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ABSTRACT. Two approaches to Lipschitz structures for any set X are pre-
sented, studied and compared. The first approach is similar to the one pro-
posed in [1], where Lipschitz structures are defined as families of pseudo-
metrics satisfying suitable conditions. The other one, here introduced, is
expressed by using weak pseudo-metrics, which (unlike the pseudo-metrics)
do not necessarily vanish on the whole of the diagonal of X X X in this case
we will talk about weak Lipschitz structures. Since all topological structures
are defined by a a family of weak pseudo-metrics (as we will show in Section
4) we can find some connections between topological structures and weak
Lipschitz structures, and a link between continuous maps and weak Lipschitz
maps.

A central part of this paper is devoted to the weak Lipschitz uniformity
defined by a weak Lipschitz structure, which is introduced in Section 8. A
notion of uniform continuity with respect to weak Lipschitz uniformities is
proposed and studied. In particular, we prove that the weak Lipschitz maps
acting between two weak Lipschitz spaces (X, .Zx) and (Y, %y ) are uniformly
continuous with respect to the weak Lipschitz uniformities defined by .Zx and

Ly .
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1. INTRODUCTION.

With the aim of studying Lipschitz structures for sets endowed with some other
structures (in particular for topological vector spaces), in this paper we consider
Lipschitz and weak Lipschitz structures for any set.

We will present and compare two types of Lipschitz structures for a set X: the
Lipschitz structures originally presented in [1], and the weak Lipschitz structures
here introduced, which are a suitable family of weak pseudo-metrics. By a weak
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pseudo metric on a set X we mean a symmetric map d : X x X — R™ such that
d(z1,29) < d(x1,2) + d(x,z2) for all x1, 29,2 € X, which vanishes in at least a
point of the diagonal A of X x X (but not necessarily on the whole of A).

In Section 4 we exhibit a link between topological structures and weak Lipschitz
structures. Section 5 is devoted to the study of products of Lipschitz spaces and
of weak Lipschitz spaces, while in Section 6 we define the locally Lipschitz maps
and the locally weak Lipschitz maps.

The subsequent Sections 7 and 8 contain the main results of this paper, which
concern Lipschitz and weak Lipschitz uniformities. In them we prove, among other
results, the uniform continuity of the weak Lipschitz maps with respect to the weak
Lipschitz uniformities.

2. LIPSCHITZ STRUCTURES AND WEAK LIPSCHITZ STRUCTURES. LIPSCHITZ
MAPS AND WEAK LIPSCHITZ MAPS.

Let X be any set. Any symmetric map d: X x X — R* such that d(z,z2) <
d(z1,x) +d(x,x2) Vz,z1,22 € X and vanishes in at least a point of the diagonal
A of X x X will be called a weak pseudo-metric on X. We emphasize the fact that
d is not requested to vanish on the whole of A. The family of all pseudo-metrics
on X will by denoted by £(X), and the family of all weak pseudo-metrics on X
will by denoted by £, (X).

Definition 2.1. By a Lipschitz structure (resp. weak Lipschitz structure) for X
we mean a non-empty family .Z of pseudo-metrics (resp. weak pseudo-metrics)
on X satisfying the following conditions:

(L) d<di,di € £ =de Y,

(L2) d € . = ad € & for every real number a > 0;

(Lg) di,dy € L= dyVdy € L.

Of course, a Lipschitz structure is a particular weak Lipschitz structure. It is
easy to prove

Remark 2.2. ((Ly), (L2), (L3)) is equivalent to ((L1), (L4)), where
(L4) dy,do e =d +dy e Z.

The pair (X, .%) will be called a Lipschitz space when & is a Lipschitz structure
and a weak Lipschitz space if £ is a weak Lipschitz structure.

Definition 2.3. A base of a (weak) Lipschitz structure £ is a subset A of &
such that for every d € .Z there are b € 4 and « > 0 such that

d < ab.
If A is a base of ¥ then
ZL={d:d<ab forsome be B and « >0}

Definition 2.4. A set & of pseudo-metrics (resp. of weak pseudo-metrics) on X
is a base for a Lipschitz structure (resp. for a weak Lipschitz structure) for X if
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there is a Lipschitz structure (resp. a weak Lipschitz structure) for X of which &
is a base. This is true if and only if the set

{d:d<ab with b€ Z and «>0}
is a Lipschitz structure (resp. weak Lipschitz structure) for X.

It follows that & is a base for a Lipschitz structure, or for a weak Lipschitz
structure, for X if and only if for every b1, bs € & there are b € # and o > 0 such
that b1 V ba < ab. Consequently, given a non-empty family & of pseudo-metrics
(resp. &, of weak pseudo-metrics) on X, the family & of the suprema of all finite
subsets of & (resp. Z,,) is a base for a Lipschitz structure 2 (&) (resp. for a weak
Lipschitz structure £ (22,)) for X. Of course, £ (%) is the smallest Lipschitz
structure for X containing &2, and it will be called the weak Lipschitz structure for
X generated by &2, while £ (2,) is the smallest weak Lipschitz structure for X
containing &, and it will be called the weak Lipschitz structure for X generated
by P,,.

We have

L(P)={de P(X):d<a(drV---Vdy),d1,...,d, € Z,n>1a>0}
and
L(Py)={de Py(X):d<a(d1V:--Vdy,),di,...,d, € Py,n>1a>0}

Definition 2.5. Let (X, Zx) and (Y,.%y) be Lipschitz spaces (resp. weak Lips-
chitz spaces). A map f: X — Y is called a Lipschitz map (resp. weak Lipschitz
map) if for every dy € %y there is dx € £x such that

dy (f(z1), f(22)) < dx (w1, 22) Vai,22 € X,
i.e.,
2
dy o f S dx.
Remark 2.6. Let %y be generated by a family %y of pseudo-metrics (resp. of

weak pseudo-metrics) on Y. A map f : X — Y is a Lipschitz map (resp. a weak
2
Lipschitz map) if for every d € Py there is dx € Lx such that do f < dx.

(2
Proof. Suppose that for every d € &y there is dx € Lx such that do f < dx.
We must prove that, consequently, for every dy € % there is dx € ZLx such that

(2)
dy o f < dx. Indeed, given dy € %y, since Py generates £y there are a finite
subset {d1,...,d,} of Py and a number o > 0 such that dy < a(dy V---Vd,).

(2) (2)
Let 41, ..., 0, be elements of Zx such that dyo f < d1,...,dpo f < 6,. It follows

(2) (2) (2) (2) 1
dyo f <(a(diV---Vdy))o [ =a((dio f)V---V(dpo f)) <a(dxV---Vdy),
with dY,...,d% elements of Zy. Since a(dy V-V d%) € £Lx the proof is con-

cluded. O
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3. LIPSCHITZ STRUCTURES AND WEAK LIPSCHITZ STRUCTURES FOR X
DEFINED BY A FAMILY OF SUBSETS OF X.

Let o/ be a non empty family of subsets of X, and let us set
() ={de P(X):d is bounded on A x A for some A € &/},
Lo() ={de P(X):d is bounded on A x A for all A € &/}.

Theorem 3.1. If o is closed under finite intersections, then (/) is a Lipschitz
structure.

Proof. Obviously, if di € £1(«/) and d is a pseudo-metric on X smaller than dy,
then d € £ (7). We now show that

dl,dz S fl(ﬁ{) =dy +ds € Zl(,!Zf)
This is true, because if A;, As € &/ and
supdl(Al X Al) =a € R, SU.pdg(AQ X Ag) =ay € R,

then
Sup(d1 + d2)(A X A) <ay+ag, with A=A,NA,.
O

Theorem 3.2. For any non-empty family of subsets of X, %a(</) is a Lipschitz
structure.

Proof. The implication d < dy € % (o) = d € L (&) is evident. The im-
plication dy,dy € % (&) = di + dy € Z(f) is easily showed. Indeed, if
dy,dy € % (/) thereis A € o7 such that supd; (Ax A) € Rand supda(AxA) € R.
Consequently sup(d; + dz2)(A x A) € R, and this implies di + dp € L (). O

Remark 3.3. Theorem 3.1 and Theorem 3.2 hold also for weak Lipschitz structures,
with
L() ={de P,(X):d is bounded on A x A for some A € &},
L) ={de P,(X):d is bounded on A x A for all A € o/}.

4. CONNECTIONS BETWEEN TOPOLOGICAL STRUCTURES AND WEAK LIPSCHITZ
STRUCTURES

Through this paper, when & is a family of weak pseudo-metrics on X, we will
consider as the topology defined by &7 the one generated by the family of the subsets
Uge(x) of X, withd € &,z € X, and € a real number such that ¢ > d(x, ), where

Uge(z) ={€€ X :d( z) <e}.
Theorem 4.1. Every topology 7 on X is defined by the family
P, ={da:AecrT},

where da is the weak pseudo-metric defined as the characteristic function of the

complement C(A x A) of A x A.
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Proof. Tt is easy to see that the maps da : X x X — RT are weak pseudo-metrics.
The topology defined by &2, is the topology generated by the family of the subsets
Ug,e(x) of X, where A € 7,2 € X, e > da(z,x), and

Udgye(x) ={6 € X :da(§,x) <e}.

So, the topology defined by the family &2, of weak pseudo-metrics coincides with
7, because Ug, (z) = Aifz € Aand e <1, Uy, (x) = X if x € Aand € > 1,
while Uy, (z) = X if x ¢ Aand e > 1, and Uy, .(z) = 0 when = ¢ A and
e <1. O

Definition 4.2. For every weak Lipschitz structure .Z for a set X we will denote
by 7(Z) the topology on X defined by the family £ of weak pseudo-metrics.

—~

Definition 4.3. For every topology 7 on a set X we will denote by Z(7) the
smallest weak Lipschitz structure for X containing the family &, of weak pseudo-
metrics considered in Theorem 4.1. In other words, .,2/”\(7) is the weak Lipschitz
structure for X generated by ;.

Theorem 4.4. Let f : X — Y, and let 7x,Ty be topologies on X and Y. If f
is continuous, then f is a weak Lipschitz map with respect to the weak Lipschitz

Py —

structures £ (1x) for X and L (1y) forY.

Proof. Let f be continuous for the topologies 7x on X and 7y on Y. We will show
that for every B € 7y there is A € 7x such that

(41) dB(f(.Il),f(.IQ)) S dA(Il,IQ) VIl,IQ S X,

so proving (in view of Remark 2.6) that f is a weak Lipschitz map with respect

o~ o~

to the weak Lipschitz structures Z(7x) and Z(7y). Set, for every B € 71y,
A = f<(B). A is an element of Tx because f is continuous. The inequality
(4.1) is obviously satisfied when (x1,22) € C(A x A). If (z1,22) € A x A, then
(f(x1), f(x2)) € B x B, which implies dg(f(x1), f(z2)) = 0. Hence we can con-
clude that (4.1) is true for all 1,25 € X. O

Theorem 4.5. Let f be a weak Lipschitz map with respect to the weak Lipschitz
structures Lx for X and Ly for Y. Then f is continuous for the topologies
T(Zx) on X and 7(ZLy) on Y.

Proof. We recall that 7(%x) is the topology on X defined by the family £x of
weak pseudo-metrics, and 7(.%) is the topology on Y defined by the family %y
of weak pseudo-metrics.

We have supposed that for every weak pseudo-metric dy € % there is a weak
pseudo-metric dx € Zx such that

dY(f(Il)af(IQ)) SdX('rlv'rQ) v'rla:EQ € X.
It follows that, for every x € X,

dy (f(€), f(x)) <dx(&x) VE€X.
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Thus we can conclude that f is continuous at any x € X for the topologies 7(Zx)
on X and 7(Zy)onY. O

5. PRODUCT OF LIPSCHITZ SPACES AND OF WEAK LIPSCHITZ SPACES.

Let (X;,-%;), i € I, be a finite family of Lipschitz spaces. Consider the maps
d: (Il,er Xi) X (ILie; Xi) — RT defined by setting, for (x;)ier, (§i)icr € [Lies X,

(5.1) d((@)ier, (G)ier) = Y di(wi, &),

il
with d; any element of .Z;.

Proposition 5.1. The maps d defined by (5.1) are pseudo-metrics on the product
Hz‘el Xi.

Proof. 1t will be shown the triangle inequality:

d((zi)ier, (&i)ier) < d((wi)ier, (Mi)ier) + d((ni)ier, (§i)ier),

namely

> di(wi &) <Y di(wim) + Y di(ni, &)
il il il
for all (2;)icr, (§)ier, (ni)icr € [1;er X
This inequality is satisfied because the maps d; are pseudo-metrics and so, for
every ¢ € I, we have

di(zi, &) < di(xi,mi) + di(n3,&)-

The proof is concluded, since the maps d obviously have the others properties
required to be pseudo-metrics. (Il

Definition 5.2. The product of the Lipschitz spaces (X;,%;),1 € 1, is the set
[l;c; Xi endowed with the Lipschitz structure generated by the family of the
pseudo-metrics d defined by (5.1), i.e. the smallest Lipschitz structure containing
all the pseudo-metrics d defined by (5.1).

Let now (X;,.£™),1 € I be a finite family of weak Lipschitz spaces, and consider
the maps d : (J[;c; Xi) x (IL;c; Xi) — R* defined by (5.1) with d; € .£. An
argument similar to the one used in the proof of Proposition 5.1 shows that the
maps d are weak pseudo-metrics on [],.; X;. This leads us to give the following

Definition 5.3. The product of the weak Lipschitz spaces (X;,.Z),i € I, is the
set [[;c; Xi endowed with the weak Lipschitz structure generated by the family
of the weak pseudo-metrics d defined by (5.1) with d; € .Z*.
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6. LOCALLY LIPSCHITZ MAPS. LOCALLY SCALAR LIPSCHITZ MAPS.
Let (X,.%x) and (Y, %) be Lipschitz spaces, or weak Lipschitz spaces.

Definition 6.1. A map f: X — Y will be called a locally Lipschitz map (resp. a
locally weak Lipschitz map) if every x € X has a neighborhood U,, for the topology
associated to Zx such that for every dy belonging to the Lipschitz (resp. weak
Lipschitz) structure % there is an element dx of the Lipschitz (resp. weak
Lipschitz) structure Zx such that

dy (f(21), f(22)) <dx(x1,72) Vi, 12 € Us.

Recalling how a topology may be associated to a Lipschitz or to a weak Lipschitz
structure, it is easy to check the following remark.

Remark 6.2. A map f: X — Y is a locally Lipschitz map if for each dy € %
and each z € X there are dx € Zx and a number r, > dx(z,z) such that

dx(z,8) <1y = dy(f(z), f(€)) < dx(z,§) for any £ € X.

Definition 6.3. A map f : X — Y will be called a (locally) scalar Lipschitz map
[resp. a (locally) scalar weak Lipschitz map] if for every (locally) Lipschitz map
[resp. weak Lipschitz map] ¢ : Y — R the map po f : X — R is a (locally)
Lipschitz map [resp. a (locally) weak Lipschitz map].

7. LIPSCHITZ UNIFORMITIES. UNIFORM CONTINUITY OF LIPSCHITZ MAPS.

Let us recall (see, as example, [2]) that every family & of pseudo-metrics for a
set X defines a uniformity % (2?) for X. % () is the filter on X x X generated
by the family of the sets {(z1,22) € X x X : d(x1,22) < e}, withd € & and € a
positive real number.

A function f from a uniform space (X,%) into an uniform space (Y,¥) is
said to be uniformly continuous if for each V' € ¥ the set {(z,y) € X xY :
(f(x), f(y)) € V} is an element of % .

The product uniformity of % and ¥ is the smallest uniformity for X x Y such
that the projections into (X, %) and into (Y, ') are uniformly continuous. It is
known that, if (X,%/) is an uniform space, a pseudo-metric d : X x X — RT is
uniformly continuous with respect to the product uniformity on X x X and the
usual uniformity on R if and only if the set {(z1,22) € X x X : d(z1,x2) < e} is
an element of % for each positive real number .

If % (&) is the uniformity for X defined by a family & of pseudo-metrics, then
these pseudo-metrics are uniformly continuous. An important theorem concerning
the uniformity theory asserts that each uniformity for X is defined by the family
of all pseudo-metrics for X which are uniformly continuous.

It follows that the largest family of pseudo-metrics which defines an uniformity
% for X is the family of all pseudo-metrics which are uniformly continuous with
respect to the product uniformity of % by itself. Let us now apply these facts to
the Lipschitz structures.
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Definition 7.1. If .Z is a Lipschitz structure, the uniformity % (.£) defined by
the family . of pseudo-metrics for X will be said a Lipschitz uniformity.

It easily follows (keeping in mind the definition of Lipschitz map) the following

Theorem 7.2. Fach Lipschitz map is uniformly continuous with respect to the
Lipschitz uniformities.

Proposition 7.3. The elements of £ are (pseudo-metrics) uniformly continuous
on X x X with respect to the product of the Lipschitz uniformity % (X£) by itself
on X x X and the usual uniformity on R.

Remark 7.4. The largest family of pseudo-metrics defining the Lipschitz uniformity
U () is, in general, wider that Z.

8. WEAK LIPSCHITZ UNIFORMITY DEFINED BY A WEAK LIPSCHITZ
STRUCTURE. UNIFORM CONTINUITY OF WEAK LIPSCHITZ MAPS.

Proposition 8.1. Let .Z be a weak Lipschitz structure for X. The family of the
subsets Ug e of X x X defined by

Uge = {(z1,22) € X x X : d(z1,22) < &},
with d € £ and € a positive real number, is a pre-base for a filter % (L) on X x X.

Proof. We must prove that for each di,ds € £ and €1, &5 positive real numbers
the intersection Ug, ¢, N Ug, ¢, is non empty. This is true because Uy, -, NUq4, ., =
{(z1,22) € X x X : dy(x1,22) < €1,da(x1,22) < €2} contains the set {(x1,x2) €
X x X : (d1 Vda)(x1,22) < &1 A&z} which is non-empty since the element dy V da
of . vanishes at some point of the diagonal of X x X. O

Definition 8.2. The filter % (%) will be called the weak Lipschitz uniformity for
X defined by Z.

There is a (at least formal) analogy between some properties of the pseudo-
uniformities introduced and studied in [3] and those of the weak Lipschitz uni-
formities here considered. Observe, for example, that they are both defined by a
family of (uniformly continuous) weak pseudo-metrics.

Definition 8.3. Let (X, %x) and (Y, %y) be weak Lipschitz spaces. A map
f: X — Y will be called uniformly continuous with respect to the weak Lipschitz
uniformities % (Lx) and U (Ly) if for each U € % (ZLy) the set {(x1,22) €
X x X : (f(x1), f(z2)) € U} is an element of % (Lx).

Theorem 8.4. Let (X, %x) and (Y, %y ) be weak Lipschitz spaces. A weak Lip-
schitz map f: X — Y is uniformly continuous with respect to the weak Lipschitz
uniformities defined by Lx for X and Ly for Y.

Proof. Let Uy € % (%y). Then there are a finite subset {d,...,d,} of % and
positive real numbers rq,...,r, such that

yi,y2 €Y, di(y1,y2) <1 Yi=1,...,n= (y1,y2) € Uy.
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Since f is a weak Lipschitz map there are d1,...,0, € Lx such that
di(f(z1), f(z2)) < 0i(x1,22) forall z1,29 € X,
which implies d;(f(x1), f(z2)) < r; whenever 6;(x1,z2) < r;. If we set
Ux ={(z1,72) € X X X : §;(z1,22) <7; Yi=1,...,n}
we have Ux € % (%x), and (f(x1), f(x2)) € Uy for all (z1,x2) € Ux, namely
Ux C{(z1,22) € X x X : (f(2z1), f(z2)) € Uy }.

Thus
{(l‘l,xg) e X xX: (f(xl),f(,fz)) S Uy} S %(fx)

Therefore we can conclude that f is uniformly continuous with respect to the weak
Lipschitz uniformities % (Zx) and % (%y). O
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