
BOURGEOIS’ CONTACT MANIFOLDS ARE TIGHT

RUSSELL AVDEK AND ZHENGYI ZHOU

ABSTRACT. We prove that Bourgeois’ contact structures on M × T2 determined by the supporting open
books of a contact manifold (M, ξ) are always tight. The proof is based on a contact homology computation
leveraging holomorphic foliations and Kuranishi structures.
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1. INTRODUCTION

Given a contact open book decomposition of a contact manifold (M, ξ), Bourgeois [Bou02] showed that
M × T2 carries a natural contact structure, which is now referred to as a Bourgeois contact manifold. One
motivation behind such a construction was the problem of the existence of contact structures on manifolds
of dimension ≥ 5. By the Giroux correspondence [BHH23, Gir02] any (M, ξ) has a supporting open book
decomposition, hence Bourgeois’ construction can be applied to endowM×T2 a contact structure whenever
M is contact1. For instance, Bougeois’ construction shows that every odd dimensional torus admits contact
structures. The existence of contact structures was solved in full generality by Borman-Eliashberg-Murphy
[BEM15]: They establish that the existence of contact structures is equivalent to the existence of almost
contact structures – a purely topological notion – and moreover a full h-principle for overtwisted contact
structures.

With the existence of contact structures established, it is natural to investigate the existence of tight (that
is, not overtwisted) contact structures. In [Gir20a], Gironella establishes that when (M, ξ) is weakly fillable,
then so is M × T2, implying tightness [MNW13]. Bowden-Gironella-Moreno [BGM22] proved that all 5-
dimensional Bourgeois contact manifolds M3 × T2 are tight. In this paper we establish that Bourgeois’
construction always yields a tight contact structure, in any dimension, even if we start with (M, ξ) an
overtwisted manifold.

Theorem 1.1. Bourgeois’ contact structures are always tight.

Date: April 26, 2024.
1We emphasize that Bourgeois’ construction depends on the supporting open book, not just the contact manifold.
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Theorem 1.1 answers Lisi-Marinković- Niederkrüger’s question [LMN19, Question 1.2.(a)] (also [BGM22,
Question 32]) in the negative. Since each M 7→ M × {pt} ⊂ M × T2 is a contact embedding of (M, ξ)
with trivial normal bundle, the following foundational result of Hernández-Corbato, Martı́n-Merchán and
Presas [HCMMP20] is esablished as an immediate consequence of Theorem 1.1.

Corollary 1.2. For any contact manifold (M, ξ = kerα), there exists ϵ > 0 such that (M × Dϵ, ker(α +
r2 d θ)) is tight.

1.1. Outline. Here we provide a brief overview of the proof of Theorem 1.1 and of the remainder of the
article, starting with some generalities and a review of previous result.

To prove tightness of contact manifolds of dimension ≥ 5, the only currently available tool is the non-
vanishing of contact homology, CH [BH23, Par19]. A combination of Bourgeois-van Koert’s [BvK10]
and Casals-Murphy-Presas’ [CMP19] shows that contact homology vanishes for any overtwisted contact
manifold. So if contact homology is non-vanishing, then the underlying contact manifold is tight.

The criterion has many avatars in applications, e.g. the existence of symplectic fillings, the hyper-tight
property, properties on the Conley-Zehnder indices, etc. For example, in the dimension 3, all Bourgeois
contact manifolds are weakly fillable, and Bowden-Gironella-Moreno’s proof in dimension 5 used both
fillings and the hyper-tight property.2 Their proof relied on properties of mapping class groups of surfaces,
as the monodromy in the mapping class group is the only data needed to build a 5-dimensional Bourgeois
contact manifold. However, this is difficult to generalize to higher dimensions as comparatively little is
known about symplectic mapping class groups in higher dimensions. Moreover as illustrated in [BGM22,
BGMZ22], Bourgeois contact manifolds tend to not be (strongly) fillable in high dimensions.

We prove Theorem 1.1 by a direct computation of the contact homology of a covering M × S1 × Rτ of
the Bourgeois contact manifold, which is an infinite neighborhood of a “Bourgeois convex hypersurface”
S = M × S1 (with Rτ invariant contact structure). Specifically, we use the sutured contact homology of
[CGHH11] which can be applied to non-compact manifolds such as Rτ ×S. We show thatM×S1×Rτ has
non-zero contact homology, from which it follows that this non-compact manifold is tight. Since M × T2

has a tight covering, it then follows that M × T2 is tight.
Our computation of the contact homology of M × S1 × Rτ is based on [Avd23], which computes the

contact homology of neighborhoods of convex hypersurfaces in general. Here we apply similar techniques
to those of [Avd23], leveraging holomorphic foliations and Kuranishi structures. Throughout, we use Bao-
Honda’s formulation of CH [BH23] using a Kuranishi perturbation scheme and expect that an application
of Pardon’s perturbation scheme [Par19] would yield an identical result. We note that the proof of the
vanishing of CH for overtwisted contact manifolds in [BvK10] is independent of perturbation schemes and
so the results hold for any formulation of CH .

In §2 we provide an overview of Bourgeois construction and provide a decomposition of the convex
hypersurface S = M × S1 into positive and negative regions. When (M, ξ) is presented as an open book
with page V and monodromy ϕ, these positive and negative regions are each copies of V̂ × T ∗S1 and their
boundaries are identified with a contactomorphism determined by ϕ. Here and throughout, V̂ denotes the
completion of a Liouville manifold V .

In §3 through §6, we study holomorphic curves in complete Liouville manifolds of the form Ŵ = V̂ × Σ̂

where Σ is a non-simply connected Riemann surface. This generalizes the case Σ̂ = T ∗S1 relevant to
Bourgeois contact manifolds as mentioned above. The analysis in these sections culminates in Theorem 6.1,
which shows that with a specific choice of contact form on its ideal boundary Γ = ∂W , almost complex
structures and perturbation data, the augmentation ϵϵϵW associated to this filling of Γ is trivial in the sense
that ϵϵϵWγ = 0 for each Reeb orbit generator γ of the chain-level contact homology algebra of Γ.

2A hyper-tight contact manifold is one with a Reeb vector field having no contractible Reeb orbits, guaranteeing the non-
vanishing of CH .
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Finally in §7, we establish that the augmentation associated to the negative region of the convex hyper-
surface is DG homotopic to a trivial augmentation. This is not tautological, as from the perspective of the
negative region, the boundary contact form is different from the positive region and they are related by a
strict contactomorphism, i.e. a diffeomorphism preserving contact forms. The properties of these augmen-
tations combine the with the Algebraic Giroux Criterion of [Avd23] to establish that M × S1 × Rτ has
non-vanishing contact homology.

Acknowledgments. R.A. thanks Cofund MathInGreaterParis and the Fondation Mathématique
Jacques Hadamard for supporting him as a member of the Laboratoire de Mathématiques d’Orsay
at Université Paris-Saclay. This project has received funding from the European Union’s Hori-
zon 2020 research and innovation programme under the Marie Skłodowska-Curie grant agree-
ment No 101034255. Z.Z. is supported by the National Key R&D Program of China under Grant No.
2023YFA1010500, the National Natural Science Foundation of China under Grant No. 12288201 and
12231010.

2. BOURGEOIS CONTACT MANIFOLDS

2.1. Bourgeois contact manifolds from contact open books. Let (V, βV ) be a Liouville domain and ϕ ∈
π0(Sympc(V, βV )) be a compactly supported symplectomorphism. Then ϕ∗βV = βV + η, where η is a
closed 1-form which is zero near ∂V . The Thurston-Winkelnkemper construction [TW75] gives the total
spaceM = (D×∂V )∪Vϕ of the open book a contact form α, where Vϕ = V ×[0, 2π]θ/(x, 2π) ∼ (ϕ(x), 0)
is the mapping torus. More precisely,

(2.1.1) α =

{
βV |∂V +Kr2 d θ along D× ∂Σ,

βV + b(θ)η +K d θ alongΣϕ

for K ≫ 0 and b = b(θ) a function equalling 1 at θ = 2π and 0 at θ = 0. Such a contact open book is
denoted by

(M, ξ) = OB(V, ϕ)

Strictly speaking, the contact open book has a corner S1 × ∂V , since its neighborhood with contact form is
identified with the neighborhood of the corner in the boundary of the product (D × V,Kr2 d θ + λ). One
can round it following e.g. [Zho23, §2.1].

Let ρ : M → [0, 1] agreeing with r near {0} × ∂V in D × ∂V , equalling 1 along the boundary of this
neighborhood, and equalling 1 elsewhere. Then the functions Φ1 = ρ cos(θ),Φ2 = −ρ sin(θ) are defined
on all of M , so that Φ = (Φ1,Φ2) : M → C has 0 as a regular value with inverse image ∂V , which is the
binding of the open book for (M, ξ).

Theorem 2.1 (Bourgeois [Bou02]). αBO := α+Φ1 dx+Φ2 d y is a contact form onM×T2 = OB(V, ϕ)×
T2, where (x, y) are coordinates on T2. The associated contact structure is independent of choices (eg. K,
b, and the isotopy class of ϕ).

We refer to such contact manifolds as Bourgeois contact manifolds, denoted by BO(V, ϕ). Observe that
our contact form (and hence contact structure) is T2 invariant. In particular, each M ×{x}× S1y is a convex
hypersurface with respect to the contact vector field ∂x.

2.2. S1 invariant contact structures. In [DG12], Ding and Geiges showed that any S1 invariant contact
form α on S1τ × S admits a decomposition S1τ × (W+ ∪Γ −W−) with

α = f d τ + β, f ∈ C∞(S), β ∈ Ω1(S)

such that on the interior W ◦
±, ±f > 0 and β± = ±β/f ∈ Ω1(W ◦

±) define Liouville forms. The symplectic
forms dβ± then give the W+ (W−) the same (the opposite) orientation as is determined by the orientation
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of S. It also follows that α is a contact form when restricted to Γ = {f = 0, τ = τ0} and we write
ξΓ = kerα|Γ. With this contact structure, (Γ, ξΓ) is the ideal boundary of the (W±, β±). In other words,
(W±, β±, kerβ|Γ) are ideal Liouville domains introduced by Giroux [Gir20b] in the following sense:

Definition 2.2 ([MNW13, §4.2]). Let W be a compact 2n-dimensional manifold with boundary, ω a sym-
plectic form on the interior W ◦ of W and ξ a contact structure on ∂X . The triple (W,ω, ξ) is an ideal
Liouville domain if there exists an auxiliary 1-form β on W ◦ such that:

(1) dβ = ω on W ◦;
(2) For any (hence every) smooth function f : W → [0,∞) with regular level set ∂U = f−1(0), the

1-form fβ extends smoothly to ∂U such that its restriction to ∂W is a contact form for ξ.
In this situation, β is called a Liouville form for (W,ω, ξ).

Here we list some basic properties of ideal Liouville domains.
(1) The contact structure ξ is determined by ω, [Gir20b, Proposition 2].
(2) The space of auxiliary data, i.e. f, β, is contractible. See [MNW13, Remark 4.3].
(3) Given a Liouville form β, the Liouville vector X , i.e. the ω dual of β, is a complete vector field

on W ◦. Given a function f as in the above definition, 1
fX extends smoothly over ∂W and points

outward [MNW13, Lemma 4.5]. More precisely, let γ = fβ, which extends to W by definition and
µ = fn+1ωn = f(d γ)n − n d f ∧ γ ∧ (d γ)n−1. Then 1

fX is characterized by

(2.2.1) ι 1
f
Xµ = nβ ∧ (dβ)n−1.

(4) Ideal Liouville domains are stable, in the sense that paths of ideal Liouville structures yields homo-
topic Liouville structures on W ◦ [Gir20b, Lemma 6].

(5) Given a Liouville domain (W,βW ), (W,d(fβW ), ker(βW |∂W )) is an ideal Liouville domain for
some positive function f on W . Such correspondence is one-to-one up to homotopies of (ideal)
Liouville domains.

In the case of S1 invariant contact structures on S1 × S, 1
fW+ and 1

fW− patch together smoothly on S
and are transverse to Γ from W+ to W−, where X± is the Liouville vector field for the two ideal Liouville
domains. This follows from Equation (2.2.1).

Conversely, let (W+, ω+, ξ+) and (W−, ω−, ξ−) be two ideal Liouville domains. Given a contactomor-
phism ψ : (∂W+, ξ+) → (∂W−, ξ−), then we can build a S1-invariant contact structure as follows. Choose
a contact form α+ for (∂W+, ξ+) such that ω+ = dβ+ with f+β+|∂V+ = α+. Let α− = ψ∗α+, we find
β− and f−, such that ω− = dβ− and α− = f−β−|∂V− . By [MNW13, Lemma 4.5], we can choose the
f± such that there is a collar neighborhood of ∂W± ⊂ W± modeled on (0, 1]s × ∂W± with f± = 1 − s
and β± = 1

1−sα±. With such f±, S1τ × (V+ ∪ψ −V−) with α = (f+ ∪ (−f−)) d τ + f+β+ ∪ f−β− is an
S1-invariant structure.

Proposition 2.3. The above S1-contact structure is well-defined, up to the homotopy of the defining data,
i.e. ideal Liouville structures and contactomorphism.

Proof. By stability of ideal Liouville domains and the contractibility of auxiliary choices, homotopies of the
defining data give rise to families of S1-invariant contact structures via the construction above. So the claim
follows from the Gray’s stability theorem. □

Definition 2.4. We write DG(W+,W−, ψ) for the S1-invariant contact manifold determined by the above
construction.

Example 2.5. Let (V, βV ) be a Liouville domain. Then (∂(V × [−1, 1]p × S1q), α := β + p d q) is an
S1-invariant contact manifold, where the S1 action is given by the rotation in q ∈ S1 coordinate. Strictly
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speaking, we need to round the corner, which clearly will not affect the discussion. Hence f = α(∂q) = p,
which is a smooth function after rounding the corner. Then we have that (∂(V ×D∗S1), α) = DG(V, V, Id).

Returning to the case of Bourgeois contact manifolds OB(V, ϕ) × S1x × S1y, we can view it as an S1y
invariant contact form. We first start with the trivial case:

Example 2.6. We consider BO(V, ϕ), which is equipped with an S1y-action. The fact that BO(V, Id) =

∂(V × D∗S1x × D∗S1y) was established in [LMN19, Theorem A(b)] by explicit computations. Here we give
an alternative approach using abstract homotopies. Such perspective will be helpful for the general case of
Proposition 2.7 appearing below.

Note that f = αBO(∂y) = Φ2. Therefore the dividing set Γ is given by(
(V × {(−1, 0)a,b} ∪ V × {(1, 0)a,b} ∪ ∂V × [−1, 1]a × {0}b)× S1x, βV + adx)

)
where (a, b) = (Φ1,Φ2) are the coordinates on D. That is Γ is ∂(V × D∗S1). The V+ piece, as an ideal
Liouville domain, is given by(

(V × ∂Db>0 ∪ ∂V × Db>0)× S1x, βK :=
λ+Kad b−Kb d a+ a dx

b

)
where Db>0 is the disk in the b > 0 half plane and ∂Db>0 is the arc in the b > 0 half plane. By tuning down
K, it is clear the contact form on the ideal boundary does not change. Moreover, in the trivial open case, the
Thurston-Winkelnkemper construction [TW75] as well as the Bourgeois construction works for any K > 0,
i.e. dβK is symplectic for any K > 0. When K = 0, it is direct to check that dβ0 is symplectic3. Therefore,
W+ is homotopic (and contact structure on the ideal boundary is strictly fixed in this homotopy) to(

(V × ∂Db>0 ∪ ∂V × Db>0)× S1x, β0 :=
βV + a dx

b

)
.

Similarly, the W− piece is homotopic to(
(V × ∂Db<0 ∪ ∂V × Db<0)× S1x,−

βV + adx

b

)
.

Now note that (∂(V ×D×S1x×S1y), βV +adx+ bd y) is also an S1y-invariant contact form, with the same
f and dividing set Γ as BO(Σ, Id). And the associated W± pieces are the above ideal Liouville domains
after homotopy. Hence we have BO(V, Id) is homotopic to (∂(V ×D×S1x×S1y), ker(βV +adx+bd y)) as
S1-invariant contact manifolds. Finally, we deform D to [−1, 1]2 in R2 in an obvious way. Such deformation
yields a family of S1y-invariant contact manifolds with the same dividing set, and the W± are deformation
equivalent ideal Liouville domains. Therefore we have BO(V, Id) is homotopic to ∂(V ×D∗S1x ×D∗S1y) =
∂(V × [−1, 1]2 × S1x × S1y) as S1-invariant contact manifolds. By Example 2.5, the W± pieces of ∂(V ×
D∗S1x×D∗S1y) are V ×D∗S1x, hence so are W± pieces of BO(V, Id), i.e. BO(V, Id) = DG(V ×D∗S1, Id).

Proposition 2.7. Let ϕ be a compactly supported symplectomorphism of (V, βV ). Writing (W,βW ) for
(V × D∗S1, βV + p d q) with there is a contactomorphism ψBO of ∂W for which

BO(V, ϕ) = DG(W,W,ψBO).

Proof. As in Example 2.6, we have f = αBO(∂y) = Φ2. Now notice that in (2.1.1), λ + b(θ) + K d θ
on Σϕ for non-decreasing g(t) such that b(θ) = 0 when θ ∈ [0, π] and b = 1 near 2π defines a contact
structure isotopic to (2.1.1). The construction in Theorem 2.1 works for such contact forms on open books
as well, yielding isotopic S1-invariant contact structures. Such modification does not change the function
f and dividing set Γ, and after such change, the W+ piece of such modification is identified with the W+

3It is easier to check using (a
b
, b) as coordinate on Db>0.
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piece of BO(V, Id). In other words, up to homotopy of ideal Liouville domains, the W+ piece is V ×D∗S1.
Similarly, we can arrange b(θ) = 1 for θ ∈ [π, 2π] and b = 0 near 0 to argue that the W− piece up to
homotopy is also V × D∗S1.

To explain the gluing map, we use b(θ) such that b(θ) = 0 when θ ∈ [0, π] and b = 1 near 1. Then the
dividing set looking from the W+ side is

∂(V × D∗S1x) =
(
(V × {(−1, 0)a,b} ∪ Σ× {(1, 0)a,b} ∪ ∂V × [−1, 1]a × {0}b)× S1x, λ+ a dx)

)
.

Now we have ψ : (∂(V × D∗S1), βV + pd q) → (∂(V × D∗S1), α) defined by ϕ−1 on V × {(1, 0)} × S1
and Id elsewhere. Here α is ϕ∗βV + p d q = βV + η + p d q on V × {(1, 0)} × S1 and λ+ p d q elsewhere.
Therefore BO(V, ϕ) = DG(V ×D∗S1,W−, ψ), whereW− is an ideal Liouville filling of the “non-standard”
boundary (∂(V × D∗S1), α) homotopic to V × D∗S1. To make V− standard, ψBO is the composition of ψ
with the contact isotopy induced from tuning down the η-component on V × {(1, 0)} × S1. □

3. HOLOMORPHIC FOLIATIONS ON Ŵ = V̂ × Σ̂

Here through §6 we study augmentations associated to Liouville manifolds whose completions are of the
form (

Ŵ , βW

)
=

(
V̂ × Σ̂, βV + βΣ

)
where (V, βV ) is an arbitrary Liouville domain and (Σ, βΣ) is a non-simply connected Liouville domain of
dimΣ = 2. In this section we endow such Ŵ with codimension-2 holomorphic foliations having special
properties described in Lemma 3.3, below. To start we set up some notation.

3.1. Prerequisites. The following classes of almost complex structures are used to define symplectic field
theory invariants of contact and Liouville manifolds in [BH18, BH23].

Definition 3.1. Let α be a contact form for a contact manifold (Y 2n+1, ξ) with Reeb field R and let s be a
coordinate on I ⊂ R. An almost complex structure J on an I-symplectization I × Y is α-tame if

(1) J is invariant under translation in the s-coordinate,
(2) J(∂s) = FJR for some FJ ∈ C∞(Y, (0,∞)),
(3) there is a 2n-plane field ξJ ⊂ TY satisfying JξJ = ξJ , and
(4) dα(V, JV ) > 0 for all non-zero V ∈ ξJ .

In general, α will be nontrivial on ξJ so that this hyperplane field will not necessarily agree with ξ.
Nevertheless, J will be tamed by d(eδsα) for δ ≪ 1, see Lemma 3.2. This notion of almost complex
structures will simplifies the asymptotic analysis for punctured holomorphic curves asymptotic to Reeb
orbits as well as the construction of holomorphic foliations. The relevant SFT compactness theorem for
α-tame almost structures can be found in [BH18, §3.4].

Lemma 3.2. Let α be a contact form, we fix a 2n-plane field ξJ ⊂ TY that is transverse to the Reeb vector
field R. We fix an almost complex structure J on ξJ such that dα(V, JV ) > 0 for all non-zero V ∈ ξJ .
Then there exists C > 0, as long as J(∂s) = FJR for FJ ≥ C on I × Y , we have J is tamed by with
d(esα).

Proof. For U = a∂s + bR and V ∈ ξJ , it suffices to prove

d(esα)(U + V, JU + JV ) = a2FJ +
b2

FJ
+ aα(JV ) + dα(V, JV ) > 0

if (U, V ) ̸= 0. Since α(JV )2 ≤ M dα(V, JV ) for some M > 0, if FJ > M/2, we have d(esα)(U +
V, JU + JV ) > 0 if (U, V ) ̸= 0. □
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Let (V, βV ) be a Liouville domain and V̂ = V ∪ (1,∞)σ × ∂V , where σ is coordinate on V̂ outside
the skeleton of V , such that σ∂σ is the Liouville vector field and log(σ) is the cylindrical coordinate used
in Definition 3.1. We will refer to σ as the exponential cylindrical coordinate. We introduce the following
notation: For I an interval contained in R≥0, which could be closed, open, or open at one end and closed at
the other,

V I := Iσ × ∂V ⊂ V̂ , if 0 /∈ I, V I := V̂ \ ((R+\I)σ × ∂V ) ⊂ V̂ , if 0 ∈ I.

Now let (V, βV ) and (Σ, βΣ) be compact Liouville domains with dimΣ = 2. We use σ, p as the expo-
nential cylindrical coordinates on V̂ , Σ̂ respectively. Here and throughout,

(1) ϵ is a small positive constant;
(2) Y is contact boundary of V , with contact form αY = βV |Y , contact structure ξY = kerαY and

Reeb vector field RY ;
(3) S1q = [0, D]q/0 ∼ D is a component of the contact boundary of Σ, with contact form d q and Reeb

vector field ∂q. Hence βΣ in the collar of S1q is p d q for p ∈ (0,∞).

Liouville vector fields for βV and βΣ will be written asXV andXΣ, respectively, which outside the skeleton,
i.e. where the exponential cylindrical coordinate is defined, take the form

XV = σ∂σ, XΣ = p∂p.

We write W□ = V × Σ which we equip with the Liouville form βW = βV + βΣ and Liouville vector
field XW = XV + XΣ. For a function f on U = V,Σ, or W , the associated Hamiltonian vector field
with respect to dβU will be written XUf and is defined by the convention that df = dβU (∗,XUf ). Define the

completion Ŵ = V̂ × Σ̂ which we equip with the Liouville form βW and which contains W□.
The goal of this section is to prove the following lemma.

Lemma 3.3. There is a contact hypersurface Γ ⊂ W□, such that XW ⋔ Γ, and a dβW -tame4 almost
complex structure JW on Ŵ such that JW is αΓ = βW |Γ-tame in the sense of Definition 3.1 on a half-
cylindrical end [1,∞)s×Γ of Ŵ and (Ŵ , JW ) has a holomorphic foliation F with the following properties:

(1) The leaves are parameterized by Σ̂ by a diffeomorphism V̂ × Σ̂ → Ŵ , (v, z) 7→ Iz(v), when
v ∈ V ≤ϵ−δ for a 0 < δ ≪ ϵ, we have the projection of Iz(v) to Σ̂ is z.

(2) Along (ϵ,∞)σ × Y ×Σ∪ {(σ, p)|σ ≥ ϵp, p ≥ 1}× Y × ∂Σ, the tangent space of the leaves agrees
with the distribution ⟨JWRY , RY ⟩ ⊕ ξY .

In proving the lemma, some specific properties of the Reeb vector field RΓ will be described. We will
also later use the specific description of JW to control the asymptotics of the Lz := im Iz . Both will be
important for our contact homology computations. Using the induced αΓ tame almost complex structure JΓ
on the symplectization R×Γ, we will see in Lemma 3.9 that this symplectization also admits a holomorphic
foliation, which can be viewed as the positive asymptotic of the foliation on Ŵ .

3.2. The contact hypersurface Γ and its symplectization. We define a contact hypersurface Γ in W□ as
the union of the graphs of two functions fV and fΣ. We will then define W to be the subset of W□ bound
by Γ and see the symplectization of Γ as a collar of Ŵ . Along the way, we will describe Reeb dynamics on
Γ, equipped with the contact form it inherits from βW on W□.

4In the usual sense, i.e. dβW (U, JWU) > 0 if U ̸= 0.
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3.2.1. The hypersurface ΓV . Let fV : V ≤1−2ϵ → [2ϵ, 1] be such that
(1) fV = 1 on V ≤ϵ, and
(2) in V [ϵ,1−2ϵ], fV = fV (σ) with ∂fV

∂σ ≤ 0 and fV (σ) = 1− σ along {σ ∈ [2ϵ, 1− 2ϵ]}.
Using fV we define a map ΦV by

ΦV : [1,∞)s × V ≤1−2ϵ
v × S1q → V̂ × [2ϵ,∞)p × S1q ⊂ Ŵ

ΦV (s, v, q) = Flow
log(s)
XW

(v, fV , q) =
(
Flow

log(s)
XV

v, sfV , q
)
,

=⇒ (ΦV )∗βW = s (fV d q + βV ) .

We define a hypersurface ΓV ⊂ W by ΦV ({s = 1}). It follows that the Reeb vector field RΓ on ΓV takes
the form

RΓ =
(
fV − βV (X

V
fV

)
)−1 (

∂q − XVfV
)
.

3.2.2. The hypersurface ΓΣ. Let fΣ : Σ≤1−2ϵ → [2ϵ, 1] be such that
(1) fΣ is C∞ close to 1 on Σ≤ϵ, and
(2) on Σ[ϵ,1−2ϵ], fΣ = fΣ(p) with ∂fΣ

∂p < 0 and fΣ(p) = 1− p along {p ∈ [2ϵ, 1− 2ϵ]}.

Using fΣ we define a map ΦΣ and hypersurface ΓΣ by

ΦΣ : [1,∞)s × Yy × Σ≤1−2ϵ
z → [2ϵ,∞)σ × Y × Σ̂ ⊂ Ŵ ,

ΦΣ(s, y, z) = Flow
log(s)
XW

(fΣ, y, z) =
(
sfΣ, y,Flow

log(s)
XΣ

z
)
,

=⇒ (ΦΣ)∗βW = s (fΣαY + βΣ) .

Similarly, we define ΓΣ = ΦΣ({s = 1}). It follows that the Reeb vector field on ΓΣ takes the form

(3.2.1) RΓ =
(
fΣ − βΣ(X

Σ
fΣ
)
)−1 (

RY − XΣ
fΣ

)
Along ΦΣ

(
{s = 1} × Y × Σ[ϵ,1−2ϵ]

)
, this specializes to

XVfV =
∂fΣ
∂p

∂q, RΓ =

(
fΣ − p

∂fΣ
∂p

)−1(
RY − ∂fΣ

∂p
∂q

)
Restricting further to the subset ΦΣ

(
{s = 1} × Y × Σ[2ϵ,1−2ϵ]

)
we get

XV
fV

= −∂q, RΓ = RY + ∂q

3.2.3. The overlap. The ΓV and ΓΣ overlap along the set

Γo = {p = 1− σ : σ ∈ (2ϵ, 1− 2ϵ)} ⊂ V ≥2ϵ × Σ≥2ϵ

along which
RΓ = ∂q +RY

We can therefore define Γ = ΓV ∪ ΓΣ ⊂ W□ to be the union of these pieces equipped with the contact
forms αΓ = βW |Γ. Then define

Φ : (1,∞)s × Γ →W =⇒ Φ∗βW = sαΓ

as the “union” of the ΦV and ΦΣ, i.e. Flowlog(s)
XW

from Γ. We can set W ⊂ W□ to be the complement of

image of (0,∞)× Γ under Φ. So the image of Φ gives a half-cylindrical end of the completion of W in Ŵ .
The following lemma gives us a quick summary of the dynamics of RΓ and follows immediately from

the fact that RΓ has positive ∂q coefficient outside ΓΣ≤ϵ := ΦV ({s = 1} × Y × Σ≤ϵ). More analysis will
be provided in §4.1.
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Lemma 3.4. When Σ is not a disk, for any choices of fV , fΣ as above, the contact hypersurface Γ is such
that all contractible orbits of RΓ are contained in the subset ΓΣ≤ϵ .

3.3. Definition of JW along imΦ. Now we define an αΓ-tame almost complex structure JW on the half-
cylindrical end imΦ of Ŵ . We specify JW∂s as

(3.3.1) JW s∂s = C ·


∂q − XVfV along imΦV

RY − XΣ
fΣ

along imΦΣ

RY + ∂q along the overlap.

In other words, JW s∂s = CfRΓ for f : Γ → R>0, where f = fV − βV (X
V
fV

) on ΓV , f = fΣ − βΣ(X
Σ
fΣ
)

on ΓΣ and f = 1 on the overlap Γo. Here C > 0 is a constant, which will be specified later to make sure
Lemma 3.2 applies.

3.3.1. JW along imΦV \ imΦΣ. Note that imΦV \ imΦΣ is ΦV ([1,∞)s×V ≤2ϵ×S1q). Along ΦV ([1,∞)s×
V ≤ϵ × S1q) the above expression yields JW s∂s = ∂q. It only remains to determine JW |TV and we declare
that

JW |TV = JV

where JV is a dβ̂V -compatible almost complex structure on V̂ , which preserves the contact structure ξY
and sends σ∂σ to RY near the boundary of V ≤ϵ and R+-invariant (w.r.t. the dilation action as we are using
the exponential cylindrical coordinate) on V̂ \V ≤ϵ. We write JξY for the restriction of JV to ξY near the
boundary.

Along ΦV ([1,∞)s × V [ϵ,2ϵ] × S1q), the hypersurface ΓV is the graph of p = fV (σ) for σ ∈ [ϵ, 2ϵ]. There
we compute JW on ΦV ([1,∞)s × V [ϵ,2ϵ] × S1q) as
(3.3.2)

XW = s∂s = σ∂σ + p∂p, TΓV = ⟨RY ⟩ ⊕ ξY ⊕ ⟨∂q, ∂σ +
d fV
dσ

∂p⟩

JW |ξY = JξY , JW (σ∂σ + σ
d fV
dσ

∂p) = RY , JWXW = C
(
∂q − XVfV

)
= C

(
∂q −

d fV
dσ

RY

)
,

=⇒ JW∂p =

(
fV − σ

d fV
dσ

)−1(
C∂q −

(
1 + C

d fV
dσ

)
RY

)
.

The discussion can be extended to 2ϵ ≤ σ ≤ 1− 2ϵ, which simplifies to

(3.3.3) JW∂p = C∂q + (C − 1)RY , JW∂σ = RY /σ + C∂q + (C − 1)RY , JW (∂σ − ∂p) = RY /σ.

However we will need to change JW in the region 2ϵ ≤ σ ≤ 1− 2ϵ, spelling out the formula will help us to
see the smoothness of JW of the final construction.

We define ξJW to be TV for σ ≤ ϵ and ξY ⊕ ⟨∂σ + d fV
dσ ∂p, RY ⟩ when ϵ ≤ σ ≤ 2ϵ. This decomposition

is compatible with the complex structure. Again the definition extends to 2ϵ ≤ σ ≤ 1 − 2ϵ, however, the
actual definition of ξJW when 2ϵ ≤ σ ≤ 1− 2ϵ will be modified later. We write η = ⟨∂σ + d fV

dσ ∂p, RY ⟩ for
ϵ ≤ σ ≤ 2ϵ, which also extends to 2ϵ ≤ σ ≤ 1− 2ϵ.

Proposition 3.5. JW preserves ξJW on ΓV \ΓΣ. dαΓ, JW are compatible on ξJW over ΓV \ΓΣ. In particu-
lar, JW is αΓ-tame on ΓV \ΓΣ.

Proof. It is clear from the construction that JW preserves ξJW . Since αΓ = βV + d q and ξJW = TV when
σ ≤ ϵ, JW is compatible with dαΓ on ξJW as JV is compatible with dβV on TV .

When ϵ ≤ σ ≤ 2ϵ, we have αΓ = σαY + pd q restricted to p = fV (σ). Therefore

dαΓ = dσ ∧ αY + σ dαY + d p ∧ d q.
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Since JW preserves ξY , and dαΓ|ξY = σ dαY , we have JW is compatible with dαΓ on ξY as JξY is
compatible with dαY on ξY . Then we can compute

dαΓ

(
∂σ +

d fV
dσ

∂p, JW

(
∂σ +

d fV
dσ

∂p

))
= 1/σ > 0

Hence JW is compatible with dαΓ on η. Finally, for v ∈ ξY and u ∈ η, we have dαΓ(v, u) = 0. Hence
dαΓ, JW are compatible on ξJW over ΓV \ΓΣ. □

3.3.2. JW along imΦΣ\ imΦV . Note that imΦΣ\ imΦV is ΦΣ([1,∞)s× Y ×Σ≤2ϵ). So to complete the
definition of JW , note that we can identify ΓΣ ∩ (imΦΣ\ imΦV ) with the graph of σ = fΣ and

XW = s∂s = σ∂σ +XΣ, TΓΣ = ⟨RY ⟩ ⊕ ξY ⊕ {ζ + d fΣ(ζ)∂σ|ζ ∈ TΣ},
we fix a dβΣ-compatible almost complex structure JΣ for which JΣp∂p = ∂q near the boundary of Σ≤ϵ and
R+-invariant on Σ̂\Σ≤2ϵ. We define

(3.3.4)

JW |ξY = JξY ,

JW (ζ + d fΣ(ζ)∂σ) = JΣζ + d fΣ(JΣζ)∂σ, ζ ∈ TΣ

JWXW = C(RY − XΣ
fΣ
)

Along the set ϵ ≤ p ≤ 2ϵ where fΣ = fΣ(p) and XΣ
fΣ

= d fΣ
d p ∂q, this simplifies to

JW∂σ =

(
fΣ − p

d fΣ
d p

)−1(
CRY −

(
1 + C

d fΣ
d p

)
∂q

)
The discussion can be extended to 2ϵ ≤ p ≤ 1− 2ϵ, which simplifies to

(3.3.5) JW (∂σ − ∂p) = −∂q/p.
We define ξJW to be ξY ⊕ {ζ + d fΣ(ζ)∂σ|ζ ∈ TΣ} and write η = {ζ + d fΣ(ζ)∂σ|ζ ∈ TΣ} on ΓΣ\ΓV ,
which is ⟨∂q, ∂p + d fΣ

d p ∂σ⟩ on ϵ ≤ p ≤ 2ϵ. The decomposition ξJW to be ξY ⊕ η is compatible with the
complex structure.

Proposition 3.6. JW preserves ξJW on ΓΣ\ΓV , and dαΓ, JW are compatible on ξJW over ΓΣ\ΓV . In
particular, JW is αΓ-tame on ΓΣ\ΓV .

Proof. It is clear from the construction that JW preserves ξJW . Note that we have αΓ = σαY +βΣ restricted
to σ = fΣ. Therefore

dαΓ = dσ ∧ αY + σ dαY + dβΣ.

Since JW preserves ξY , we have JW is compatible with dαΓ on ξY . Then for ζ ̸= 0 ∈ TΣ, we can compute

dαΓ (ζ + d fΣ(ζ)∂σ, JW (ζ + d fΣ(ζ)∂σ)) = dβΣ(ζ, JΣζ) > 0.

Hence JW is compatible with dαΓ on η. Finally, for v ∈ ξY and u ∈ η, we have dαΓ(v, u) = 0. Hence
dαΓ, JW are compatible on ξJW over ΓΣ\ΓV . □

3.3.3. JW along the overlap Γo = ΓV ∩ ΓΣ. To complete the definition of JW , it suffices to do so along
the overlapping region Γo = {p = 1− σ : σ ∈ (2ϵ, 1− 2ϵ)}. Here the contact structure is given by

ker(αΓ) = ξY ⊕ ⟨∂σ − ∂p, pRY − (1− p)∂q⟩.
Recall that, with the previous constructions, we have for δ ≪ 1,

η = ⟨∂σ − ∂p, RY ⟩, σ ∈ [2ϵ, 2ϵ+ δ);

η = ⟨∂σ − ∂p, ∂q⟩, p ∈ [2ϵ, 2ϵ+ δ).

Now we choose a smooth function b : [0, 1]σ → [0, 1], such that
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(1) b = 0 for σ ≤ 2ϵ+ δ, and b = 1 for σ ≥ 1− 2ϵ− δ;
(2) d b

dσ > 0 on (2ϵ+ δ, 1− 2ϵ− δ);
(3) b(1− σ) = 1− b(σ).

Then we define η on the overlap Γo by

⟨∂σ − ∂p, (1− b(σ))RY − b(σ)∂q⟩,

and ξJW := ξY ⊕ η. Therefore η can be patched together smoothly, so does ξJW . To define JW on Γ0, we
require

JW s∂s = RY + ∂q, JW |ξY = JξY , J(∂σ − ∂p) = (1− b(σ))/σ ·RY − b(σ)/p · ∂q.

Then by (3.3.3) and (3.3.5), JW is smoothly defined on imΦ.

Proposition 3.7. On Γo, we have JW preserves ξJW and dαΓ, JW are compatible on ξJW . In particular,
JW is αΓ-tame on Γo.

Proof. On Γo, we have αΓ = σαY + p d q restricted to p = 1− σ. Therefore

dαΓ = dσ ∧ αY + σ dαY + d p ∧ d q.

Since JW preserves ξY , it is clear that JW is compatible with dαΓ on ξY . Then we can compute

dαΓ (∂σ − ∂p, JW (∂σ − ∂p)) = (1− b(σ))/σ + b(σ)/p > 0

Hence JW is compatible with dαΓ on η. Finally, for v ∈ ξY and u ∈ η, we have dαΓ(v, u) = 0. Hence
dαΓ, JW are compatible on ξJW over Γo. □

So far, we have built JW on the positive cylindrical end imΦ that is invariant under the R+ action, and
JW |ξJW is independent of C. It is clear that we can extend it to an almost complex structure on Γ̂ with the
following properties.

Proposition 3.8. For any C > 0, we define JΓ to be the almost complex structure on Γ̂ by extending JW
above from the positive cylindrical end to the whole symplectization Γ̂ that is R+-invariant, then JΓ is
αΓ-tame in the sense of Definition 3.1, with ξJΓ = ξJW .

As a warm-up, we can establish the following holomorphic foliation on Γ̂, a special case when Σ =
[−1, 1]p × Rq was constructed in [Avd23, §5].

Lemma 3.9. (Γ̂, JΓ) has a holomorphic foliation with the following leaves:

(1) V̂ -leaves, if we project the part in (0,∞)s×(Γ\ΓV ) to (Γ\ΓV ) then to Σ induced from the projection
from V̂ × Σ̂ → Σ̂ 5, we get gradient flows of fΣ converging to critical points of fΣ, such a leaf is
biholomorphic to (V̂ , JV ).

(2) Ŷ -leaves, which are completely contained in (0,∞)s × ΓΣ and whose image under the projection
to ΓΣ then to Σ are gradient flows of f with both ends converging to critical points of fΣ (could
rest on a critical point), such a leaf is biholomorphic to (Ŷ , JY ), where JY is the induced complex
structure on Y = ∂V from JV .

Such a foliation is denoted by FΓ. The s-translation sending levels of FΓ to leaves, preserving the leave
type.

5The composition is not the projection Γ̂ ⊂ V̂ × Σ̂ → Σ̂!
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Proof. Over (0,∞)s × ΓV ≤ϵ , ΦV ({s} × V ≤ϵ × {q}) is clearly JW holomorphic. Over ΦV ((0,∞)s ×
V [ϵ,2ϵ] × {q}), we can compute that

JWRY = −σ∂σ − σ
d fV
dσ

∂p

In particular,
Y × I → Γ̂, (y, t) 7→ (y, γ(t))

has a JW -holomorphic image, where γ : I → (0,∞)σ × (0,∞)p solves the differential equation γ′ =
−JWRY = σ∂σ + σ d fV

dσ ∂p. It is clear that those leaves patch with ΦV ({s} × V ≤ϵ × {q}) as fV = 1 on
V ≤ϵ smoothly. Since s∂s = σ∂σ + p∂p, the projection by forgetting the s-cooridnate leaves −JWRY with
−p∂p + σ d fV

dσ ∂p. As −p+ σ d fV
dσ < 0, the projection to Σ are lines in the −∂p direction.

Finally, over the symplectization of ΓΣ, we have

JWRY = −s/C∂s + JXΣ
fΣ

= −s/C∂s − dβV (X
Σ
fΣ
, JΣX

Σ
fΣ
)∂σ + JΣX

Σ
fΣ
.

The first projection forgets ∂s and the next map forgets ∂σ, therefore the map to Σ maps −JWRY to
−JΣXΣ

fΣ
, which is the gradient vector of fΣ. As outside (0,∞)s × ΓV ≤ϵ , the folition is constructed by

solving γ′ = −JWRY , the constructions on different regions clearly patch up smoothly. Using γ as the
Liouville direction on leaves, it is clear that V̂ , Γ̂ leaves are biholomorphic to (V̂ , JV ), (Ŷ , JY ) respec-
tively. □

Remark 3.10. We do not need the following in this paper in view of Lemma 3.4, but it will be useful for
other purposes. In the definition of JW , JΓ, we need the following properties, namely, (1) (3.3.1), (2) JW on
ξJW is tamed by dαΓ. To have the foliation, we need −JWRY is the gradient vector of fΣ through the map
to Σ in the region outside the trivial foliation by V ≤ϵ as in the proof of Lemma 3.9. Note that the taming
condition is open, and −JWRY ’s image to Σ will be gradient like for fΣ, as long as we do not perturb ΓΣ≤ϵ .
As a consequence, we can perturb αΓ to α′

Γ by perturbing fV on V ≤ϵ to be Morse and apply perturbations
to contact forms on Γ\(ΓΣ≤ϵ ∪ ΓV ≤ϵ) to make every Reeb orbits up to an arbitrarily high threshold to
be non-degenerate, as there are typically S1-Morse Bott families of Reeb orbits in Γ\(ΓΣ≤ϵ ∪ ΓV ≤ϵ), see
e.g. [Zho21, §6.2]. This perturbation changes dα′

Γ and R′
Γ. We define a new almost complex structure

J ′
W by changing (3.3.1) to the version using the perturbed R′

Γ (with the same C and f ) and requiring that
J ′
W = JW restricted to ξJW . Therefore J ′

W is α′
Γ tame. Since −J ′

WR
′
Y will have the same property in

Lemma 3.9, we get a similar foliation FΓ.

3.4. Extension over W . Now we seek to extend JW – currently only defined on the half-cylindrical end
of Ŵ – to a dβW compatible almost complex structure on W . To do so, we fix 0 < δ ≪ ϵ, we define a
function bΣ : Σ̂ → R+ such that

(1) bΣ = ϵp on a neighborhood of Σ≥1;
(2) bΣ only depends on p on a collar neighborhood of ∂Σ≤1 and d bΣ

d p ≥ 0;
(3) bΣ = ϵ− δ outside the above collar neighborhood in Σ≤1

We also pick a function hΣ such that
(1) hΣ = 1 on a neighborhood of Σ≥1;
(2) hΣ only depends on p on a collar neighborhood of ∂Σ≤1 and dhΣ

d p ≥ 0;
(3) hΣ = 0 outside the above collar neighborhood in Σ≤1

Using bΣ, hΣ, we extend the definition JW to
{
V ≤bΣ(z), z ∈ Σ

}
as follows:

(1) JW |V ≤bΣ(z) = (Flow
log(bΣ(z)/ϵ)
XV

)∗JV ≤ϵ ;
(2) JW p∂p = C∂q − hΣJVXV on the domain where hΣ ̸= 0;
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(3) JW ζ = J ′
Σζ on the domain where hΣ = 0. Here J ′

Σ is a dβΣ compatible almost complex structure
on Σ, such that J ′

Σp∂p = C∂q in the neighborhood here hΣ ̸= 0

To see that it extends JW smoothly from the positive cylindrical end, note that outside p ≥ 1, we have

(1) JW |V ≤pϵ = (Flow
log(p)
XV

)∗JV ≤ϵ ;
(2) JW p∂p = C∂q − JVXV .

Hence our definition extends smoothly.

Proposition 3.11. On the domain where JW is defined so far, JW is tamed by dβW for C ≫ 0.

Proof. By Lemma 3.2, for C ≫ 0, we have JW is tamed by dβW on the positive cylindrical end. Now
over

{
V ≤bΣ(z), z ∈ Σ

}
, when hΣ = 0, JW = (Flow

log((ϵ−δ)/ϵ)
XV

)∗JV ≤ϵ ⊕ J ′
Σ, which is clearly tamed by

dβW . Now we consider the region where hΣ ̸= 0, for U ∈ TV and V = a∂p + b∂q, we compute that
dβW (U + V, JWU + JWV ) as

dβV (U, JWU) +
a2C

p
+
b2p

C
+ dβV (U,−

ahΣ
p
JVXV − bhΣ

C
XV ).

For C ≫ 0, a2C/p+ 1
2 dβV (U, JWU) will beat −ahΣ

p dβV (U, JVXV ). Note that

dβV (U,−
bhΣ
C

XV ) =
bhΣ
C

βV (U)

It is clear that for C ≫ 0, b2p/C+ 1
2 dβV (U, JWU) will beat bhΣC βV (U). As a consequence, when C ≫ 0,

JW is tamed by dβW . □

The subset of W within which JW is not yet defined is then a proper subset of (ϵ − δ,∞)σ × Y × Σ,
where RY and ∂σ are defined.

Lemma 3.12. Everywhere that JW has been so far defined within (ϵ− δ,∞)σ × Y × Σ, we have

JWRY = A∂σ + ZΣ

satisfying the properties that

(1) A is a strictly negative function,
(2) ZΣ is a vector field with values in TΣ ⊂ TW , and
(3) both A and ZΣ are independent of y ∈ Y .

Proof. ThatA is strictly negative follows from the fact that JW is dβW compatible and 0 < dβW (RY , JRY ) =
−dσ(JRY ) = −A. That JWRY − A∂σ is contained in TΣ along ΓΣ follows from Equation (3.3.4). This
property continues to hold in a neighborhood of ΓΣ in imΦ using the flow invariance property w.r.t. XW ,
since the flow of XW preserves the splitting of TW as ⟨RY ⟩ ⊕ ⟨∂σ, TΣ⟩ ⊕ ξY . Along the lower boundary
from σ = bΣ(z), we have JWRY = −σ∂σ by JW |V ≤bΣ(z) = (Flow

log(bΣ(z)/ϵ)
XV

)∗JV ≤ϵ . The last property
above also follows from the inspection of the aforementioned equations and flow invariance, as the flow of
XW does not change the y. □

To complete the definition of JW within (ϵ− δ,∞)σ × Y × Σ, choose an extension so that

(1) JWRY satisfies the properties listed in Lemma 3.12,
(2) JW |ξY = JξY , and
(3) for each ζ ∈ TΣ, dβΣ(ζ, Jζ) > 0;
(4) JW is tamed by dβW .
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This completes the definition on all of JW . As a consequence, JW is an almost complex structure on Ŵ ,
such that JW is tamed by dβW on Ŵ and αΓ-tame on the positive cylindrical end, i.e. an almost complex
structure for cobordisms used in [BH18, BH23].

Proof of Lemma 3.3. For z ∈ Σ̂, and v ∈ V ≤ϵ, we define

Iz(v) =
(
Flow

log(bΣ(z)/ϵ)
XV

(v), z
)
∈ V̂ × Σ̂

where bΣ is extended to Σ̂ by the linear function ϵp. It is clear from the definition of JW , Iz is holomorphic
using JV on V ≤ϵ. Now we extend the leaves by the image of

Y × I → Ŵ , (y, t) 7→ (y, γ(t)),

where γ′(t) = −JWRY . Now since JWRY has a negative coefficient in ∂σ, the path γ always leaves the
abstract extension region and outside this region, those leaves coincide with the foliation FΓ in Lemma 3.9.
Since near the boundary of Iz(V ≤ϵ), −JWRY is parallel to ∂σ, two foliations patch together smoothly. □

We use FW to denote the foliation in Lemma 3.3, which on the positive cylindrical end coincides with
FΓ in Lemma 3.9.

4. HOLOMORPHIC CURVES LIE IN LEAVES

In this section we provide a detailed analysis of contractible Reeb orbits in the contact hypersurface
Γ ⊂ Ŵ . Then we show that holomorphic planes in Ŵ which are positively asymptotic to these orbits
must be contained in leaves of the holomorphic foliation FW described in the preceding section. Similarly
we show that all CH-type holomorphic curves in Γ̂ which are asymptotic to only contractible orbits are
contained in leaves of FΓ.

4.1. Detailed dynamics on Y ×Σ≤ϵ. Here we study dynamics of the contractible closed orbits of the Reeb
vector field RΓ along the contact hypersurface Γ, providing detailed models of neighborhoods of orbits and
computations of Conley-Zehnder indices. According to Lemma 3.4, all such orbits are contained in the
subset ΓΣ≤ϵ ⊂ Γ defined as the graph of a function fΣ ∈ C∞(Σ) described in §3.2.2. We work in the
domain of the map ΦΣ described there along the subset Yy × Σ≤ϵ

z .

Notation 4.1. Throughout this section we write f = fΣ with associated Hamiltonian vector field Xf = XΣ
fΣ

to simplify notation.

The Reeb vector field RΓ is described in Equation (3.2.1) and can alternatively be written

RΓ = (f − βΣ(Xf ))
−1 (RY − JΣ∇f) .

Here we are using the almost complex structure JΣ on Σ≤ϵ and ∇ is the gradient on Σ with respect to the
induces metric dβΣ(∗, JΣ∗). We recall that our contact form is αΓ = fαY + βΣ.

We assume a Morse-Smale setup so that ∇f flow lines completely contained in Σ≤ϵ have strictly positive
Morse indices as d f/d p < 0 along the boundary of Σ≤ϵ in §3.2.2. We also assume that near each ζ ∈
Crit(f) we have a disk in Σ with coordinate z = (x, y) within which

(4.1.1)
βΣ =

1

2
(−y dx+ x d y), JΣ∂x = ∂y f = f(ζ) +Qζ(x, y),

=⇒ dβΣ = dx ∧ d y, ξM |Y×{ζ} = ξY ⊕ TζΣ

for a quadratic form Qζ on the variables x, y. Because the function d f is C1-small along Σ≤ϵ and decreases
as we approach the boundary, we can assume that

(1) there is a single ζ2 of indMo(ζ2) = 2 and
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(2) there are −1− χ(Σ) critical points ζ1,k of indMo(ζ1,k) = 1.
More specifically, we assume that

(1) near ζ2

f = 1 + 2δ − 1

2
ϵ(x2 + y2), ∇f = −ϵ(x∂x + y∂y), −Xf = ϵ(−y∂x + x∂y),

(2) near each ζ1,k

f = 1 + δ − 1

2
ϵ(x2 − y2), ∇f = ϵ(−x∂x + y∂y), −Xf = ϵ(y∂x + x∂y),

for ϵ, δ > 0 arbitrarily small. Then each closed orbit γY of RY in Y determines −χ(Σ) closed orbits of RΓ,

γ2 = γY × ζ2, γ1,k = γY × ζ1,k,

in Y × Σ≤ϵ whose actions are∫
fα+λ

γ2 = (1 + 2δ)

∫
α
γY ,

∫
fα+λ

γ1,k = (1 + δ)

∫
α
γY .

The key observations here are that when we project our Reeb vector field onto small D ⊂ Σ neighborhoods
of the critical points of f we see an elliptic fixed point of −Xf of slightly positive rotation about ζ2 and a
hyperbolic fixed point about ζ1,k.

We compute the Conley-Zehnder indices and contact homology gradings of these orbits. In order to
obtain Z-valued indices and gradings, we must frame our orbits. Let fY be a framing of ξY over γY from
which we obtain a framing

f = (fY , ∂x)

of ξ over each γ2 and γ1,k. By the additivity of the Conley-Zehnder index CZ with respect to direct sums
together with standard computations of CZ for Hamiltonian fixed points on surfaces, we see that

CZf(γ1,k) = CZfY (γY ), CZf(γ2) = CZfY (γY ) + 1 +

⌊
ϵ(1 + 2δ)

2π

∫
α
γY

⌋
.

Consequently, contact homology indices | ∗ |f computed with respect to our framings are

|γ1,k|f = |γY |fY + 1, |γ2|f = |γY |fY + 2

for a fixed γY whenever ϵ is sufficiently small.

4.2. Change of coordinates and asymptotics of the Lz . We recall that in §3.2.2, we used a domain
[1,∞) × Y × Σ≤ϵ with coordinates (s, y, z) to define a map ΦΣ into [2ϵ,∞)σ × Yy × Σ̂ ⊂ Ŵ via
ΦΣ(σ, y, z) = Flow

log(s)
XW

(f(z), y, z) implying that (ΦΣ)∗βW = s(fαY + βΣ) and that XW = s∂s on
the coordinates of the domain.

We make a change of coordinates on the domain so that JW will have a standard form, replacing s with
es/C . Throughout the remainder of this section, we use instead a map

ΨΣ : [0,∞)s × Yy × Σ≤ϵ → [2ϵ,∞)σ × Yy × Σ̂, ΨΣ(s, y, z) = Flow
s/C
XW

(f(z), y, z).

This implies that on the domain of ΨΣ our Liouville form and almost complex structure JW are given by

βW = es/C(fαY + βΣ), JW∂s = (RY −Xf ), JW |TΣ = JΣ.

Using (3.3.4), JW on the submanifold Y × Σ≤ϵ ⊂ W□ with contact form fΣαY + βΣ, JW on the graph
of fΣ identifies with JΣ on TΣ using the fΣ. Therefore JW under the pullback of ΨΣ is given by the above
formula.
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Using this coordinate system, the leaves Lz of the holomorphic foliation FΓ,FW of Lemmas 3.3 and 3.9
have tangent spaces

TLz = ξY ⊕ ⟨RY , JWRY ⟩ = ξY ⊕ ⟨∂s +∇f,RY ⟩.
This formula together with already-established observations, we restate the following property of the as-
ymptotic of L in Lemma 3.9.

Lemma 4.2. In the Ψ coordinate system, the intersection of each Lz with imΨ can be parameterized by a
map solving a single variable ordinary differential equation

Υz : [0,∞)× Y → [0,∞)× Y × Σ≤ϵ, Υz(s, y) = (s, y, υz(s)),
∂υz
∂s

= ∇f(s)

with initial condition υz(0) uniquely determined by z. So in this coordinate system the projection πΣLz ⊂
Σ≤ϵ is a ∇f flow line. As ∇f points into Σ≤ϵ along its boundary, for each z ∈ Σ the positive asymptotic of
the leaf is given by

lim
s→∞

πY×Σ≤ϵΥz({s} × Y ) = Y × {ζ}, ζ ∈ Crit(f).

4.3. Holomorphic asymptotics near critical point orbits. We consider holomorphic maps u into either
Ŵ or Γ̂ which positively asymptotic to our contractible RΓ orbits γζ := γY × ζ for ζ ∈ Crit(f). In
this subsection we describe asymptotic Fourier expansions about ends of such u in the “L-simple” style of
[BH23, BH18].

Let NY (γY ) ⊂ Y be a S1 × Dn−1 (D is a disk in C) neighborhood of an embedded γY in Y . A
NY (γY ) × D ⊂ Y × Σ≤ϵ neighborhood centered about each γζ = γY × ζ in Y × D is exactly in the
form local described in [Avd23, BH23]. For the purpose of studying asymptotics of holomorphic curves to
multiply-covered γζ which are k-fold coverings of an embedded γ′ζ , we can take the N(γζ) to be a k-fold
covering of N(γ′ζ) and consider lifts u – restricted to neighborhoods of punctures in the domain – to this
N(γζ).

Since u is positively asymptotic to γζ , we can assume that for s0 > 0 sufficiently large there is cylindrical
end [s0,∞)p × S1q of the domain of u send via u to [s0,∞)×NY (γY )× D ⊂ [s0,∞)× Y × Σ≤ϵ. Hence
we can write the restriction of u to this positive cylindrical end as

u : [s0,∞)p × S1q → [s0,∞)s × Y × Σ≤ϵ, u(p, q) = (s(p, q), uY , uD)

Possibly after increasing s0 we can further assume that s(p, q) = p using the standard complex structure
j∂p = ∂q on the domain. This is a consequence of the Riemann mapping theorem, cf. [Avd23, §2]. Then
the fact that u is holomorphic implies that

∂JY (s, uY ) = 0, ∂uD − (Xf ⊗ ds)0,1 = 0.

It follows that uD admits a Fourier expansion of the form

(4.3.1) uD =
∑
ak<0

∑
k,l

ck,le
akpηk,l(q), ck,l ∈ R.

Here (ak, Ak) is an eigenvalue-eigenspace decomposition of the asymptotic operator

(4.3.2) Aζ : W
1,2(S1,C) → L2(S1,C), Aζ = −JΣ

(
∂

∂q
+ (−1)indMo(f,ζ)ϵy∂y − ϵx∂x

)
and the ηk,l are a basis of eigenfunctions spanning each Ak. Note that the condition ak < 0 in Equation
(4.3.1) is required in order that we get asymptotic convergence to the orbit as p→ ∞.

We index the eigenvalues of Aζ so that ak+1 > ak with sgn(ak) = sgn(k). Since ϵ ̸= 0, the kernel of Aζ

is zero, so the indexing set for the k is Z̸=0. The operators Aζ are identical to those associated to elliptic and
positive hyperbolic orbits in L-simple contact 3-manifolds which are explicitly worked out in [BH18, §4].
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We summarize the key properties of the ak, Ak, ηk,l for k < 0, which we need for the analysis of positive
asymptotics of holomorphic curves, as follows:

(1) Each ηk,l sends S1 to D \ {0} and so has a winding number windk ∈ Z which depends only on k.
(2) For both indMo(f, ζ) = 1, 2, the condition k < −1 implies windk < 0.
(3) For both indMo(f, ζ) = 1, 2, the largest negative eigenvalue is a−1 = −ϵ.
(4) When indMo(f, ζ) = 2, the elliptic case, the a−1 eigenspace has dim = 2 and is spanned by

constant eigenfunctions η−1,x = (1, 0) and η−1,y(0, 1), both having wind−1 = 0.
(5) For indMo(f, ζ) = 1, the hyperbolic case, the η−1 eigenspace has dim = 1 spanned by η−1 = (1, 0),

also having wind−1 = 0.
Observe that if ck,l = 0 for all k < −1 in Equation (4.3.1), then uD is exactly a gradient flow line of f .

Indeed, we will then have x0, y0 ∈ R for which

uD(p, q) =

{
e−ϵp(x0, 0) indMo(f, ζ) = 1,

e−ϵp(x0, y0) indMo(f, ζ) = 2.

If uD has this form, then the half cylindrical end of u is contained in some leaf Lz of F by Lemma 4.2.
By the analytic continuation property for holomorphic curves [MS04, §2.2], it would then follow that all of
imu is contained in the same Lz . In summary we have proved the first statement of the following lemma.
The proof of the second statement is identical.

Lemma 4.3. A holomorphic map u from a punctured Riemann surface into Ŵ (or Γ̂) having a puncture
positively asymptotic to an orbit γζ , ζ ∈ Crit(f) is contained in a leaf of FW (respectively, FΓ) iff at that
positive end the Fourier expansion of Equation (4.3.1) has ck,l = 0 for all k < −1.

4.4. Holomorphic curves lie in leaves. We seek to show that every holomorphic curve of contact homol-
ogy type in Ŵ (or Γ̂) which is asymptotic to contractible orbits of the form γY ×ζ, ζ ∈ Crit(f) is contained
in a leaf of FW (respectively, FΓ). This will be a consequence of Lemma 4.3.

We first consider u : C → Ŵ and look at the positive end, applying the notation of the preceding
subsection. Suppose that u is not contained in a leaf of FW , meaning that the Fourier decomposition of uD
is such that not all ck,l are zero for k < −1. Let k0 < −1 be the largest index for which there is a ck0,l ̸= 0.
We write

(4.4.1) uD = e−ϵp(x0, y0) + eak0p
∑
l

ck0,lηk0,l(q) + uD,hot, uD,hot =
∑
k<k0,l

ck,le
akpηk(q).

where the domain of u is [s+,∞) × S1q . Let L be the leaf of F passing through the point {s+} × Y ×
{e−ϵs+(x0, y0)}, so that where D ⊂ Σ≤ϵ is centered about ζ ∈ Crit(f) we have

L ∩ ([s+,∞)s × Y × D) =
{
(s, Y, e−ϵs(x0, y0)) : s ≥ s+

}
.

Let Σ̃ ≃ R2 be the universal cover of Σ̂ and let ζ̃ be a point in the cover over ζ ∈ Σ. We can choose a lift
of L̃ of L to V̂ × Σ̃ whose positive end converges to {∞}× Y × ζ̃ along its ideal boundary and a lift ũ of u
converging to the orbit γ̃

ζ̃
= γ × ζ̃. Such lifts exist by the fact that the domain C of u is simply connected

and consideration of the inclusion π1(L) → π1(Ŵ ) being injective. The almost complex structure JW lifts
to the cover so that L̃ is a holomorphic submanifold and ũ is a holomorphic map.

We can express the cover as L × R2 so that
(1) the R2 fiber agrees with the D factor of [s+,∞)×Y ×D over the half-cylindrical end [s+,∞)×Y

of V̂ near L and
(2) the map D → R2 at {s+} × Y is affine with (x0, y0) ∈ D is sent to 0 ∈ R2.
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Let V≤s+ be the complement of this half-cylindrical end in L. For s+ large, the ck0 term in Equation (4.4.1)
dominates the uD,hot term, due to the comparative exponential decay factors eak0p. So for s+ large, we get
a loop

L : S1q → R2 \ {0}, L(q) = u(s+, q) = eak0s+
∑
l

ck0,lηk0,l(q) + uD,hot

wind(L) = windk0 < 0.

This winding number computes exactly the intersection number of ũ restricted to C \ {p > s+} with
V≤s+ = V≤s+ × {0} ⊂ V̂ × R2. This intersection number is well-defined because ũ and V≤s+ are disjoint
along their boundaries. Since V≤s+ is a holomorphic submanifold and u is holomorphic, this intersection
number must be non-negative. This contradicts the fact that the ck0,l are not all zero. Therefore we have
proved the lemma.

Lemma 4.4. For each holomorphic plane u : C → Ŵ positively asymptotic to an RΓ orbit γζ for ζ ∈
Crit(f), the image of u is contained in a leaf L of the foliation FW .

A similar analysis applies to holomorphic curves in the symplectization Γ̂.

Lemma 4.5. Let u be a holomorphic curve in Γ̂ which is positively asymptotic to a γζ for some ζ ∈ Crit(f)
and negatively asymptotic to some γi,ζi = γi × ζi for ζi ∈ Crit(f) and Reeb orbits γi of Y . If all the γi are
contractible in Γ then the image of u is contained in a leaf of FΓ.

Proof. Identify the cylindrical end of Ŵ with [0,∞)s×Γ. For each s+ > 0 the complement of [s+,∞)×Γ

in Ŵ is a compact symplectic manifold which we will call W≤s+ .
For constants s± of the form s− ≪ 0 ≪ s+ let us± = u ∩ ([s−, s+]× Γ). The s− boundary of us± is a

collection of circles γi,− in Γ which are as close as we like to the {−∞} × γi by making |s−| large. Since
the γi are contractible, we can find a collection of disks Di ⊂ {s−} × Γ which bound the γi,−. Let us±,D
be the union of us± with the Di, which is topologically a disk.

As in the study of holomorphic planes in Ŵ , consider the lift ũs±,D of us±,D to V̂ × Σ̃, by viewing
[s−, s+] × Γ as being contained in Ŵ . Let L be a V̂ leaf of FΓ positively asymptotic to {∞} × Y × {ζ},
isomorphic to V̂ , and being completely contained in (s−,∞) × Γ. Write L≤s+ = L ∩ [s−, s+] × Γ. Then
we can similarly lift L≤s+ to a L̃≤s+ ⊂ V̂ × Σ̃≤s0 . As in the case of holomorphic planes, we require the
lifts ũs−,s+,D and L̃≤s+ to have positive asymptotics tending to the same {∞} × Y × {ζ̃} as s+ → ∞.

Now we study intersections of ũs±,D and L̃≤s+ for s+ ≫ 0 and with L varying, seeking to show that all of
the ck,l = 0 whenever k < −1 in the Fourier expansion of the positive end of u. As in our previous analysis,
suppose that u is not contained in a leaf of FΓ and take the maximal k0 < −1 for which

∑
l ck0ηk0,l ̸= 0. We

are then again in the situation of Equation (4.4.1). As
∑

l ck0,lζk0,l(q) is never zero and uD,hot is negligible,
we can find a (x1, y1) ∈ D as close as we want to e−ϵs0(x0, y0), for which

(1) (x1, y1) and e−ϵs+(x0, y0) are in the same connected component of D \ πD(s1-boundary of us±),
and

(2) L contains {s+} × Y × {(x1, y1)}. Since V̂ -leaves are dense, we can pick a generic (x1, y1), such
that L is a V̂ -leaf.

In other words, the loop L(q) winds around the point (x1, y1) ∈ D a total of windk0 < 0 times which
computes the intersection number of ũs±,D and L̃s+ . As before this intersection number is windk0 . So the
intersection number is windk0 < 0 and L̃s1 only intersects ũs±,D where ũs±,D is holomorphic, since L≤s+
lives in the collar [s−, s+]× Γ, while the Di are contained in Ws+ .

This intersection number cannot be negative, yielding a contradiction. We conclude that only the k = −1
Fourier coefficient of u can be non-zero. Hence u must be tangent to a leaf of FΓ by Lemma 4.3. □
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Remark 4.6. Alternatively, Lemmas 4.4 and 4.5 can be proved using the Siefring intersection theory con-
sidered by Moreno and Siefring in the presence of a holomorphic foliation [MS19]. Moreover, precisely
using the natural framing from Σ to push off period orbits γζ , the linking number of the push-off of γζ with
any leaf is zero, which is well-defined for contractible orbits in the case we consider. Now since the normal
Conley-Zehnder indices, as explained in §4.3 is indMo(f, ζ) − 1 = 0, 1. The intersection number [MS19,
§2] (or see [CFC24, Definition 5.1]) u ∗ L with any leaf is 0, then by [MS19, Corollary 2.3 and Theorem
2.5], u must be contained in a leaf.

5. FREDHOLM THEOREM FOR CURVES IN LEAVES

We quickly work out the basic Fredholm theory for holomorphic curves in Ŵ and Γ̂. The moduli spaces
containing these curves will be more fully described in §6.2.

Let u : C → Ŵ be a holomorphic plane asymptotic to a γζ = γ × {ζ} ⊂ Y × Σ for a ζ ∈ Crit(f). By
Lemma 4.4 we can express u as

u = Iz ◦ uV̂ , z ∈ Σ̂, u
V̂
: C → V̂

where Iz : V̂ → Ŵ is the leaf inclusion map of Lemma 3.3 with u
V̂

holomorphic and positively asymptotic
to γ. Therefore imu ⊂ Lz = im Iz , a leaf which is positively asymptotic to {∞} × Y × {ζ} in the sense
of Lemma 4.2.

Write TFW ⊂ TŴ for the union of the tangent spaces of the leaves of FW . If u
V̂

is any – not-necessarily
holomorphic – map of a plane into V̂ then we have a commutative diagram for which the vertical maps are
isomorphisms defining an operator DF ,

Ω0
(
u∗
V̂
T V̂

)
Ω0,1

(
u∗
V̂
T V̂

)

Ω0
(
(Iz ◦ uV̂ )

∗TFW
)

Ω0,1
(
(Iz ◦ uV̂ )

∗TFW
)
.

Du
V̂

DF

The integrability of TFW implies that in fact

DF : Ω0
F → Ω0,1

F , Ω∗
F = Ω∗(u∗TFW )

is well-defined for any u : C → Ŵ , even when imu is not contained in a leaf of FW .
Let TF⊥

W ⊂ TŴ |Lz be a complement to TFW . This is a trivial R2 bundle. Indeed, since Σ̂ is an open
Riemann surface, T Σ̂ admits a global trivialization. Given ∂x, ∂y spanning TzΣ̂ we could choose TF⊥

W |Lz to
be spanned by nowhere vanishing sections ∂xI(z, v), ∂xI(z, v), so a choice of trivialization of T Σ̂ induces
a global trivialization of TF⊥

W . We will assume that a trivialization is chosen so we are identifying R2 with
span(∂x, ∂y) along [s0,∞)×Y ×Σ≤ϵ for s0 ≫ 0 and where the xy-coordinates are on the D ⊂ Σ centered
about ζ described in §4.1. We also assume that TF⊥

W is preserved by our almost complex structure JW .
At a given map u : C → Ŵ , we can split sections of u∗TŴ into u∗TFW and u∗TF⊥

W summands.
Therefore the linearization Du of u can be written as a triangular block matrix

(5.0.1) Du =

(
DF Dur

0 D⊥

)
=⇒ indDu = indDF + indD⊥

with Dur = 0 if the image of u is contained in a leaf. Here DF is as above and D⊥ is defined

D⊥ : Ω0
⊥ → Ω0,1

⊥ , Ω∗
⊥ = Ω∗(u∗TF⊥

W )
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That Du is upper-triangular follows from the parametrization of the foliation in Lemma 3.3. The upper-right
term Dur captures the variation of JW on the normal directions, which preserves the leaf tangent space.

The linearized operator D⊥ is a real linear Cauchy-Riemann operator on a trivial complex line bundle
over the domain C of u and is exactly as studied in [Wen10, Proposition 2.2]. Since indMo(f, ζ) computes
the Conley-Zhender index at the positive end of D⊥ which is described by Equation (4.3.2), and this Morse
index is ≥ 1 by the assumptions of §4.1, [Wen10] tells us that D⊥ is always surjective, having

(5.0.2) dimkerD⊥ = indD⊥ = indMo(f, ζ) ≥ 1.

By the triangular form of Du and the surjectivity of D⊥ it follows that Du is surjective iff DF is surjec-
tive. So assuming transversality for the DF , there can be no rigid (ind = 0) holomorphic planes positively
asymptotic to γζ and we would have ϵϵϵW (γζ) = 0. However the surjectivity for DF cannot be assumed even
for generic JV on V̂ due to the usual transversality problems of SFT such as multiple covers.

We will therefore have to consider perturbed holomorphic curves consisting of gluings of multi-level
buildings as in [BH23]. This necessitates consideration of holomorphic curves u in the symplectization Γ̂

of the ideal boundary Γ of Ŵ = V̂ × Σ̂.
In order that such u in Γ̂ fits together into a building whose topological type is a plane, all of the ends of

u are asymptotic to contractible orbits, satisfying the hypotheses of Lemma 4.5. Then u is contained in a
leaf of the holomorphic foliation FΓ and we can again write

u = IL ◦ uL
for a leaf inclusion map IL : L → Γ̂ of some leaf L of FΓ and a holomorphic map uL of the domain
of u into L. The linearized operator for u again has a triangular form as in Equation (5.0.1) with DF the
linearization of uL and D⊥ the linearization of the normal bundle. By the characterization of leaves in
Lemma 3.9, such a u is positively asymptotic to some γζ = γ × {ζ} and negatively asymptotic to some
γζ,i = γi × {ζ−}, i = 1, . . . ,m− with ζ, ζ− ∈ Crit(f) ⊂ Σ≤ϵ. Therefore

(5.0.3) indD⊥ = indMo(f, ζ)−m− indMo(f, ζ−).

From Lemma 3.9, the specific cases are as follows:

(1) If L is a V̂ leaf then there are no negative asymptotics, u is a plane and we are in the situation of
Equation (5.0.2), so that automatic transversality applies to D⊥.

(2) If L is a flow-line leaf of the form Rs × Y × {ζ}, meaning ζ = ζ−, then indD⊥ = (1 −
m−) indMo(ζ).

(3) If L is a flow-line leaf positively asymptotic to Y ×{ζ2} where ζ2 ∈ Σ≤ϵ is the unique critical point
of indMo = 2 and ζ− is a one of the ζ1,k of indMo = 1, then indD⊥ = 2−m−

So it is clear that even when DF is surjective, indD⊥ can be negative, implying that Du will often not be
surjective. This entails that the ind = 0 holomorphic buildings we seek to count will in general be composed
of levels having indices of arbitrary ind.

6. VANISHING OF ϵϵϵW

Theorem 6.1. Let Σ be a surface with boundary that is not disk and V a Liouville domain. Then there
exists a sequence of contact forms αΓ,k on Γ := ∂(Σ × V ) and αΓ,k-tame almost complex structures JW,k
on Ŵ = V̂ × Σ̂, and choices of perturbations such that the following conditions hold:

(1) The αΓ,k are obtained by βW restricted to contact hypersurfaces Γ in W as in §3 which converge
in C16. The JW,k are also as described in §3.

6It also suffices to work with a decreasing sequence of contact forms αΓ,k.
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(2) There are period thresholds Lk → ∞ such that the augmentation ϵϵϵW sending closed Reeb orbits of
period up to Lk in (Γ, αΓ,k) to Q by counting perturbed holomorphic planes in Ŵ using the JW,k
is zero.

As mentioned above, the theorem applies even when moduli spaces of holomorphic planes uLW
: C → L

whose targets are the leaves L of the foliation FW are not transversely cut out.
We will use the Kuranishi framework of [BH23], summarized in [Avd23, §10]. The problem of counting

holomorphic planes asymptotic to γ in the present context is technically similar to the counting of holomor-
phic planes contributing to the contact homology differential for neighborhoods of convex hypersurfaces
in [Avd23]. As in [Avd23], counting of holomorphic curves in the symplectization Γ̂ contributing to the
contact homology differential for M should in general require obstruction bundle gluing calculations, but
that is beyond the scope of the present text.

To compute ϵϵϵW , we need to count perturbed SFT buildings of index 0, whose components are given by
maps into the leaves of FΓ and FW , and which become a plane when glued. Heuristically, the buildings
can be thought of as buildings in V̂ mapped into Ŵ by the leaves. Note that the normal linearized operators
D⊥ will have a total index of 1 or 2 depending on the critical point ζ ∈ Σ, when the positive orbit is a γζ .
The leaf linearized operators DF must then have a total index of −1 or −2. We will show that there is a
Kuranishi perturbation scheme for which ϵϵϵWγζ = 0 for all such γζ as a consequence of indDF = −1,−2.
Note that we are in a rather clean situation, as the foliation is parameterized in a transparent way. The
following subsections formalize this argument.

6.1. Action bounds and contractible orbits. Computing CH using the framework of [BH23] requires
that we consider sequences of action bounds Lk → ∞ and closed Reeb orbits of action ≤ Lk associated to
contact forms αΓ,k which C1-converge as m→ ∞. Using this (as well as additional geometric data such as
almost complex structures and perturbation data), we define and compute CH≤Lk . Finally, we take a direct
limit to define CH . Throughout the remainder of the section, the k subscript will be ignored.

For the purpose of establishing that Bourgeois contact manifolds are tight, we consider the contact ho-
mology of the neighborhood R× S1 ×M of the Bourgeois convex hypersurface S = S1 ×M . According
to the construction of contact forms in [Avd23] used to compute the contact homology of a neighborhood
of a convex hypersurface, all orbits we must consider are contained in the diving set, which in the present
context will be Γ = ∂W = ∂(V × Σ) with Σ is an annulus. Using the Reeb vector field RΓ on Γ – which
is determined by the functions fV and f = fΣ – all contractible Reeb orbits (which could contribute to aug-
mentations for the fillings of Γ associated to the positive and negative regions of the convex hypersurface)
are contained in the region Y × Σ≤ϵ: Outside this region the ∂q summand of RΓ is non-zero, so all Reeb
orbits are non-contractible.

By considering sequences of functions f which C1-converge to 1 on Σ≤ϵ, each satisfying the assumptions
of §4.1, we can assume that for a given L > 0 all contractible Reeb orbits of action ≤ L are of the form
γζ = γ × ζ for some ζ ∈ Crit(f) and γ is a closed, contractible orbit of RY , the Reeb vector field of the
contact form αY on Y .

Notation 6.2. For the remainder of this section, all Reeb orbits considered will be contractible in S =
S1 ×M with action bounded by some (fixed, but unspecified) L > 0.

Let CC(Γ) be the algebra of good Reeb orbits in Γ of action ≤ L with contact homology differential
∂Γ. To verify that CH(R × S1 ×M) ̸= 0 in §7 using the Algebraic Giroux Criteria of [Avd23], we study
the augmentation ϵϵϵW : (CC(Γ), ∂Γ) → (Q, ∂Q = 0) determined by the filling W in the case when Σ is an
annulus.

6.2. Moduli spaces. We describe the moduli spaces relevant to the computation of the augmentation ϵϵϵW
of CC(Γ). Throughout we write γ for a single orbit in Y and γ⃗ = (γ1, . . . , γk) for ordered collections of
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orbits in Y . For ζ ∈ Crit(f), write γζ for a single orbit in Γ of the form γ× ζ and γ⃗ζ for ordered collections
or orbits in Γ of the form (γ1 × ζ, . . . , γk × ζ). So in the latter case all of the γi × ζ are contained in the
same Y × {ζ} ⊂ Y × Σ≤ϵ ⊂ Γ. We allow these ordered collections to be empty.

Our moduli spaces will be denoted as follows:

(1) M
V̂
(γ) is the moduli space of JV -holomorphic planes in V̂ , positively asymptotic to γ.

(2) MY (γ, γ⃗) is the moduli space of JΓ-holomorphic curves in Ŷ , positively asymptotic to γ and
negatively asymptotic to the γi.

(3) M
Ŵ
(γζ) is the moduli space of JW -holomorphic planes in Ŵ , positively asymptotic to γζ .

(4) MΓ(γζ , (γ1 × ζ1, · · · , γk × ζk)) is the moduli space of JΓ-holomorphic curves in Γ̂, positively
asymptotic to γ × ζ and negatively asymptotic to the γi × ζi.

According to Lemma 4.5 and the characterization of leaves of FΓ in Lemma 3.9, the MΓ with are empty
unless they are of the form MΓ(γζ , γ⃗ζ−) with either

(1) γ⃗ζ− ̸= ∅ and ζ = ζ−, whence the elements of MΓ(γζ , γ⃗ζ) are mapped to Rs × Y × {ζ},
(2) γ⃗ζ− ̸= ∅, ζ = ζ2, and ζ− = ζ1,k, here the elements of MΓ(γζ2 , γ⃗ζ1,k) are mapped into flow line

leaves Lυ associated to ∇f flow lines υ in Σ≤ϵ negatively asymptotic to one of the indMo = 1
critical points ζ1,k of f ,

(3) γ⃗ζ− = ∅, whence the moduli space consists of holomorphic planes.

In the first and second cases, let υ be a parameterized ∇f -flow flow positively asymptotic to ζ and negatively
asymptotic to ζ−. Possibly after applying a Rs translation on the target, each u ∈ MΓ(γζ , γ⃗Y × ζ−) is
mapped to the image of the (JY , JΓ)-holomorphic embedding Iυ. Therefore the map

Iυ,M : MY (γ, γ⃗) → MΓ(γζ , γ⃗ζ), u 7→ Iυ ◦ u

determines a homeomorphism on the Rs-reduced spaces

Iυ,M/R : MY (γ, γ⃗)/Rs → MΓ(γζ , γ⃗ζ)/Rs.

Observe that if υ and υ′ are two ∇f flow lines which differ by a reparameterization υ′(s) = υ(s+ s0), then
Iυ,M/R = Iυ′,M/R. In the third case above (in which we are considering a MΓ moduli space of planes),
the planes can be viewed as living in Ŵ .

To compute ϵϵϵW (γζ) we will count gluings of holomorphic buildings solving a perturbed ∂ equation which
are topologically planes in Ŵ . Following [BH23, Par19], such buildings can be organized as elements of
spaces of trees ttt, with moduli spaces assigned to vertices and gluing data (common Reeb orbit asymptotics)
associated to edges. In order that these assignments will correspond to planes the following restrictions are
imposed:

(1) Moduli spaces of the form M
Ŵ
(γζ) and MΓ(γζ , ∅) are assigned to “leaf vertices”, having no

outgoing edges.
(2) Moduli spaces of the form MΓ/Rs with non-empty collections of negative asymptotics are assigned

to each vertex with at least one outgoing edge. As previously mentioned, these are the images of the
Iυ,M/R for a finite collection of ∇f flow lines υ.

(3) Closed orbits assigned to edges must be contractible (since they are to be filled in by planes), and
hence are of the form γζ = γ × ζ, for ζ ∈ Crit f

See §6.8 for further details, where moduli spaces will be replaced with thickened moduli spaces, solving
perturbed ∂ equations.
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6.3. Manifolds of maps. Our convention is that moduli spaces are of parameterized maps with removable
punctures defined as in [Avd23, BH23]. This allows us to write

MY (γ, γ⃗) ⊂ Map
Ŷ
(γ, γ⃗), M

V̂
(γ) ⊂ Map

V̂
(γ)

MΓ(γζ , γ⃗ζ−) ⊂ Map
Γ̂
(γζ , γ⃗ζ−), M

Ŵ
(γ) ⊂ Map

Ŵ
(γζ),

where the MapX spaces are Banach manifolds of maps of punctured Riemann surfaces (S ⊂ C, j) into a
space X with

X = Ŷ , V̂ , Γ̂, Ŵ

satisfying asymptotic convergence constraints along punctures. After deleting removable punctures, the
domains of maps are stable (in the sense of hyperbolic geometry) and so have finite automorphism groups.

Over the manifolds of maps MapX we have Banach bundles Ω0 and Ω0,1 whose fibers at a map u are
(Sobolev complete) spaces of sections

Ω0|u = Sec(u∗TX), Ω0,1|u = {v ∈ Sec((u∗TX)⊗ T ∗S) : JXv = −v ◦ j} ,

over the domain (S, j) of u respectively, satisfying decay conditions along cylindrical ends of S. We assume
as in [Avd23] that our maps into Γ̂ and Ŵ take the form

(6.3.1) u : [0,∞)p × S1q → [0,∞)s × S1t × D2n−2
y × D, u(s, t) = (p+ s0, q, uY , uD)

along positive ends of maps which are positively asymptotic to the γζ . Here, as in §4.3, S1 × D2n−2
y is a

neighborhood of a Reeb orbit in Y and D is a neighborhood of ζ ∈ Crit(f). Details of the appropriate
(weighted) Sobolev spaces are not relevant for the present arguments and can be found in [BH23]. The
setup allows us to view ∂j,JX as a fiber-wise bundle morphism Ω0 → Ω0,1 over MapX whose zero set is the
relevant moduli space of holomorphic maps.

6.4. Spaces of perturbations. Following [BH23], the perturbations used to determine contact homology
differentials and augmentations will be constructed using the eigendecompositions of asymptotic operators.
The asymptotic operator for each orbit γζ = γ × ζ has the form

Aγζ = Aγ ⊕Aζ

where Aγ is the asymptotic operator associated to the orbit γ in Y and Aζ is is as described in Equation
(4.3.2). For each aaa ∈ R>0, let A≤aaa

γζ
be the finite dimensional vector space spanned by eigenfunctions of Aγζ

whose eigenvalues are bounded in absolute value by aaa. By the above direct sum splitting, it follows that

A≤aaa
γζ

= A≤aaa
γ ⊕A≤aaa

ζ

where the A≤aaa
γ and A≤aaa

ζ are defined analogously using the operators Aγ and Aζ , respectively. For a tuple

γ⃗ζ = (γ1 × ζ, . . . , γk × ζ) of orbits in Γ write A≤aaa
γ⃗ζ

=
⊕

iA
≤aaa
γi×ζ which likewise decomposes into Y and ζ

summands,

A≤aaa
γ⃗ζ

= A≤aaa
γ⃗ ⊕

(
A≤aaa
ζ

)⊕k
.

The A≤aaa
∗ determine finite rank subbundles EEE≤a

X ⊂ Ω0,1 over the manifolds of maps MapX spanned by
perturbations supported on cylindrical ends of the domains (S, j) of our maps. For X = Y, V̂ , there is one
perturbation supported on the positive cylindrical end of S for each eigenfunction of Aγ having eigenvalue
a ∈ (0, aaa] and one perturbation supported on the ith negative end of S for each eigenfunction of Aγi having
eigenvalue aaa ∈ [−aaa, 0). For X = Γ, Ŵ , there is one perturbation supported on the positive cylindrical end
of S for each eigenfunction of Aγζ having eigenvalue a ∈ (0, aaa] and one perturbation supported on the ith
negative end of S for each eigenfunction of Aγi×ζ having eigenvalue a ∈ [−aaa, 0).
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For the determination of an element of EEEX , X = Ŷ , Ŵ from an eigenfunction we follow [Avd23, §9],
working explicit formulas only the perturbations positive ends of curves. Let B = B(p) be a function
on [0,∞) for which B(0) = 1 and B(p) = 1 for p ≥ 1. Let u be a positive half-cylindrical end of a map
asymptotic to some γζ as in Equation (6.3.1), with ηγ (respectively, ηζ) an eigenfunction of Aγ (respectively,
Aζ) of eigenvalue aγ (respectively, aζ). Our associated perturbations associated to such eigenfunctions at u
take the form

(6.4.1)

u : [0,∞)p × S1q → [0,∞)s × S1t × D2n−2
y × D, 0 < aγ , aζ ≤ aaa

µ(ηγ) =
∂B

∂p
(0, 0, e−aγpηγ(q), 0)⊗ dp0,1,

µ(ηζ) =
∂B

∂p
(0, 0, 0, e−aζpηζ(q))⊗ dp0,1.

So the supports of all perturbations are compact and contained in the half-cylindrical ends of their domains.
Whenever a ∂u ∈ EEE≤aaa

X , then in the situation of Equation (6.4.1) we have that along a positive half-cylindrical
end,

(6.4.2)

u = uC + uµ

uC =

p+ s0, q,
∑
aγ<0

epaγ
∑

ηγ,i∈Aaγ

aC,iηγ,i(q),
∑
aζ<0

epaζ
∑

ηζ,i∈Aaζ

bC,iηζ,i(q)

 ,

uµ = (B − 1)

0, 0,
∑

0<aγ<aaa

e−paγ
∑

ηγ,i∈Aaγ

aµ,iηζ,i(q),
∑

0<aζ<aaa

e−paζ
∑

ηγ,i∈Aaζ

bµ,iηζ,i(q)


=⇒ ∂u =

∑
aµ,iµ(ηγ,i) +

∑
bµ,iµ(ηζ,i)

So uC is holomorphic and uµ completely determines ∂u. This follows the pattern of [Avd23, §7.6].
Again, we have splittings

EEE≤aaa
Ŵ

= EEE≤aaa
F ⊕EEE≤aaa

⊥ → Map
Ŵ
, EEE≤aaa

Γ = EEE≤aaa
F ⊕EEE≤aaa

⊥ → Map
Γ̂

where the EEE≤aaa
FW

,EEE≤aaa
FΓ

are spanned by perturbations µ(ηγ) associated to the Aγ and the EEE≤aaa
⊥ are spanned

by perturbations µ(ηζ) associated to the Aζ . The important property from Equation (6.4.1) is that in the
notation of §5, where the Ω0,1

F and Ω0,1
⊥ are defined,

EEE≤aaa
F ⊂ Ω0,1

F , EEE≤aaa
⊥ ⊂ Ω0,1

⊥ .

This follows from the fact that along [0,∞)× S1 × D2n−2
y × D is given by

TF =
〈
(1, 0, 0,−∇f), (0, 1, 0, 0), TD2n−2

y

〉
.

To construct transverse subbundles for maps into the spaces X = Ŷ , V̂ , we follow the above formulas
ignoring uD summands of maps u as above as well as the ηζ . This yieldsEEEX = ⟨µ(ηγ) : ηγ ∈ Aaγ , |aγ | ≤
aaa⟩. If we have a map u into either of these spaces, then along a positive cylindrical end u = (p+ s0, t, uy) :
[0,∞)× S1 → [0,∞)× S1 × Dy with S1 × Dy a neighborhood of the orbit in Y , then applying some leaf
inclusion IL, we will have IL ◦ u = (p+ s0, t, uy, υ(s)) where υ is a ∇f solution. So the following lemma
is immediate from Equation (6.4.2).
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Lemma 6.3. Let u be a map into Rs × Y (respectively, V̂ ) satisfying ∂u =
∑
aµ,iµ(ηγ,i) in EEE≤a

Rs×Y
(respectively,EEE≤aaa

V̂
). If we apply a leaf inclusion map I to u then I ◦ u will satisfy ∂Iu =

∑
aµ,iµ(ηγ,i) in

EEE≤a
Rs×Γ (respectively,EEE≤aaa

Ŵ
).

6.5. Transversality over compact subsets. A finite rank subbundle EEE ⊂ Ω0,1 defined over a subset U ⊂
MapX is a transverse subbundle if for all u ∈ U

imDu +EEE = Ω0,1|u.
Since transversality is an open condition, ifEEE is a transverse subbundle over a compact U ⊂ MapX andEEE
is defined over an open neighborhood of U in MapX , then there is an open U ′ ⊂ MapX containing U such
thatEEE|U ′ is a transverse subbundle. Following the Bao-Honda perturbation scheme, we must select compact
subsets KKK

Ŵ
and KKKΓ/R of our M

Ŵ
and MΓ/R moduli spaces over which the spaces of perturbations

described in the previous subsection are transverse.
Following the already-establishing pattern, the Kuranishi data for the higher-dimensional spaces (Ŵ , Γ̂)

will be determined by Kuranishi data associated to the lower-dimensional spaces (V̂ , Ŷ ). So suppose that
suchKKKY /R ⊂ MY /R andKKK

V̂
⊂ M

V̂
have been selected for each moduli space whose positive asymptotic

γ has action ≤ L. We also assume that aaa > 0 chosen so that over each such compact subset the subbundles
EEE≤aaa
Ŷ

→KKKY andEEE≤aaa
V̂

→KKK
V̂

are transverse.

6.5.1. When γ⃗ζ ̸= ∅. We first determine theKKKΓ(γζ , γ⃗ζ− ̸= ∅)/R by declaring that

KKKΓ(γζ , γ⃗ζ−)/R = Iυ,M/R (KKKY (γ, γ⃗)/R) .

Here, as always, the υ are ∇f flow lines in Σ≤ϵ (considered modulo Rs-translation) which are negatively
asymptotic to ζ− and positively asymptotic to ζ.

By continuity of Iυ,M/R theKKKΓ(γζ , γ⃗ζ−)/R are compact. Since for each holomorphic u ∈ Map
Ŷ

,

(6.5.1) (Iυu)∗TFY = (Iυu)∗T (im Iυ) = TIυ(u∗T (Ŷ )),

the transversality condition imDu +EEE≤aaa
Y = Ω0,1(u∗(Rs × Y )) implies the transversality condition

imDF +EEE≤aaa
FY

= Ω0,1(u∗(TF)).

Here DF is as in Equation (5.0.1).
From the compactness of KKKΓ(γζ , γ⃗ζ−)/R, Rs invariance, and the fact that there are only finitely many

such compact spaces to consider (as per our action bound), it follows that we can guarantee transversality of
EEE≤aaa

Γ →KKKΓ(γζ , γ⃗ζ−) over all such relevant compact sets, possibly after increasing aaa.

6.5.2. When γ⃗ζ = ∅. Now we concern ourselves with compact subsets of the M
Ŵ
(γζ) and MΓ(γζ , ∅)/Rs,

whose elements map to leaves of FW and FΓ, respectively.
Suppose that we have selected compact subsetsKKK

V̂
⊂ M

V̂
for each such relevant M

V̂
= M

V̂
(γ). For

each ζ ∈ Crit(f) ⊂ Σ≤ϵ, let Uζ ⊂ Σ̂ be the subset of z ∈ Σ̂ for which im Iz ⊂ Ŵ is positively asymptotic
to Y × {ζ} as described in Lemma 4.2.

Since holomorphic curves in Ŵ are contained in leaves of FW , it follows that every u ∈ M
Ŵ
(γζ) has

can be uniquely expressed as u = Iz ◦ uV̂ for some u
V̂
∈ M

V̂
(γ). Therefore we have homeomorphisms

Iζ,M : Uζ ×M
V̂
(γ) → M

Ŵ
(γζ), (z, u

V̂
) 7→ Iz ◦ uV̂ .

For a compact KKK
V̂

⊂ M
V̂

over which EEE≤aaa
V is a transverse subbundle, a slight notational modification of

Equation (6.5.1) yields

imDF +EEE≤aaa
FW

= Ω0,1(u∗TFW ), u ∈ Iζ,M
(
Uζ ×KKK

V̂

)
.
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Since the normal operator D⊥ is always surjective – as described in Equation (5.0.2) – it follows that

imDu +EEE≤aaa
Ŵ

= Ω0,1, u ∈ Iζ,M
(
Uζ ×KKK

V̂

)
.

Due to the non-compactness of the Uζ , the Iζ,M
(
Uζ ×KKK

V̂

)
are non-compact. To complete our con-

struction we will consider special subsets of the Uζ . We can write Uζ as a union of open subsets Uζ =
Uζ,Γ ⊂ Uζ,W defined as follows:

(1) For z ∈ Uζ,W each IzV̂ ⊂W touches the complement of (0,∞)× Γ in Ŵ .
(2) For z ∈ Uζ,Γ each IzV̂ is contained in the interior (0,∞)× Γ of the half cylindrical end of Ŵ .

Observe that Uζ,W has compact closure in Σ̂ while Uζ,Γ does not. Choosing compact subsets KKKζ,W ⊂
Uζ,W for each ζ ∈ Crit(f) we define

KKK
Ŵ
(γζ) = Iζ,M

(
KKKζ,W ×KKK

V̂
(γ)

)
⊂ M

Ŵ
(γζ).

The Uζ,Γ have a s ∈ (0,∞) action given by translating holomorphic curves upward in the symplectiza-
tion. The action is free and we choose compact KKKζ,Γ/R ⊂ Uζ,Γ/R. Holomorphic curves in (0,∞) × Γ as
above – where JW is s-invariant – can be viewed as mapping in the symplecticization of Γ and therefore
being elements of the MM (γζ) moduli spaces. We take our compact subsets of these (reduced) moduli
spaces to be

KKKΓ(γζ , ∅)/R = Iζ,M
(
KKKζ,Γ/R×KKK

V̂
(γ)

)
⊂ MΓ(γζ)/R.

6.6. Thickened moduli spaces. Now we describe thickenings of our compact sets.

Notation 6.4. Having fixed a bound aaa on the eigenvalues of our asymptotic operators in the previous sub-
section, we drop the ≤ aaa superscripts from our transverse subbundles moving forward.

Choose small neighborhoods

NNN
V̂
⊃KKK

V̂
, NNN

Ŵ
⊃KKK

Ŵ
NNNY ⊃KKKY , NNNΓ ⊃KKKΓ

in the corresponding manifolds of maps. We require that theNNNY andNNNΓ are Rs-invariant. Over theNNN our
spaces of perturbations determine finite rank bundlesEEE∗ →NNN∗ and we define

(6.6.1)
VVV
V̂
⊂NNN

V̂
, VVV

Ŵ
⊂NNN

Ŵ
, VVV Y ⊂NNNY , VVV Γ ⊂NNNΓ,

VVV ∗ = {u ∈NNN∗ : ∂u ∈ EEE∗,
∥∥∂u∥∥ ≤ ρ}.

Here ρ is an arbitrarily small positive constant and the
∥∥∂u∥∥ can be defined using a metric onEEE∗ which we

require to be Rs invariant in the symplectization cases. The VVV ∗ are known as interior Kuranishi charts in the
language of [BH23]. By taking the ρ to be sufficiently small, the (EEE∗ ⊂ Ω0,1) → VVV ∗ are transverse subbun-
dles by the openness of the transversality condition combined with transversality along theKKK. Consequently,
the VVV ∗ are smooth manifolds when they are constructed using parameterized maps. We can alternatively
view theEEE∗ → VVV ∗ as orbibundles over smooth orbifolds by taking into account isotropy groups determined
by automorphisms of the domains of the u. The distinction will not matter for the following arguments.

Lemma 6.3 tells us that if we apply the leaf inclusion maps to the VVV Y /R and VVV
V̂

we obtain embeddings

Iυ,VVV : VVV Y (γ, γ⃗)/R → VVV Γ(γζ , γ⃗ζ−)/R, uY 7→ Iυ ◦ uY ,
Iζ,VVV :KKKζ,Γ/R×KKK

V̂
(γ) → VVV Γ(γζ)/Rs, (z, u

V̂
) 7→ Iz ◦ uV̂ ,

Iζ,VVV :KKKζ,W ×KKK
V̂
(γ) →KKK

Ŵ
(γζ), (z, u

V̂
) 7→ Iz ◦ uV̂ .

The first property of the following lemma is established by the definition of the leaf inclusion maps and the
second has just been established.

Lemma 6.5. The Iυ,VVV and Iζ,VVV are such that if u is a map to Γ̂ (or Ŵ ) which is the image of a I∗,VVV , then
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(1) the image of u is contained in a leaf of FΓ (respectively, FW ) and
(2) ∂u lies inEEEY (respectively,EEE

Ŵ
).

Moreover, by choosing the NNN
Ŵ

to be sufficiently small, we can guarantee that if u ∈ VVV
Ŵ

satisfies ∂u ∈
EEEFW

, then u is contained in a leaf of FW and so is in the image of Iζ,VVV .

Proof. We need only to work out the last statement. Since EEE
V̂

is a transverse subbundle and Iζ,VVV is an
embedding we see that the dimension of its image is

dimKKKζ,W + dimKKK
V̂
= indMo(ζ) + ind(u

V̂
) + rankEEE

V̂

for u
V̂
∈ VVV

V̂
. SinceEEE

V̂
andEEEFW

are both determined by the a ≤ aaa eigenspaces of the asympotic operator
Aγ , we have that their ranks agree.

Recall that EEEFW
is a transverse subbundle overKKK

Ŵ
due to the automatic transversality of the “normal”

linearized operator D⊥ for planes. Hence

VVV
Ŵ ,FW

= {u ∈ VVV
Ŵ

: ∂u ∈ EEEFW
}

is a smooth manifold of dimension

dimVVV
Ŵ ,FW

= ind(u) + rankEEEF = indMo(ζ) + indDF + rankEEEF .

Since the EEE
V̂

, EEEY , and EEEF have the same rank, this dimension count exactly matches dim im Iζ,VVV and so
we can ensure that Iζ,VVV is a homeomorphism by makingNNN

Ŵ
small. □

6.7. Multisections over interior charts. Over each VVV ∗, u 7→ ∂u defines a section of EEE∗ → VVV ∗, which
is not necessarily transversely cut out. To correct this, we choose C1-small multisections s : VVV ∗ → EEE for
which the solution spaces {u ∈ VVV : ∂u = s} are transversely cut out. All sections are required to vanish
along the “vertical boundaries” {u ∈ VVV :

∥∥∂u∥∥ = ρ} [BH23].
We choose our multisections for the VVV Y ,VVV Ŵ

by assuming that multisections sY ∈ Sec(VVV Y ,EEEY ) and
s
V̂

∈ Sec(VVV
V̂
,EEE

V̂
) have already been selected so that transversality holds. We’ll use the Iζ,VVV to push

forward these sections over their images using the fact that for each map u
V̂

into V̂ and z ∈ Σ̂, we have
natural isomorphisms

(Iz ◦ uV̂ )
∗EEEFW

= EEE
V̂
.

Define s
Ŵ

along the image of Iζ,VVV as

s
Ŵ

(
Iz(uV̂ )

)
=

(
Iz(uV̂ )

)∗
s
V̂
, s

Ŵ
∈ Sec(im Iζ,VVV ⊂ VVV

Ŵ
,EEEFW

) ⊂ Sec(im Iζ,VVV ,EEEŴ ).

We emphasize that s
Ŵ

has no EEE⊥ summand and are independent of z ∈ KKK
Ŵ

. Because the s
V̂

are trans-
versely cut out, so are the s

Ŵ
along the image of Iζ,VVV . We therefore can extend these multisections over

the remainder of VVV
Ŵ

arbitrarily, subject to the requirement of transversality and vanishing along vertical
boundaries.

Our multisections over the VVV Γ(γζ , ∅) are constructed with a slight modification, required by lack of
transversality. In the case of the VVV Γ(γζ , γ⃗ζ−) we define sΓ over the image of the Iυ,VVV so that for each ∇f
flow line υ and map uY into Rs × Y we have

sΓ = sΓ,F ⊕ sΓ,⊥, sΓ,F (Iυ(uY )) = (Iυ(uY ))∗ sY ,
sY,F ∈ Sec(im Iυ,VVV ⊂ VVV Γ,EEEFΓ

), sY,⊥ ∈ Sec(im Iυ,VVV ⊂ VVV Γ,EEE⊥)

The transversality of sY guarantees that for u in the image of Iυ that if ∂u = sΓ than we have transversality
for the Ω0,1(u∗TFΓ) portion of Ω0,1. However, since D⊥ is not surjective in general (as a consequence
of Equation (5.0.3)), the sΓ,⊥ cannot be 0 in general, as was the case with thickened moduli spaces of
holomorphic planes. As in the previous case, we then extend the sΓ to the remainder of VVV Γ subject to the
constraints of transversality and vanishing along vertical boundaries.
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6.8. Extension over tree charts. Now we upgrade the construction of the previous sections to more general
Kuranishi charts indexed by contact homology trees ttt with vertices Vettt = {vei} and Edttt = {edj}.

We first provide an overview of the general construction [BH23], without specifying that we are working
within V̂ , Ŷ , Ŵ or Γ̂. For each such ttt we have interior charts EEEi → VVV i associated to each vei with edges
edj connecting vertices which have common asymptotics. This data comes with a gluing map

Glttt :
(∏

VVV i
)
× [C,∞)#Edttt

nlj
→ Map

into a manifold of maps for some C ≫ 0. The nlj are neck length parameters. Over the image we have a
transverse subbundle

EEEttt → imGlttt, Gl∗EEEttt = ⊠veiEEE
i.

Multisections sttt over imGlttt are determined by a melding construction – see [BH23] or the simplification in
[Avd23] – with the property that when the nlj are all sufficiently large, then Gl∗ sttt is C1 close to ⊠si where
si ∈ Sec(VVV i,EEEi) are the multisections chosen over the interior Kuranishi charts. The images of the Glttt can
overlap when neck length parameters are small, requiring additional compatibility conditions for the sttt so
that the sttt patch together to form a coherently defined section ofEEEttt over the union of the images of all Glttt.

Now let’s specify that we are applying the above setup to study perturbed holomorphic planes in V̂ . Here
we write ttt

V̂
for our trees. In this case each VVV i will be either a VVV

V̂
or a VVV Y /Rs with the gluing maps

Gl
ttt
V̂

V̂
having domain domGl

ttt
V̂

V̂
and target Map

V̂
, a manifold of maps of planes into V̂ which are positively

asymptotic to some closed orbit γ of RY . The union of the solutions sets {∂u = stttV̂ } ⊂ imGlttt over all ttt
then form a branched, weighted orbifold with corners, admitting an orientation determined by some choices
of framing data associated to the orbits of RY having action ≤ L.

Let’s instead specify that we are applying the above setup to study perturbed holomorphic planes in Ŵ .
Here our trees will be denoted ttt

Ŵ
and each VVV i will be either a VVV

Ŵ
or a VVV Γ/Rs with the gluing maps Gl

ttt
Ŵ

Ŵ

having target Map
Ŵ

, a manifold of maps of planes into Ŵ which are positively asymptotic to some closed

orbit γζ of RΓ. On the image of each Gl
ttt
Ŵ

Ŵ
our transverse subbundle splits as

EEE
ttt
Ŵ

Ŵ
→ imGlttt

Ŵ
, Gl∗EEEtttŴ = Gl∗

(
EEEtttF ⊕EEE

ttt
Ŵ
⊥

)
, EEE

ttt
Ŵ
F = ⊠veiEEE

i
F , EEE

ttt
Ŵ
⊥ = ⊠veiEEE

i
⊥.

HereEEEiF is aEEEFW
if VVV i is a VVV

Ŵ
and is aEEEFΓ

if VVV i is a VVV Γ/Rs.
We briefly provide an explicit description of the EEE

ttt
Ŵ

Ŵ
subbundles for the purpose of demonstrating that

our earlier results for interior Kuranishi charts carries over to the more general case of charts associated to
trees. As in the case of (positive) half-cylinders described above, consider maps of annuli

u : [0, nl]p × S1q → [0,∞)s × S1t × D2n−2
y × D, u(p, q) = (p+ s0, t, uy, uD)

on which the target has the model J as described in Equations (6.3.1). For maps u which contain such
annuli, perturbations are associated to eigenvalues of Aγζ = Aγ⊕Aζ via the following formulas as a direct
analogy of Equation (6.4.1):

(6.8.1)

0 < aγ , aζ ≤ aaa =⇒

{
µ(ηγ) =

∂B
∂p (0, 0, e

−aγpηγ(q), 0)⊗ dp0,1,

µ(ηζ) =
∂B
∂p (0, 0, 0, e

−aγpηγ(q))⊗ dp0,1,

−aaa < aγ , aζ < 0 =⇒

{
µ(ηγ) =

∂B+

∂p (0, 0, e−aγpηγ(q), 0)⊗ dp0,1,

µ(ηζ) =
∂B+

∂p (0, 0, 0, e−aγpηγ(q))⊗ dp0,1,

B+(p) = B(p− nl).
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So the 0 < aγ , aζ ≤ aaa perturbations correspond to those of Equation (6.4.1) supported on positive half-
cylindrical ends of maps. The −aaa < aγ , aζ < 0 perturbations correspond to perturbations associated to
negative half-cylindrical ends of maps. When the gluing operation is performed, such perturbations span a
subspace of EEE

ttt
Ŵ

Ŵ
associated to a gluing neck of neck-length nl. This agrees with [Avd23, §7] up to some

changes in notation, and from which an analogue of Equation (6.4.2) may be derived. Replacing Ŵ with V̂
then amounts to throwing out the uD, µ(ηζ) terms above.

Fix some ζ ∈ Crit(f) and a z ∈ KKKζ,W ⊂ Σ̂ so that the leaf Iz(V̂ ) ⊂ Ŵ is positively asymptotic to
Y × ζ ⊂ Γ. Now we consider the composition

Iz ◦Gl
ttt
V̂

V̂
: domGl

ttt
V̂

V̂
→ Map

Ŵ
.

The analogue of Lemma 6.5, whose proof is identical (using the above formulas in place of Equations (6.4.1)
and (6.4.2)), is as follows.

Lemma 6.6. For each z, ttt
V̂

as above, im Iz ◦ Gl
ttt
V̂

V̂
is contained in the image of some Gl

ttt
Ŵ

Ŵ
. Moreover,

if u ∈ imGl
ttt
Ŵ

Ŵ
is such that ∂u ∈ EEEtttŴ for some ttt

Ŵ
with the image of u not entirely contained in the

half-cylindrical end [0,∞)× Γ of W , then u ∈ im I ◦Gl
ttt
V̂

V̂
for some z.

6.9. Vanishing of ϵϵϵW . Now we are ready to show that ϵϵϵW = 0 on orbits of action ≤ L, using the perturba-
tion scheme described above. To compute ϵϵϵW (γζ) we need to count ind = 0 perturbed holomorphic planes

u in Ŵ which are positively asymptotic to γζ . Such u live in the images of the Gl
ttt
Ŵ

Ŵ
, solving

∂u = stttŴ = s
ttt
Ŵ
F ⊕ s

ttt
Ŵ
⊥ , s

ttt
Ŵ
F ∈ Sec

(
imGl

ttt
Ŵ

Ŵ
,EEE

ttt
Ŵ
F

)
, s

ttt
Ŵ
⊥ ∈ Sec

(
imGl

ttt
Ŵ

Ŵ
,EEE

ttt
Ŵ
⊥

)
.

Such solution spaces assumed transversely cut out and are oriented (after some choices have been made) by
the usual contact homology orientation scheme. Since we are working in the ind = 0 case, this results in a
rationally weighted collection of points, yielding a count in Q.

Consider a T ∈ [0, 1] family of sections stttŴ ,T = stttŴ ,T = s
ttt
Ŵ
,T

F ⊕ s
ttt
Ŵ
,T

⊥ subject to the following
conditions:

(1) stttŴ ,0 = stttŴ and s
ttt
Ŵ
,1

⊥ = 0 so that stttŴ ,1 = s
ttt
Ŵ
F .

(2) The multisections are compatible over the overlaps of the imGl
ttt
Ŵ

Ŵ
.

(3) The solution spaces {∂uT = stttŴ ,T } ⊂ imGl
ttt
Ŵ

Ŵ
×[0, 1] are transversely cut out.

By Lemma 6.6, solutions to ∂u = stttŴ ,1 are contained in leaves Iz . Indeed, by Rs-invariance of almost
complex structures on perturbations on the half-cylindrical end of Ŵ any such ind = 0 solution cannot be
entirely contained in [0,∞) × Γ. By the construction of multisections in §6.7 – in particular, invariance
with respect to z – we have that at such a solution, s

ttt
Ŵ
F is determined by a stttV̂ so that DFW

is surjective.
Moreover at such a solution D⊥ is automatically transverse by Equation (5.0.2). So we have transversality
for the T = 0, 1 solution spaces, meaning that such a stttŴ ,T family of perturbations exists as in the third
item above.

So by the construction of the sF solutions to ∂u = stttŴ ,1 are of the form IzuV̂ with z ∈ KKKζ,W , u
V̂

∈
imGl

ttt
V̂

V̂
, and ∂u

V̂
= stttV̂ . Since indu = 0, it follows that indu

V̂
= − indD⊥ = − indMo ζ ≤ −1. This

violates surjectivity of Du
V̂

.
Therefore the T = 1 solution spaces are empty. Therefore for T close to 1 it follows that the solution

spaces are empty as well. For the same reason it follows that by taking the s
ttt
Ŵ
⊥ to be sufficiently small, we

can guarantee that the solution spaces are empty for all time. This guarantees that ϵϵϵW (γζ) = 0.
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7. NON-VANISHING OF CONTACT HOMOLOGY

In this section we prove that the cover M × S1 × R of a M × T2 Bourgeois contact manifold has non-
vanishing contact homology. Following the arguments of §1.1, this will complete our proof of Theorem 1.1.
To start, we review some background results from [Avd23].

7.1. The algebraic Giroux criterion. Let (W+, β+) and (W−, β−) be two Liouville domains and ϕ :
(∂W+, β+|∂W+) → (∂W−, β−|∂W−) be a strict contactomorphism, meaning ϕ∗β− = β+.

We use this data to define a convex hypersurface

S = (W− ∪ ([−1, 1]p × ∂W−) ∪ϕW+)

whose neighborhood N(S) = Rτ × S is equipped with a Rτ -invariant contact form f d τ + β as follows:
Let f be a function on S which

(1) is ±1 on W±,
(2) is an increasing function depending on p along [−1, 1]p × ∂V−, and
(3) is such that f(0) = 0 with ∂f

∂p (0) > 0.
Define β by the properties that

(1) β = ±β± along W± and
(2) hβ−|∂W− along [−1, 1]p×∂W−, where h is a function of p for which h(p) ≥ 1, there is exactly one

critical point at 0 which is a maximum, h(p) = 2 + p near p = −1, and h(p) = 2− p near p = 1.
The gluing identifies the Liouville vector of W− with −p∂p near p = −1 and the Liouville vector on W+

with −p∂p near p = 1. Then N(S) is the neighborhood of convex surface τ = 0 considered in [Avd23]. We
write ξ = ker(f d τ + β) for the contact structure on N(S).

Given two Louville domains W±, we have two DG augmentations ϵϵϵ± : CC∗(∂W±) → Q where CC∗
is the chain-level contact homology algebra. The definition of the algebra, of course, depends on auxiliary
data including the choice of contact forms, almost complex structures on the sympelctizations of ∂W±, and
perturbations. The strict contactomorphism ϕ induces an is isomorphism ϕ∗ : CC∗(∂V+) → CC∗(∂V−)
as long as the auxiliary data in the construction of the contact homology algebra is preserved by ϕ. The
following theorem [Avd23, Theorem 1.1] provides an algebraic generalization of Giroux’s criterion [Gir01,
Theorem 4.5], which completely determines the tightness or overtwistedness of neighborhoods of convex
hypersurfaces in contact 3-manifolds.

Theorem 7.1. CH(N(S), ξ) ̸= 0 if and only if ϵϵϵ+ is DG homotopic (in the sense of [Avd23, Definition
14.5.1]) to ϵϵϵ− ◦ ϕ∗.

Remark 7.2. The original statement of [Avd23, Theorem 1.1] did not involve the strict contactomorphism ϕ,
but implicitly used the identity map as the gluing map. Strictly speaking, the identity map is only rigorously
defined when W+ = W− as strict Liouville domains and we should always specify the gluing map ϕ in the
general case. Theorem 7.1 just clarifies the appearance of ϕ, it has no mathematical modification to [Avd23,
Theorem 1.1].

7.2. The Bourgeois case. The augmentation ϵϵϵW of Theorem 6.1 is determined by the contact hypersurface
Γ ⊂ Ŵ = V̂ × Σ̂ with Σ = [−1, 1]p × S1q an annulus, choices of almost complex structures, and Kuranishi
data. We recall that Γ = ΓΣ∪ΓV = ∂W with ΓΣ ≃ Y ×Σ containing all Reeb orbits which are contractible
in W . Here we recall Y = ∂V . The subset ΓV is a copy of V × S1 for each boundary component of Σ
and so we can write ΓV = (V × S1)−1 ⊔ (V × S1)1 with the connected components corresponding to the
p = ±1 connected components of ∂Σ.

Recall that in the language of Proposition 2.7,

(S1τ × S, ξ) = BO(V, ϕ) = DG(W,W,ψBO).
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Here DG(W,W,ψBO) is the S1-invariant contact structure on S1 × S where S is the “Bourgeois convex
hypersurface whose positive and negative regions are both W , identified using ψBO : Γ → Γ. As described
in Proposition 2.7, our gluing map ψBO for the S is the identity along ΓΣ ∪ (V × S1)−1 and is given by
ϕ× IdS1 along (V ×S1)1. We recall that S is diffeomorphic toM×S1, the Rτ invariant contact structure on
Rτ × S covers the Bourgeois contact structure on M × T2, and that ϕ ∈ Sympc(V, βV ) is the monodromy
of the open book associated to (M, ξ).

Equip W+ = W with the data D+ of the contact form α along Γ = ∂W+ together with the almost
complex structures and Kuranishi data using which we computed ϵϵϵ+ = ϵϵϵW . Theorem 6.1 tells us that
ϵϵϵ+ annihilates every good Reeb orbit generator of the contact homology algebra. We say that such an
augmentation is trivial7. Equip W− = W with the data D− of ψ∗

BOα together with some choices of almost
complex structures and Kuranishi data compatible with the data pulled back via ψBO along ∂W−. We seek
to show that the induced augmentation ϵϵϵ− determined by D− is DG homotopic to the trivial augmentation.

We have ψ∗
BOα = α along ΓΣ ∪ (V × S1)−1 and along (V × S1)1 where α = d q + βV we have

ψ∗
BOα = d q + βV + η for a closed 1-form supported away from ∂V .

Lemma 7.3. Let η be a closed 1-form on a Liouville domain (V, βV ) with support disjoint from ∂V . Then
there is a t ∈ [0, 1] family of compactly supported isotopies δt : V × S1q → V × S1q such that δ∗t (d q+ βV +

tη) = d q + βV , ϕ0 = Id, and δt is the identity in a neighborhood of ∂V × S1 for all t.

Proof. We write αt = λ+ tη + d q, which is a contact form. We assume ϕt is generated from integrating a
t-dependent vector field Xt. Then ϕ∗tαt = α0 is equivalent to

η + LXtαt = 0

which, by Cartan’s magic formula, is

η + ιXt(dαt) + dαt(Xt) = 0.

If we assume Xt ∈ ξt = kerαt, then we need η + ιXt(dαt) = 0. Note that ∂q is the Reeb vector field for
any αt. The equation η + ιXt(dαt) = 0 holds in ∂q direction tautologically. Then such Xt ∈ ξt can be
solved from η + ιXt(dαt) = 0 as dαt is non-degenerate on ξt. That η is compactly supported implies that
ϕt is compactly supported. □

Lemma 7.4. Let (N, ξ) be a neighborhood of a convex hypersurface given by gluing the boundary of a
Liouville domain (W,βW ) to itself using Id∂W . In other words, this convex hypersurface is a symmetric
double. Then CH(N, ξ) is non-zero.

Proof. We can use exactly the same choices of contact homology data to determine the augmentations
associated to the positive and negative regions of this convex hypersurface. Hence CH(N, ξ) ̸= 0 by
Theorem 7.1. □

Proposition 7.5. The augmentation ϵϵϵ− determined by D− is DG homotopic to the trivial augmentation.

Proof. Let ψδt be the map Γ → Γ given by the identity along ΓΣ ∪ (V × S1)− and δt along (V × S1)+
where δt is as in Lemma 7.3. Then ψ∗

δ1
α = ψ∗

BOα so we can form a convex hypersurface Sδ by gluing
the boundaries of the W− to W = W+ together using ψδ1 . Since this convex hypersurface is determined
only by the contactomorphism, Lemma 7.3 tells us that Sδ is a symmetric double. Since we can use the
contact homology data D± to compute the augmentations associated to the positive and negative regions of
Sδ, Theorem 7.1 and Lemma 7.4 combine to inform us that ϵϵϵ− computed using D− is DG homotopic to ϵϵϵ+
computing using D+. Since this ϵϵϵ+ is a trivial augmentation, the proof is complete. □

7This is not standard but just for convenience, as the trivial map is not necessarily an augmentation in general. In particular, the
trivial augmentation here is by no sense canonical in the general theory.
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Proof of Theorem 1.1. By Proposition 7.5, we have ϵϵϵ−◦(ψBO)∗ is DG homotopic to the trivial augmentation.
Therefore Theorem 7.1 implies that a Rτ -invariant neighborhood of the Bourgeois convex hypersurface has
non-vanishing contact homology. Since this Rτ -invariant neighborhood covers BO(V, ϕ), we conclude that
BO(V, ϕ) is tight. □
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