where it may be accelerated or slowed down.
We discuss these (and other) similarities and differences between the two models.

A. Model

The toy model features reaction and diffusion, as in the AB-type model. It is defined in a discrete state space with a
limited number of particles distributed over M lattice sites (we will later set M = 2, which is the simplest non-trivial
case). There are two types of particles, G(reen) and W (hite), which hop between the lattice sites. A chemical reaction,
2G = W leads to interconversion between the particle species. Let g, be the number of G particles on site m, and
similarly w,, for the number of W particles.

There are on-site interactions between particles of different species. As in the AB-type model, the reaction and
hopping dynamics are governed by different interactions. We write effective interaction energies on site m as

ER(gmawm) = JRGmWm, EH(gmawm) = JHGmWm (44)

which are associated with reactions and hopping respectively, where Jg, Jgr are coupling constants, defined so that
positive values represent repulsive interactions between the species. We specify the particle dynamics in detail below,
but first note that the reaction dynamics is defined to obey detailed balance with respect to the (non-normalised)
grand-canonical distribution

M
1
7TR(9171U17927U)2,-~-’):H79 T OP [BHggm + Brwwm — BER(gm, wim)] (45)
i=1 2

where (14, fty are chemical potentials for the two species, and 3 is the inverse temperature. The hopping dynamics
obeys detailed balance with respect to an analogous distribution 7z, which has the same definition except that Fgr
is replaced by Epy. For the special case Jg = Jg, the whole system respects detailed balance with respect to mg.
Otherwise it has a non-equilibrium steady state.

The reaction dynamics consists of the transitions (gm,wm) — (gm = 2,w,, F 1). Denoting transitions between
microstates x,y as r[x — yl, we take

[(Gm> Wm) = (Gm — 2, Wm +1)] = kgm (gm — 1)xs (1 + Jr(gm — 2wm —2)) , (46a)
T[(gm -2, W, +1) — (gmvwm)] = k(wm + 1)XB(_/~L — Jr(gm — 2wy, — 2)) , (46b)

where u = 2ug — pty is the difference in chemical potential between reactants and products, the parameter k sets
the time scale for the reactions, and xs(x) = 1/(1 + €%?) is a function inspired by Glauber rates. Note that detailed
balance with respect to 7 requires yg(z) = e #®x5(—x), but this leaves considerable freedom in the choice of yg;
alternative choices will be discussed briefly in Sec. [[ITE]

In a similar way, hopping of G and W between nearest neighbour sites m, [ has rates

7[(gm +1,91) = (gms g1 + V)] = (gm + D)xp(Ju(wi — wm)) , (47a)
rl(wm + 1, w) = (Wi, wi 4+ 1)] = (wn + Dxg(Ja (9 — gm)) (47b)

which respect detailed balance with respect to mg. For Jy = 0, this is free diffusion (the factors of g, +1 and w,, +1
enter because each particle on site m has an equal rate of hopping to site [, and the transition rate r is the sum of
these rates).

The quantity n =Y, (gm + 2w, ) is conserved under the full dynamics. To simplify the model as far as possible, we
suppose that the system is prepared with n = 4, and we consider M = 2 lattice sites. Then the full reaction dynamics
reduces to a Markov chain with 14 microstates, which are labelled by the variables (g1, w1, g2, w2). Each state is
conveniently denoted by a pair of boxes that represent the lattice sites, with their constituent boxes. Moreover, the
system is symmetric under interchange of lattice sites, which allows some pairs of microstates to be grouped together,
for example the two microstates (4,0,0,0) and (0,0,4,0) containing 4 green particles on either lattice site and no
white particles, represented pictorially as

This means that the system can be modelled as an 8-state Markov chain, whose states are shown in Fig.[7] together with
the relevant transition rates r as defined for the full 14-state model in We identify three subspaces according
to the total number of G particles, as indicated on the left part of the Figure. Notice that Jg affects transitions
between the subspaces, while Jg only affects transitions within the 2G subspace (which is the only subspace in which
both species exist together).
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4G

2G

slow

0G

FIG. 7. State space of the toy model in its 8-state representation. The boxes represent microstates, where pairs of states that
are related by interchanging sites have been grouped together (only one such state is depicted in each case). Arrows represent
the transitions between microstates, labelled by the rates . The left column shows the coarse-grained states 0G, 2G and 4G
and their relation to the microstates. Thick arrows indicate transitions which are enhanced by positive couplings Jr, Jr, which
we recall correspond to on-site inter-species repulsive interactions. In the limit of slow reactions (k — 0) vertical transitions
are of order k (slow), while horizontal transitions are of order 1 (fast).

B. Timescale separation, reduction to reaction coordinate

In Sec. we analysed the AB-type model by projecting the dynamical equation onto the mean density using
a timescale separation between the reaction and diffusion dynamics. We now derive an equivalent projection for the
toy model. The timescale separation occurs when k < 1, and this condition is assumed throughout the analysis.
Fig. [7] shows that all hopping (horizontal) transitions have fast rates (of order 1), while reaction (vertical) transitions
are slow (rates are of order k). This leads to quasi-equilibrium within the subspaces 0G, 2G, and 4G, which we refer
to as meso-states (recall that these are labelled by the number of G particles).

We denote microstates of the system by 4, j,... and the meso-states as I, J,.... For k < 1, the dynamics of the
system is that a system started in state i € I relaxes quickly into a quasi-equilibrium distribution 7/ (i) which is
positive only for ¢ € I and normalised such that Y, ; 7’(i) = 1. For large times ¢ (of order k~'), the rest of the
dynamics becomes asymptotically Markovian, with slow transitions between the mesostates, whose rates are

Pmeso(I = J) = > 7l (i)r(i = j) . (48)
iel,jed

For finite k, projection onto the mesostates introduces memory in the form of non-homogeneous rates [56], but these
are negligible as k£ — 0, when time-scale separation holds. In this limit, the steady state of the system also factorises

as [57]

%ii%w(i) = rli(i)v(I;) (49)

where I; is the mesostate containing microstate i, and v(I) is the steady state probability of meso-state I (asymptot-
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ically as k — 0). For the toy model, the 7! have the following distributions

7% (g1, w1, g2, w2) = i47!5(91 + g2,4)d (w1 + w2, 0)
16 g1!g7!
1 2!

7% (g1, wr, go, wa) = 2 11gy] [p? (1 = p)?26(w1, 1) + p? (1 — p)9 d(wa, 1)]6(g1 + g2,2)d (w1 + w2, 1) (50)
1 2!

7% (g1, w1, go, wo) = meg(w +w2,2)0(g1 + g2,0)

where p = (1 + e#7#)~1 and §(z,y) is 1 for z = y and 0 otherwise. Here, 7% and 7% are Binomial distributions

with parameter 1/2, which correspond to homogeneous mixing of the particle (that is, the relative occupancies of the
states are in accordance with their entropies). Physically, 72¢ distributes the two G particles conditionally according
to the position of the W particle: the conditional distribution for g; is binomial with a parameter that depends on w;.
This corresponds to inhomogeneous mixing in the 2G states, due to the interactions. The only exception is Jg = 0
where mixing is homogeneous: we use this case as a point of comparison when analysing effects of inhomogeneity.

Now observe that since the three meso-states form a linear chain, their dynamics must obey detailed balance with
respect to v, that is

V(2G)  Tmeso(4G — 2G) v(0G)  Tmeso(2G — 0G)
V(4G)  Tmeso(2G — 4G)’ V(2G)  Tmeso(0G — 2G)

(51)

In the following, we study rare events that occur when time scales are well-separated (k < 1) and the temperature
T = 1/f is small. The low-temperature limit plays the equivalent role of the low noise limit in Sec Similar to
that case, we assume that time scales are well-separated even as the noise strength tends to zero. In particular, we
assume that k is always much smaller than quantities of the form e %77 even as we take the low-temperature limit.
To analyse this limit, we define an effective free energy relative to the 4G state:

(1) = fim 5t og L (52)

corresponding to the effective free energy F' in for the AB-type model.

C. Mean first-passage time to extinction

We now discuss the analogue of an extinction transition in this model. For a system starting in the 4G meso-state,
we analyse the probability that the system makes an excursion to 0G. This is assumed to result in extinction by a
mechanism similar to that described in Sec. we supplement the model by an absorbing (extinct) state X, such
that the two W particles that exist in the 0G state may disappear, leaving the system in an “extinct” state X that
has no particles at all:

X

0G = 2G —" 4G

A

Separation of this final extinction step of the dynamics allows us to treat the remaining processes as reversible
(albeit without detailed balance) so that invariant measure can be defined. It is convenient to restrict to situations
where the 4G state is a local minimum of f, that is f(4G) < f(2G). We also assume that the steps from 4G to 0G are
rate-limiting for the extinction process, which will be valid as long as r(0G — X) is not too small. In this situation,
we show in App. [B] that the mean first-passage time to extinction 7exy has low-temperature asymptotic behaviour

B log(kTexs) — f* (53)
with
fr = max[f(2G), f(0G)]. (54)

This is the physically-expected result that the extinction time is controlled by the largest barrier in f between 4G
and 0G. If this maximum is achieved by 2G then we interpret this as a form of Allee effect (either type II or III); if it
is achieved by 0G then there is no meaningful Allee effect. It is not possible to distinguish Allee types 0 and I in this
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model, since that distinction uses the slope of the reaction rate, so we group these these types into a composite “type
0/I” in this section. On the other hand, we can distinguish type II and III based on the sign of f(0G). Following
Sec. [[TC] we arrive at the following interpretation of Allee types for the toy model

0 < f(2G) < f(0G) = type 0/1 (no Allee effect)
0 < f(0G) < f(2G) = type II (55)
f(0G) <0< f(2G) = type II1

which is only based on the free energy. Recall that f(4G) = 0 by definition and that we are taking k — 0 at the same
time as our low-temperature limit, so that we maintain the separation of time scales between reactions and hopping.

In the following we analyse the extinction time by computing f*, focussing in particular on situations where it is
significantly affected by inhomogeneous mixing within the meso-states (Jg # 0).

D. Effective free energies and dominant pathways between meso-states

The effective free energy f can be computed in two different ways: either by using to compute the invariant
measure v as a function of 8 and then taking 8 — oo; or by identifying the large-8 behaviour of the rates ryeso in
(51) and using relations like

f(2G) = BILH;O B og[rmeso (2G — 4G) /K] — ﬂlin;o B og[rmeso (4G — 2G) /k]. (56)

which follows from (51}I52)) since both limits exist. This second route is both convenient and physically-informative
because the mesoscopic rates in simplify in the low-temperature limit as

ma B og rmeso(I — J) = sup ( lim B~ log[r! (i)r(i — _])]) (57)

iel,jeJ \B—©

Physically, the supremum picks out which of the microscopic rates dominates the transition between the meso-states,
at low temperatures. (There may be a single dominant rate or several degenerate ones.) This leads to a decomposition
of the parameter space of the model into different regimes, according to which are the dominant microscopic rates.

1. llustrative case: 0 < p < 2Jr

Depending on which microscopic rates dominate in , we distinguish different regimes of behaviour. To illustrate
the generic phenomena supported by the model, we first suppose that 0 < p < 2.Jr and consider the behaviour as a
function of Jg. Other values of u, Jg will be discussed below. We find as 8 — oo that

g1 log[rmeso (4G — 2G)/k] — —p (58)
B 10g[rmeso (2G — 4G)/k] — 0 (59)
B 10g[rmeso (0G — 2G) /K] — 0 (60)
and
0, Jy <0
B 0g[rmeso (2G — 0G) /k] — { —2Jg, 0< Jyg < p/2 (61)

—s p/2<Ju

The microstate transitions that dominate these rates are illustrated in Fig. [8l It follows that f(2G) = p and

Hy JHSO
f(OG): w+2Jg, 0<JH§,U/2 (62)
244, w/2 < Jg .

Moreover we see that f* = f(0G) determines the MTE. This is a piecewise-linear function of Jy and we see that
moving away from the homogeneous case (Jg = 0) can only increase f*, which increases the MTE, slowing down
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FIG. 8. Behaviour of the toy model as a function of Jg, for the illustrative parameter regime of 0 < pu < 2Jr. The upper
panels show the form of the free energy f, compared with its form fo in the case Jy = 0 (homogeneous mixing). Arrows in the
lower panels indicate the rates that dominate the suprema in , where the layout of the microstates follows Fig. m (hence
the 4G subspace is at the top and 0G at the bottom). Red arrows indicate the dominant path to extinction (decreasing the
number G particles) while black arrow indicate transitions with increasing G. Cases where multiple black arrows connect two
subspaces occur when the maximiser of is degenerate. Dashed lines are reminders that transitions along the solid arrows
are interspersed by many (fast) transitions within the 2G subspace.

extinction. Another important case is Jgy = Jgr so that the model is in equilibrium: this again slows extinction,
compared to homogeneous mixing. There is no Allee effect for these parameters.

One may also apply transition path theory [51] to the mesoscopic model, to understand the dominant pathways to
extinction. At finite temperature, this requires computation of forward and backward committors from 2G to 0G and
4G. However, in the low-temperature limit considered here, the dominant transition pathways can be obtained from
, and are shown in Fig. For example, if Jy < 0 then trajectories to the extinct state overwhelmingly leave
the 4G through the “top right” state [(g1,g92) = (2,2)] and enter 0G via the “bottom-left” state [(wq,ws) = (2,0)].
However, the separation of time scales in the model mean that trajectories leading to extinction have a non-trivial
character: they move between the meso-states following the dominant pathways in Fig. [§ but the fast hopping means
that system equilibrates locally within 2G, before transitioning to 0G. That is, a typical path to extinction makes
multiple transitions along the dashed paths in Fig. [§| during the intermediate period between leaving 4G and arriving
in 0G.

Note also that for equilibrium systems, the dominant pathways between mesostates must always follow the same
paths for both forward and backward transitions: this is the case for Jy > p/2 in Fig. |8 (which includes the
equilibrium case Jy = Jg) but it does not hold in general. Hence, the non-equilibrium nature of the microscopic
model can strongly affect extinction pathways, even if the dynamics among meso-states have a time-reversible (detailed
balanced) dynamics, as encoded by .

These observations help to rationalise the the effect of inhomogeneous mixing on extinction. Recall that Jg = 0 is
the homogeneously mixed system and we analyse the other cases in comparison to this. We find that Jg < 0 has no
effect on the extinction time, while Jg > 0 slows down extinction. One way to understand this slowing-down is that
homogeneous mixing within the 2G meso-state means that all of the 72 (i) factors in are of order unity, but if
Ju # 0 then some of the 72C (3) factors are suppressed by factors of order e/17#1 or e2A175T recall . Whenever the
dominant path from 2G to 0G passes through an exponentially suppressed state i in 2G, the rate rmes0(2G — 0G) is
suppressed, which tends to increase the barrier height f(0G). However, if the occupation of 7 in 2G becomes too low,
the dominant extinction transition changes to avoid the suppressed state ¢, by routing through a different state in
2G. This effect can be seen in Fig. [8f For Jy < 11/2 the dominant pathway from 4G to rate 0G (marked in red) takes
the “top right” transition into 2G and the “bottom left” transition into 0G. For 0 < Jgy < p/2, the rpeso(2G — 0G)
is suppressed by the 72%(i) factor for “leftmost” state in 2G. However, for Jy > u/2 the occupation of the this
becomes so low that the dominant pathway from 2G to 0G switches to the bottom right. All together, this implies
that inhomogeneous mixing always tends to increase f* and hence slow down extinction in this regime.
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FIG. 9. Effective free energy and dominant pathways between meso-states for p > 0 as a function of general Jr and Jg.
The top regions Jr > w/2 in both panels corresponds to the illustrative case shown in Fig. A: The free energy barrier
f* = f(0G). Note the piecewise linear interpolation between the values p and 2u. Side panels show qualitative shapes of the
free energy in the marked regions. B: The four distinct dominant pathways to extinction. The representation similar to Fig.
the rectangles represent micro-states, and the arrows depict dominant transitions along the extinction pathway.

2. General case (1> 0)

By considering the other possibilities for dominant microscopic rates, we can map out the full behaviour of this
model. For p < 0 we find that the 4G state is never a local minimum of f so we do not consider this case in
the following. For the same reason we do not consider the parameter regime 2Jz < —pu. The behaviour for other
parameters is summarised in Fig. [0] including the dominant microscopic transition pathways and the free energy
profiles.

It turns out that f(2G) < f(0G) throughout the regimes considered, so that f* = f(0G) and there is still no
meaningful Allee effect [it remains type 0/1 according to (55)]. Also, for any given (y, Jg), the free energies f(2G)
and f(0G) are piecewise linear functions of Jy. Fig. |§|A shows the behaviour of f(0G), whose dependence on Jg and
Jg is fully determined by two scaling variables Jg/p and Jg/u. The piecewise-linear dependence on Jy is apparent,
one also sees that p < f* < 2u. There are four possibilities for the dominant pathways to extinction, which are shown
in Fig. OB, in a representation similar to Fig.[8] The sign of J determines which is the dominant transition from 4G
to 2G, while both Jg and Jy affect the outgoing transition.

Recalling that f* determines the MTE via , we see from Fig. |§|A that inhomogeneous mixing can only slow down
extinction, as already discussed for the illustrative case of Fig. [§] The reason is the same: Jgy # 0 tends to suppress
the probability of certain microstates within 2G, which suppresses extinction pathways passing through those states.
This result — that inhomogeneity slow down extinction — is opposite to the result of the logistic (field-theoretic) model
in Sec. [[TF] However, this should not be surprising since the mechanisms for these changes are quite different, and it
was already apparent from the (field-thoretic) Schlégl model that there is no general reason that the MTE should be
affected in any particular direction. Instead, we conclude that the simplicity of the toy model and the logistic model
means that each or them can only support one sign for this effect. Similarly, the absence of any meaningful Allee
effect in the toy model is likely due to its simple structure — there is no reason to expect that Allee effects will not
occur in general models of this type.

E. Model variant (“square root rates”)

As a postscript to this analysis of the toy model, we show a slight change in its definition can produce a free energy
barrier between 0G and 4G, which is a form of Allee effect. Recall that detailed balance with respect to mr does not
fully determine the transition rates in this model, and that other choices for the function xs are possible in . An
intuitive choice might be a Metropolis-like rate xg = min[1, e~57] but this yields the same low-temperature behaviour
as found above for Glauber rates. Here we consider instead xg(z) = e~ P%/2 which is particularly convenient because
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FIG. 10. Analysis of Allee types for the model variant with xz(z) = e /2 for > 0. A: Effective free energies illustrating
the Allee type classification . Parameters: p = [2.5,0.5,—0.5], Jr = [0, 1,2], Ju = [0,0,0] for 0/1, IT and III respectively. B:
Diagram showing how the Allee type depends on Jg, Jg, for 1 > 0. The white (hatched) regions shows parameters for which
4G is not a local minimum of f. The black arrow indicates how a change in Jg from homogeneous to inhomogeneous mixing
can change the Allee type. As discussed in the main text, the situation for p < 0 is that type-II region becomes type-III, and
the 0/I region becomes white (hatched) because 4G is no longer a local minimum of f.

|

(\)

it simplifies some formulae for the mesoscopic rates. Note however that this choice for y means that some microscopic
rates can then diverge in the low-temperature limit, unlike to the original (Glauber-like) rates which are always less
than unity. This means in particular that the physically intuitive result (53ll54) for the extinction time no longer
holds.

Still, it is instructive to compute the effective free energy within this model, using the method of Sec. [[ITB] One
finds

f0G) =2p,

f(2G) :M+JR_fin}1(JR7JH)7 (63)

f4G) =0,

where
2JH O < 2JH S JRa
Jr 0< Jr <2Jy,
fin(Jr,Ja) =4 —Jr  2Jy < Jr <0, (64)

—2Jg Jr<2Jyg <0
0 otherwise .

This finn is non-negative and represents the difference in f(2G) between the homogeneously mixed case (Jg = 0) and
the general free case [finn = f(2G) — fo(2G)].

In contrast to the toy model with Glauber rates, this effective free energy can support Allee types II and III, which
are identified by barriers in f, that is f(2G) > f(0G), f(4G). Fig. illustrates examples of the types introduced
in . Fig. shows how the Allee types depend on the model parameters for g > 0. We continue to restrict our
analysis to cases where 4G is a local minimum of f. The white (hatched) region shows parameter regions for which
4G is not a local minimum. The introduction of inhomogeneous mixing (Jg # 0) can change the Allee type in this
case (black arrow in Fig. [I0B). For 4 < 0 the situation in Fig. is changed in that the type 0/I region becomes
white (hatched) [because f(4G) > f(2G) > f(0G)] and the type II region changes to type III.

We end the discussion of this model variant by repeating that while these (effective) free energies are instructive,
there is no simple analogue of in this model so the behaviour of the MTE cannot be deduced from . The
MTE can be computed direct from the rates ryeso but we do not discuss that computation here.
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F. Discussion of toy model and connection to field-theoretic models

The toy model discussed here is a very simple caricature of a system with separated time scales for hopping
(migration) and chemical reactions (birth/death). This section briefly summarises how it is useful for illustrating the
fundamental assumptions and processes at work in the field-theoretical (AB-type) models of Sec.

The simple Markov chain shown in Fig. [7] shows how an irreversible non-equilibrium model can arise from hop-
ping/reaction dynamics which separately respect detailed balance with respect to different energies. This is analogous
to the construction of Model AB. By invoking a separation of time scales between hopping and reactions, this model
may be projected onto a reaction co-ordinate where only the total populations of each species are relevant, and the
dynamics of this co-ordinate follows a reversible (equilibrium-like) Markov chain. This mirrors the projection of Model
AB onto the global density, as accomplished in Sec. [TD] Nevertheless, both the field-theoretic model and the toy
model show that the non-equilibrium structure of the underlying model has implications for the projected dynamics,
for example that F' is not a function of state in Model AB, and that the dominant pathways between toy-model
mesostates can be different for forward/backward transitions between the same mesostates of the toy model (recall
Fig. .

The low-temperature limit of the toy model is analogous to the small-e limit of the AB-type model. That is,
extinction becomes a rare event and the MTE diverges exponentially fast, as shown by [analogous to ]
Also the transition to extinction concentrates on a specific path (instanton) which we were able to identify precisely
within the toy model (Fig. ) The corresponding result for the AB-type model is that the density profiles along the
instanton are always minimisers of Fp, as shown in .

We find that inhomogeneous mixing may affect the MTE in the toy model, although the mechanism of this effect
differs from Model AB, and the MTE is only increased by inhomogeneity in the toy model, while changes of either
sign can be found in Model AB (at least for the Schlogl case). Our interpretation of this last fact is that the simple toy
model considered here cannot support the full range of phenomenology supported by non-equilibrium systems with
slow reactions and fast migration, but more complex model variants might well allow richer behaviour. (For example,
the restriction to ), (gm + 2wy,) = 4 was an arbitrary choice, taken for simplicity. Introducing more particles might
well reveal new possible behaviours.) Nevertheless, we find that the simple cases analysed here are already useful to
illustrate the non-equilibrium aspects of these models, and how they impact on rare events like the MTE.

IV. CONCLUSION

This section briefly summarises our main conclusions, together with an outlook. (We refer back to Secs.
and for additional remarks on the AB-type and toy models respectively.) For both field-theoretic and toy
models, we have shown how MTEs can be computed analytically within appropriate limits, which require both weak
noise (so that extinction is a rare event) and a separation of time scales between fast diffusion and slow reactions (so
that the dynamics can be projected onto a single co-ordinate). This enables construction of an effective free energy
for this co-ordinate, from which the weak-noise scaling of the MTE can be deduced, even though the system is far
from equilibrium. Within this framework, Allee effects play a natural role: we have classified these into various types
according to their effect on the MTE and their relation with the (effective) free energies F, f of the two models: this
extends the most common classification [8 37, B8] 54] which only depends on on the per-capita population growth
rates [for example R(p)/¢].

For the AB-type models, the possibility of phase separation enters the effective free energy only through its binodal
densities, and the values of the chemical potential and mobility at those points. This simplification is due to the
time scale separation. In general, phase separation may increase or reduce the MTE although we identified conditions
on the concavity/convexity of net reaction rate and mobility under which the MTE can only be reduced. These
conditions are satisfied in the logistic model but not in the Schlégl model. The Allee type can also be modified by
phase separation in the Schlégl model but this is not possible in the logistic model, which we again attribute to certain
special features of that case (specifically, that the per-capita growth rate is monotonic). The modification of Allee
type illustrates how particle-hopping (diffusive) dynamics can have qualitative effects on the dynamics of the total
population, despite the fact that diffusion does not directly create or destroy particles.

For the toy model, it turns out the MTE can only be increased by inhomogeneous mixing. Also, while we are able
to define meaningful analogues of Allee effects, these do not appear in the model as originally defined (with Glauber
rates). We attribute both of these aspects to the simplicity of the model, but we emphasise that it still illustrates
the interplay between non-equilibrium systems (non-reversible Markov chains), weak noise, time scale separation, and
rare events.

Our results complement existing results for Model AB [47), 58] and extend those works to characterisation of rare
events. The possibility of extinction events in such models further highlights their rich phenomenology, although we
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have emphasized that deriving them from underlying particle systems requires extra care if one wants to accurately
capture the probability of rare events such as extinction [6]. A central assumption enabling our analysis is the complete
separation of time scales between fast diffusive dynamics and slow birth/death.

It would be very interesting to understand how our conclusions are modified by slow processes within the diffusive
sector, which might still be theoretically tractable (for example, nucleation occurring by a Model-B-like mechanism
might be slow even if hopping is fast). More generally, one may imagine other systems with spatially-extended
population dynamics where rare events can be analysed by projection onto one or two reaction co-ordinates, in order
to render them tractable. Such co-ordinates might decouple from other dynamical modes via a timescale separation
(as in this study) or via symmetry considerations, as discussed for a model with conserved density in [46].
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Appendix A: Projection onto reaction coordinate in discrete model AB

In this appendix, we derive analogous results to Sec. [l for a discrete particle-based model, instead of the AB-type
model that involves continuous densities . The essential differences come from the use of Gaussian and Poissonian
noises in the two cases [6]. The main text considers systems driven by Gaussian noise, and while the discrete models
considered here have Poissonian noise. In this context, it is important that the continuous models with Gaussian noise
are derived from discrete systems using central limit theorems (CLTs), which is sufficient to ensure that the typical
behaviour matches between continuous and discrete, but it does not ensure that large-deviation properties will be the
same. This means in particular that the free energy of the Gaussianized (continuous) model will not generally match
that of the discrete one. Still, the qualitative behaviour of the different models is very similar, for the cases considered
here.

Diagrammatically we have:

via (AT13)
’ discrete Model n, Eq. (A5 } { continuous Model p(z), Eq. ‘
via (AS) via (6)

via (AL6) -
’free energy G(n) } free energy F'(p) 7é ’ free energy F'(p) ‘

where (A13) is the relevant central limit theorem, while (A16ll6) require estimation of probabilities of rare (large-
deviation events). In Sec. [[I| we discussed the right side of the diagram. In this appendix, we complement Sec. [IT| by
discussing the left side, including derivation of F.

1. Model

We consider particles positioned on a lattice with M lattice sites labelled 1,2,..., M. A lattice site i has N;(t)
particles and the system has state N (t) = (Ny(t), Na(t),..., Na(t)) at time ¢. Particles can undergo chemical
reactions by which they can increase or decrease the particle numbers, and hops between lattice sites. We assume
reactions to be local on a lattice site.

For a site with occupancy n, we assume the chemical reactions form a birth-and-death process with birth rate
wP(n) and death rate w(n). Throughout this appendix, upper case symbols N, A, AN indicate random variables,
in particular N;(t) is the (random) number of particles on site i. We use lower case n; to indicate possible values of
the random variable. The (random) change due to reactions of the occupancy of site 7 in a short time At is AN (t),
which follows a Skellam distribution, the difference of two Poisson processes. That is

ANJ(t) = AP () = AF(D) (A1)
where the independent increments for birth and death are AlR’b and Af"d, which are Poisson distributed

AN (1) N(y=n ~ Poi(Atw®(n;)) , (A2)

(3
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where « € {b,d}, also n = (n1,na,...,ny) and the notation X|4 ~ Poi(A) indicates that the random variable X has

a Poissonian conditional distribution P(X = k|A) = Ak—l!ce_’\, where A is the event on which we are conditioning.

The hopping dynamics are described similarly: write J;_1_,; for the (net) current from site 7« — 1 to 4 in a short
time At. It is the difference between the right and left-moving fluxes across the bond, leading to a similar Skellam
distribution

Jicisi(t) = AP i (t) — AP, (1),

D . (A3)
A i1 ()| N@)=n ~ Poi(At kiix1(n)),

where k;_;+1(n) is a (suitably normalised) hop rate from site 7 to site ¢ &= 1. These hopping rates respect detailed
balance with respect to a suitable grand-canonical distribution, for example one may take

ki_nﬂ(n) = koni exp —g (E(n + eiil - ei) - E(n)) (A4)

where ko is a bare hopping rate, e’ is a vector of size M with (e’); = §;;, and E = E(n) is an energy function that
describes particle interactions, see below for further discussion. We take periodic boundaries, for simplicity.
Together, the (stochastic) change in occupation AN;(t) is

ANi(t) = ANF(#) - (div J(2); (A5)

where div is the discrete divergence operator, that is (divJ); = Jiip1 — Ji—15:. Eq. is the discrete analogue of
Eq. .

As in the main text, we assume that the interaction energy F for the hopping dynamics contains attractions that
will drive phase separation. The total number of particles is Niot(t) = Y, N;(t) and there exist binodals such that for
n_ < (Niot(t)/M) < ny the hopping dynamics drives phase separation into regions where the local occupancies are
(close to) n_ and n4. As in the main text, this diffusive dynamics is assumed to be fast compared to the reactions,
in which case the details of the energy E do not affect the results, except through the binodal densities.

2. Single-site free energy

The next step is to compute the behaviour of the reaction dynamics on a single site i. The (scaled) mean and
variance of the AN;(t) (conditioned on the current state N; = n;) are

1

At
1

2mR(ni) = EVar(ANl-R|NZ- =n,;) = wb(ni) + wd(ni)

R (n;) := — (ANE|N; = n;) = wP(n;) — w(ny)

(A6)

These results inspired the form of the reaction rate and mobility of the AB-type model in Eqs. (4ll5). If w’(k) and
wd(k + 1) are positive for all k& > 0, the system relaxes to a steady state

R T wRP(k)

n) o _
Pt wid(k 4 1)

(A7)

™

where the proportionality constant is set by normalisation. The carrying capacity is defined as n* = argmax,, 7(n).
Then we define a (discrete) free energy as
m(n)

R’ﬂ = —10g —57—=<
G() lgﬂ'R<n*)

(A8)

which vanishes at the carrying capacity.
To illustrate this theory, consider the discrete logistic model as discussed in Sec. [[IB| which is defined by birth and
death rates

wP(n) =n, wi(n)=n(n-1)/n,, (A9)
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where ng; > 0 is a parameter. Note that the number of particles is constrained in this model as n > 1. The particle
number has a Poisson distribution conditioned on n > 1, so the carrying capacity is n* = |ns| and

n'

G®(n) = (n — n*)logns — log (A10)

n*!’

As discussed in Sec. [[TB] it is convenient when studying extinction to supplement this model with an extra absorbing
state N = 0 such that a system with N = 1 transitions to N = 0 with some small rate ex, after which it remains
extinct for ever. If ex is small enough then the system will relax to the metastable distribution 7 before becoming
extinct, and we identify the overall extinction rate as exm(1).

3. From discrete to continuous density: large-K limit

We now follow [6H8] and consider a limit where the typical occupancy of each site is very large. Specifically, we
introduce a large parameter K > 1 such that the discrete occupancies N; ~ K and we define densities p; = N;/K
which we can approximate for large K as continuous random variables. To achieve N; ~ K we impose that birth and
death rates scale with K as

w*(n) = Ko (n/K) (A11)

where a € {b,d} indicates either birth or death, and Ay, Aq are smooth functions. In the example of the logistic
model, these functions are

Xo(p) = p, Aalp) = p?/ps, (A12)

where the new parameter p; is related to the original carrying capacity via ns = Kp;.

As anticipated above, taking K’ — oo in this way enables a central limit theorem in which the continuous dynamics of
p; may be approximated by a stochastic differential equation. Recalling that Poisson distributions for large argument
may be approximated by appropriate Gaussians, we note for large K and fixed a = O(1) that

(1/K)Poi(Ka) = N(a,a/K) (A13)

Using this together with (A6]), we find that as K — oo

EANI(E) = M) (o) At + \ 2N () /K AW (AL4)

where MR (p) = mB(Kp)/K, uf(p) = r®(Kp)/mB(Kp), and AWER(t) ~ N(0, At) is a suitable increment of a Wiener
process.

Identifying ANR(t)/K as the change in p; due to reactions and € = 1/K, this equation reduces to a spatially-
discretised form of the model-A parts of , that is

Orpi = =M™ (pi) ™ (pi) + 1/ 2eMR(p;) Af(2) (A15)

With appropriate choices for E the currents J;_,;_1 for the particle-hopping dynamics can also be mapped to a
discretised version of the model-B parts of (perhaps with density-dependent noise terms), but we do not consider
that computation here since the model-B dynamics only enter the dynamics through the binodals n4, as described
above.

We emphasise again that (A15)) was derived by applying a central limit theorem to the discrete particle model,
leading to a Gaussian noise. We therefore refer to it as a “Gaussianised” model.

4. Free energies for discrete and Gaussianised models

In the large- K limit, the behaviour of the free energy G of the discrete model can be characterised from (A7IA8A11))
as

Ab(p')
Ad(p')

. (A16)

K—oo

.1 g
Fr(p) :== lim EGR(pK) = —/ dp’ log
o
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where p* is the zero of the free energy (analogous to n*), which we take to be its global minimum, where A, = Aq4.
This means that the asymptotic distribution 7% behaves asymptotically as 7% (pK) ~ e~ K¥r(¢) for large K.

However, applying the free-energy computation of Sec to the Gaussianised model one obtains instead
that the distribution of p behaves as Pa(p) ~ e~ 574(P) with

Ab(p') = Aa(p')

2o (o) Tl (A17)

P
Falp) = -2 [ df
;

analogous to Egs. and @ Clearly Fa # Fg in general, so the full distribution of p in the Gaussianised model
does not match its discrete counterpart, although it can be verified that they have the same minima [characterised
by Ap(p*) = Aa(p*)] and that they have the same curvatures there F(p*) = F{(p*). To understand the differences
between them, we recall that Gaussianising the noise using the central limit theorem does not capture the rare
events that eventually determine the tails of 7. Hence Fj does not accurately describe large density fluctuations of
the discrete particle model. On the other hand, the qualitative features of the discrete model are largely captured by
its Gaussianised version.
As an instructive example, the logistic model free energy according to is

~ p
FR(p) = —p+ ps + plog o (A18)

which is to be compared with the free energy of the Gaussianised model: Fa(p) = 2 <p — ps — 2ps log (";‘%)) as
obtained from (A17)), see also Eq. in the main text. The Schlogl free energy according to (A16)) is given by

p(ps + pu) ( Pu pps>
FR(p) = ps — p— plog B2 49 /5 puarctan (|24 22 A19
(p) = ps —p— plog 02t Dapu PsPu 00 D+ pu ( )

which is to be compared with Fl4 in Eq. , which was again derived using (A17)).

5. Projection

We now project the dynamical equation (A5]) onto the total number of particles in the system

Ntot == Z N’i (A20)

which we choose as reaction coordinate. Apart from minor technical adjustments, the following derivation mirrors
the one in Sec. [[TD} although we focus on the total number of particles instead of the mean density.
In a phase-separated state, the two phases sit at binodals n; ~ ni. The dense (dilute) phase comprises of M
(M_) lattice sites. We assume a large system such that we can ignore interface effects and M, + M_ = M, so that
]\4_i_:]\[tot_]\4n—7 M_:Mn-‘r_NtOt.
ny —n— ny —n—

(A21)

To derive a dynamical equation for the total particle number Ni., we start by summing Eq. (A5]) over all lattice
sites. The increment ANt (t) := Niot(t + At) — Niot(t) obeys

ANioi(t) = 3 AN;(t) = > ANF(t). (A22)

where the second equality used that ), (div.J); = 0. Using (Al]) one obtains

ANgop = Z(A? - A?) = AP — AY (A23)

i
in which A® := )", A? are distributed as

A (t) |Ntot(t):ntot ~ POI(At Wgs (ntOt)) (A24)
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where wig(ntor) = >, w*(n;) only depends on the total occupancy niot = Y, n;, as we now explain. We assume that
the hopping dynamics is fast enough that the system is either homogeneous or phase-separated. In a homogeneous
state then n; & nyot /M for all i so we may approximate

wps(ntot) = Mw® (nyor /M) . (A25)
On the other hand, in a phase separated state we can approximate sums over lattice sites using Eq. (A21)) to obtain

Tltt—MTl_ Mn — Ntot
ot T w¥(ng )  ————tt

ny —n— ny —n_—

w*(n_). (A26)

wpg (Mtot) =

The thChabth process for Nio(t) in m ) becomes a birth-and-death process which can be analysed similarly to
Sec.[A 2] Specifically, the steady- state distribution is

Ngot —1 )

wB
o 1 PS
TPS nt t H o8 —4—, PS k—l— 1)

(A27)
where the proportionality constant is set by normalisation.

In the following we assume for concreteness that the most likely total occupancy n* is in the miscibility gap n_ <
(n* /M) < n4, the other cases can be obtained by straightforward extensions. Then n* obeys wpg(n*) = wig(n* +1),

so (A27) yields

. Mln_R(ny) —ny R(n_)] + wi(ny) —wi(n_)
"= R(ns) — R(n_) (A28)

where R(n) = w®(n) — wd(n). Then the fraction appearing in (A27)) can be parameterised for n_ < (niot/M) < ny
as

’LUE;S (ntot) A(’I’Ltot — ’I'L*) =+ B

wgS(ntot +1) - Ntot —N* + B (A29)
where we used (A26]), and define
~wP(ny) —w(no)
wd(n+) (nf) ’ (A30)
b= wi(n ) (n,) : (A31)

Finally, we take the large- K limit to arrive at a continuous density, as in Sec. We rescale the total occupancy as
¢ 1= Nyoy /(M K). The microscopic transition rates obey (All)) which means that w@g(niot) = (ME)Aq(nior/(MK))
for smooth functions A,, which ensures that ¢ is typically O(1) at large K. Then following the same arguments as

Sec. one has from (A27) that
mps(pK) ~ emMEF(2) (A32)

with

~—

(A33)

~—

. ¢ Av (o
F(p) = —/ dy’ log AZEZZ
-

and ¢* = n*/(MK). The phase separated regime is ¢ € [p_, po] with p+ = ny /K, in which case which one finds by
(ATTA29) that Ap(p)/Aa(y) = [Ao(p — ¢*) + Bol/lp — ¢* + Bo] with

_ A(p1) = A°(p-)
40 = N = xi(p ) e
— o)A (p *—p_ )P
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Gaussian Noise Poissonian Noise
Ap(p)—A R/ N\ _ A
Fa(p)= -2 [dp 28345 @ | F(p) =~ [dplog 32 (A19)
F(p) B4 | Fle) (A36)
~ Ab
Fps(p) = —2 [ dp 155425 B3 | Fese)=—[dplogzrs (&30

TABLE I. Equivalent quantities differ for Gaussian and Poissonian noise. Results involving Gaussian noise were derived in
Sec. [} results with Poissonian noise in Appendix. [A]

For the homogeneous cases, (AL1JJA25)) yield Ay (p) = Ao (p). Using these results in (A33) one finally obtains

Fr(p) = Fr(p-) + Fps(p-) ¢ <p-
F(p) = Fes() p— <P = pt (A36)

Frp) — Frlps) + Fes(py)  pr<¢

with Fr(p) given by (A16) and

- Ao(@—@*)+30> (so—so* ) By (Ao(w—w*) )
B — —(p— ") + Byl 41) = Do (EXF =7 4 q) . A37
ps(p) = —(¢ —¢") 0g< py—— olog { 5 1, o8 B (A37)

Compared with the result for the model with Gaussianised noise, the function has a similar structure but differs
in the details.

Finally, the extinction time in this model behaves analogous to : Repeating the arguments of the main text,
one has for large K that

log T — sup{F(¢) : ¢ € (0,¢%)} (A38)

MK

where the effective noise strength (M K)~! is proportional to the single-site noise parameter ¢ = 1/K from and
inversely proportional to the “system volume” M, similar to .

To summarise this appendix: we constructed a model of particles on a discrete set of lattice sites where the limit of
large site occupancy (large K) leads to a weak-noise theory for on-site densities [Eq. ] This weak-noise theory
relies on a central limit theorem, so the noise is Gaussian. We analysed large rare fluctuations of the total density in
the discrete model, deriving the free energy F', including its behaviour in phase-separated states. This complements
the analysis of the main text, where a similar free energy was computed for the model with Gaussianised noise. The
two models differ quantitatively because the central limit theorem replaces a Poissonian noise by a Gaussian one,
which is accurate for typical fluctuations but fails for rare events. Nevertheless, the qualitative behaviour of the two
models is very similar. The different results for the two models are summarised in Table [I}

Appendix B: Mean time to extinction in the toy model

In a Markov chain X; with finite state space S, the mean first-passage time to G C S starting in ¢ € S is defined
as 7(i) = (T%| X, = i) where the first-passage time is given by T¢ = inf{t > 0 : X; € G}. The MTE is the solution
to the following system of equations [I]

0= (i), Vied, (B1)
—1=" (i = DIrG) - 7)), vigG. (B2)
J#i

For the toy model we define the mean time to extinction (MTE) as the mean first-passage time to 0G, which starting
from meso-state I is given by 7(I) = (inf{¢t > 0: X; € 0G}|Xo € I). The MTE is explicitly given as the solution of

7(0G) =0, (B3)

—1 = Tmeso (2G = 0G)(7(0G) — 7(4G)) — meso(2G — 4G)(7(2G) — 7(4G)) , (B4)
—1 = Imeso (4G = 2G)(7(2G) — T7(4G)) , (B5)
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which is
1 Fineso(2G — 4G) 1
2G) = B
T26) = 3G 5 00) 1o (3G = 2G) | 7mena(2G = 0G) ° (BS)
1 Fmeso(2G — 4G) 1 1
4G) = . B7
TG = o G 5 00) res (4G 5 2G) | roe(2G 5 0G) | roe(1G = 2G) (B7)
Using detailed balance (see Egs. (51}f52)) in the main text) we find that
) _ J—=1)
lim 5" log el 2 D)y ppy B
Jim B P f(7) = f) (B8)
For the toy model one may additionally verify from that
Jim B og k/Timeso (I — J) = max{0, f(J) — f(I)}. (B9)
—00

By the same argument as in of the main textﬂ we see that S~ ! log[k7(4G)] is dominated at low temperatures by
the largest term on the right hand side of (B7)). Recalling that f(4G) > 0, the relevant limits are

. _ Tmeso(2G — 4G) B
Bh_{r;oﬁ Yog (krmeso(zG = 0G) e (4G = 2G) )) = max{0, f(0G) — f(2G)} + f(2G), (B10)
Bli_)rn B 10g k/Tmeso(2G — 0G) = max{0, f(0G) — f(2G)}, (B11)
BILm B og k/Tmeso (4G — 2G) = max{0, f(2G)} . (B12)

Taking the max of these three terms and restricting as in the main text that 4G is a local minimum of f [so
f(2G) > f(4G) = 0] we obtain

BILH;O B~ og[kT(4G)] = max{f(0G), f(2G)}. (B13)

Hence identifying Texs = 7(4G) we recover Eq. of main text.
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