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ON CR MAPS BETWEEN HYPERQUADRICS AND WINKELMANN

HYPERSURFACES

MICHAEL REITER AND DUONG NGOC SON

Abstract. In this paper, we study CR maps between hyperquadrics and Winkelmann
hypersurfaces. Based on a previous study on the CR Ahlfors derivative of Lamel–
Son and a recent result of Huang–Lu–Tang–Xiao on CR maps between hyperquadrics,
we prove that a transversal CR map from a hyperquadric into a hyperquadric or a
Winkelmann hypersurface extends to a local holomorphic isometric embedding with
respect to certain Kähler metrics if and only if the Hermitian part of its CR Ahlfors
derivative vanishes on an open set of the source. Our proof is based on relating the
geometric rank of a CR map into a hyperquadric and its CR Ahlfors derivative.

1. Introduction

In this paper, we study CR maps between real hypersurfaces in complex spaces of
different dimensions. We are particularly interested in those with symmetry algebras
of high dimension. It is known from the work of Cartan [6], Tanaka [34], and Chern–
Moser [9] that for a Levi-nondegenerate hypersurface in C

n+1, its symmetry algebra has
dimension at most n2 +4n+3, see also [26]. This maximal value is attained for spheres
and hyperquadrics: For any ℓ and n, 0 ≤ ℓ ≤ n/2, the hyperquadric of signature ℓ is
defined by ρ

H
2n+1

ℓ

= 0, where

ρ
H

2n+1

ℓ

:= Im(w)−
n∑

k=1

ǫk|zk|2, (z, w) ∈ C
n × C.

Here ǫk = −1 for 1 ≤ k ≤ ℓ (there is no such k if ℓ = 0) and ǫk = 1 for k = ℓ, . . . n. When
ℓ = 0, the hyperquadric is the Heisenberg hypersurface which is strictly pseudoconvex
and CR diffeomorphic to the sphere

S
2n+1 :=

{
(z1, . . . , zn+1) ∈ C

n+1 | |z1|2 + |z2|2 + · · ·+ |zn+1|2 − 1 = 0
}

with one point deleted.
The sphere and hyperquadrics are important models of Levi-nondegenerate hypersur-

faces. The study of CR maps between spheres (sphere maps for short) has been addressed
in a lot of articles, see, e.g., [1, 2, 35, 15, 10, 7, 28, 2, 8], and the book by D’Angelo [13]
for more references. In the case of hyperquadrics of positive signatures, the CR maps,
which we refer to as hyperquadric maps, have also been studied extensively. We mention,
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for example, an important paper by Baouendi–Huang [5] which establishes the super-
rigidity for such CR maps. After the publication of this paper, there is a large literature
devoted to the study of CR maps between hyperquadrics, see [3, 4, 11, 29, 17, 12, 31, 16].

An useful invariant for the study of hyperquadric maps (including sphere maps) is
the geometric rank for such maps, which was first defined by Huang for the sphere
case in [19] and later for hyperquadrics of general signatures in [24]. This invariant has
played an important role in many papers; we mention here, for examples, the papers
[19, 21, 20, 18, 22, 25, 23]. We observe that the definition of the geometric rank relies
on the possibility of normalizing the map in question using the (large and explicit) CR
automorphism group of the target. It is not clear at the moment how can we generalize
this definition to the case of CR maps into a target that is not a hyperquadric.

Another spherical invariant for sphere maps was introduced by Lamel–Son [27], namely
the CR Ahlfors derivative for a CR map H, denoted by A(H). We refer the readers to
[27] for the origin and motivation of this notion and to [33] for its conformal counterpart.
Briefly, the CR Ahlfors derivative of a transversal CR immersion is a 2-tensor, which can
be defined for the case of arbitrary hypersurfaces. If H is a sphere map, as first observed
by Lamel–Son, the rank of the Hermitian part Aαβ̄(H) of its CR Ahlfors derivative
agrees with its geometric rank. It is not unexpected that we observe the same invariant
property as well as its agreement with the geometric rank of the CR Ahlfors derivative
in the case of (transversal) hyperquadric maps. But more interestingly, we discover
an example of hypersurfaces such that this invariant property also holds. Specifically,
we find that the CR Ahlfors derivative for CR maps between a hyperquadric and a
Winkelmann hypersurface (see below) also possesses an invariant property with respect
to composition with CR automorphisms.

We should point out that a Winkelmann hypersurface, like a hyperquadric, also has
symmetry algebra of quite large dimension. This fact is one of the reasons we consider
the Winkelmann hypersurface as a target. In fact, it has the second largest possible
dimension of the symmetry algebra (among those hypersurfaces of the same dimension),
referred to as the sub-maximal dimension case. More specifically, for hypersurfaces in
C
n′+2, under the Levi-nondegeneracy condition, the sub-maximal dimension is (n′+1)2+

4, which is attained for the hypersurface W2n′+3
ℓ′ ⊂ C

n′+2 (1 ≤ ℓ′ ≤ n′) given by [26]

ρ
W

2n′+3

ℓ′

:= Im(w + z̄n′ζ)− |zn′ |4 −
n′−1∑

k=1

ǫ′k|zk|2 = 0, n′ ≥ 1, (1.1)

where (z1, . . . , zn′ , ζ, w) are holomorphic coordinates in C
n′+2 and ǫ′k = −1 for 1 ≤ k ≤

ℓ′−1 (there is no such k if ℓ′ = 1) and ǫ′k = 1 for k = ℓ′, . . . n′−1, has exactly (n′+1)2+4
independent symmetries. This is a generalization of a hypersurface in C

3 (corresponding
to n′ = 1) of Levi signature ℓ′ = 1, which first appears in [36, page 146]. It plays an
important role in the study of homogeneous CR manifolds in C

3, see e.g. [14] and the

references therein. We shall refer to the hypersurface W2n′+3
ℓ′ ⊂ C

n′+2 for arbitrary
n′ ≥ 1 and 1 ≤ ℓ′ ≤ n′ as the Winkelmann hypersurface of dimension 2n′+3 and of Levi
signature ℓ′.

The classification problem for CR maps from and into a Winkelmann hypersurface is
surely interesting, but not yet studied. In this paper, from the invariant property of the
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CR Ahlfors derivative, we can introduce a notion of geometric rank for CR maps from
and into a Winkelmann hypersurface and characterize being the restriction of a local
holomorphic isometric embedding of certain Kähler metrics in terms of the vanishing of
the CR Ahlfors derivative. This characterization is analogous to a recent result of Huang–
Lu–Tang–Xiao [24]. In fact, we shall use their result in our proof. More specifically, the
main result of this paper is as follows.

Theorem 1.1. Let U ⊂ H
2n+1
ℓ be an open subset of the hyperquadric and H : U →

W2n′+3
ℓ′ a CR transversal smooth CR map. Let Aαβ̄(H) be the Hermitian part of the

CR Ahlfors tensor of H with respect to “standard” pseudo-Hermitian structures of the
source and target. Then Aαβ̄(H) = 0 on U if and only if H extends to a local isometric
embedding of the indefinite “canonical” Kähler metrics.

In Theorem 1.1, the CR Ahlfors tensor should be defined with respect to special
pseudo-Hermitian structures on the source and target. Specifically, on the hyperquadric
we consider the usual pseudo-Hermitian structure

θ = i∂̄ρ
H

2n+1

ℓ

,

which has vanishing pseudo-Hermitian torsion and curvature. Similarly, on the Winkel-

mann hypersurface W2n′+3
ℓ′ , we consider

Θ = i∂̄ρ
W

2n′+3

ℓ′

as the “canonical” pseudohermitian structure.
The indefinite Kähler metrics on the complements of the source and target are some

kind of canonical metrics. Precisely, we consider on the “upper” domain

Un+1
ℓ =

{
p ∈ C

n+1 | ρ
H

2n+1

ℓ

> 0
}
,

equipped with the Kähler metric

ωn+1
ℓ = i∂∂̄ log

(
1

ρ
H

2n+1

ℓ

)
,

which is a Kähler metric of constant holomorphic sectional curvature. It is positive
definite when ℓ = 0 and indefinite of signature ℓ otherwise (ℓ > 0).

Similarly, we consider the half space defined by the Winkelmann hypersurface

Ωn′+2
ℓ′ =

{
(z1, . . . , zn′ , ζ, w) ∈ C

n′+2 | ρ
W

2n′+3

ℓ′

> 0

}
.

On Ω we consider the Kähler metric given by

ω
W

2n′+3

ℓ′

:= i∂∂ log


 1

ρ
W

2n′+3

ℓ′


 . (1.2)

It is interesting to note that ω
W

2n′+3

ℓ′

is an indefinite Kähler-Einstein metric whose Ricci

curvature equals n′ + 2. Our main theorem says that if H is CR transversal, preserves
sides, and has CR Ahlfors derivative vanishing on an open set of the hyperquadric, H

must extend to a local isometric embedding from Un+1
ℓ into Ωn′+2

ℓ′ , equipped with these
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metrics. The side preserving condition is natural and often appear in the study of CR
maps of Levi-nondegenerate real hypersurfaces with positive signature as in, e.g., [5]. If
the map is side reversing, then we should change the side to which the map extends.

The proof of the main theorem relies on a version of a result of Huang–Lu–Tang–Xiao
[24], stated in Corollary 3.4, and the equality of the rank of the Hermitian part of the
CR Ahlfors and the geometric rank (Corollary 3.3).

The paper is organized as follows. In Section 2, we briefly review some basic facts
related to CR Schwarzian and Ahlfors derivatives. In Section 3, we revisit, for the
sake of completeness, the case of CR maps between spheres and hyperquadrics. We
shall give a detailed proof of the coincidence of the geometric rank of a CR map and
the rank of the Hermitian part of its CR Ahlfors tensor. Applying a recent work of
Huang–Lu–Tang–Xiao [24], we give a characterization of CRmaps with vanishing Ahlfors
derivative. In Section 4, we will characterize all CR Möbius pseudo-Hermitian structures
with respect to a special choice of a pseudo-Hermitian structure. The notion of CR
Möbius structures was studied in [32]; they are related to the invariant property of the
CR Ahlfors derivative. We will also show that the CR Ahlfors derivative for a CR
map into W2n′+3

ℓ′ possesses an invariant property, with respect to composing with an

automorphism of W2n′+3
ℓ′ . In Section 5, we characterize the CR maps from a sphere

or hyperquadric into a Winkelmann hypersurface with vanishing CR Ahlfors derivative.
Finally, in Section 6, we will provide various examples of CR maps from a hyperquadric
into a Winkelmann hypersurface.

2. The CR Schwarzian and Ahlfors derivative

In this section, we briefly review the notions of CR Schwarzian and Ahlfors derivatives
and their basic properties.

Let (M,θ) and (N, η) be pseudo-Hermitian manifolds and let F : M → N be a CR
transversal CR immersion. Then

F ∗η = ϕθ

for some function ϕ on M , which is non-vanishing because of the transversality of F .
For simplicity, we suppose that ϕ > 0 and set u = logϕ. Following Lamel–Son [27] we
define

Hθ(v) = Sym∇∇v − ∂bv ⊗ ∂bv − ∂̄bv ⊗ ∂̄bv +
1

2

∣∣∂̄bv
∣∣2 Lθ, (2.1)

where ∇ denotes the Tanaka–Webster connection of (M,θ). If F is a local CR diffeo-
morphism, then the CR Schwarzian of F is given by [32]

Sθ(F ) = Bθ(logϕ), (2.2)

where

B(v) = Bθ(v) = 2Hθ(v)−
1

n

(
∆bv − 2n|∂̄bv|2

)
Lθ. (2.3)

In fact, the formula for B is simpler. Specifically, we have in a local frame of M ,

B(v)αβ̄ = vα,β̄ + vβ̄,α − 1

n

(
vγ,

γ + vγ̄,
γ̄
)
hαβ̄ ,

and

B(v)αβ = 2vα,β − 4vαvβ, B(v)ᾱβ̄ = B(v)αβ .
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Here, an indices preceded by a comma indicates the covariant derivative with respect
to the Tanaka–Webster connection. Lower and raising indices are done by the Levi
matrices; see [32] and [27] for more details.

We should point out that the formula for B(v)αβ̄ appears a long time ago in related
and seemingly different situations [30]. It is well-known that B(v)αβ̄ = 0 for a real-

valued function v if and only if v is a CR pluriharmonic function (that is, v is locally
the real-part of a CR function).

The CR Ahlfors derivative is a generalization of the CR Schwarzian derivative for CR
immersions, that is, for the CR maps into higher dimensional target. Its definition is
a bit more complicated: It involves terms related to the CR second fundamental form
of the immersion F . Since we only need a formula for the CR Ahlfors derivative in the
special case when the hypersurfaces are defined by an approximate Feffermann defining
function (which is the case of hyperquadrics and Winkelmann hypersurface), we shall
not reproduce the geometric construction of the CR Ahlfors derivative here. We refer
the reader to [27] for details.

An important property of the CR Schwarzian and Ahlfors derivative is the “chain
rule”, which is described as follows:

A(G ◦ F ) = A(F ) + F ∗A(G),

holds for a chain of CR immersions F and G and its compositions. This is [27, Theorem
1.2]. An interesting situation is when F or G has vanishing CR Ahlfors derivative, e.g.,
when F and G are CR automorphisms of a sphere or a hyperquadric. Specifically, if γ
is a CR automorphism of the target sphere or hyperquadric (equipped with the usual
pseudo-Hermitian structure), then

A(γ ◦ F ) = A(F ).

Thus, the CR Ahlfors derivative provides an invariant for spherically equivalent sphere
or hyperquadric CR maps. Moreover, if φ is a CR automorphism of the source, then

A(F ◦ φ) = φ∗A(F ) = eu◦FA(F )

for some smooth function u. Hence, since eu◦F is non-vanishing, the rank of A(F )αβ̄ is
invariant with respect to the pre-composition with a CR automorphism of the source.
We therefore conclude that the rank of the Hermitian part of the CR Ahlfors derivative
is invariant with respect to compositions with CR automorphisms both of the source and
target. One of the key facts in our paper is that this invariant property of the CR Ahlfors
tensor also holds for the case of Winkelmann hypersurfaces of arbitrary dimensions and
signatures; see Section 4.

3. CR maps between hyperquadrics

In this section, we collect several results on the CR Ahlfors derivative of CR maps
between hyperquadrics. More specifically, we present a relation between the CR Ahlfors
derivative and the geometric rank of the map. This relation is essentially the same as for
the case of spheres, which was observed earlier by Lamel–Son. Based on this relation,
we can restate a recent theorem of Huang–Lu–Tang–Xiao [24] for the CR transversal
maps between hyperquadrics with vanishing geometric rank.
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For the sake of completeness, we shall present further details. By the same construc-
tion as in [27], we can define the CR Ahlfors derivative for an arbitrary CR transversal
map between Levi-nondegenerate CR manifolds.

Lemma 3.1. Let H2n+1
ℓ be a hyperquadric of signature ℓ ≥ 0 in C

n+1 and let γ be a CR

automorphism of H2n+1
ℓ . Then its CR Schwarzian derivative with respect to the standard

pseudo-Hermitian structure Θ vanishes identically:

SΘ(γ) = 0.

Proof. Observe that a CR automorphism of H
2n+1
ℓ is CR transversal and hence its

Schwarzian derivative is well-defined. The vanishing of the CR Schwarzian follows di-
rectly from the explicit formula for the automorphisms (as provided in [9]) and direct
calculations. We leave the details to the readers. �

Suppose that F : U → C
N+1 is a holomorphic map, with F (H2n+1

ℓ ) ⊂ H
2N+1
ℓ′ transver-

sally. Then there is a real-valued function Q defined on a neighborhood of 0, such that
the following mapping equation holds

G− Ḡ

2i
−

N∑

k=1

ǫk|F k|2 = Q(z, w, z̄, w̄)

(
w − w̄

2i
− |z|2ℓ

)
, (3.1)

where Q does not vanish along H
2n+1
ℓ . As proved by Lamel–Son [27] in the strictly

pseudoconvex case it holds that

A(F )(Zα, Zβ̄) =
〈
i∂̄∂ log(Q), Zα ∧ Zβ̄

〉
, (3.2)

provided that Q > 0 (that is, F preserves sides).
If Q < 0, we say that F reverses sides and, in the formula above, we can replace Q by

−Q; details are left to the readers.
We point out that (3.2) is a special case of a general formula which is valid for arbitrary

defining functions of the hypersurfaces. When we choose a Feffermann defining function,
which is the case of the spheres and hyperquadrics with “usual” defining function, the
formula for the CR Ahlfors tensor greatly simplifies. On the other hand, (3.2) is very
useful for computing the CR Ahlfors tensor, especially when Q can be computed explic-
itly. In many cases, finding the quotient Q, which amounts to factorizing the left-hand
side of (3.1) in the polynomial ring or the ring of power series, is very simple. However,
in some situations, we may wish to avoid a division in the power series ring. In these
situations, we can use the following result.

Proposition 3.2. If H = (F 1, . . . , FN , G) is a holomorphic map that sends a hy-

perquadric in H
2n+1
ℓ ⊂ C

n+1 into H
2N+1
ℓ′ ⊂ C

N+1 transversally. There exists a non-

vanishing real-valued function Q in a neighborhood of H2n+1
ℓ such that

ρ
H

2N+1

ℓ′

◦H = Qρ
H

2n+1

ℓ

(3.3)

Suppose that Q > 0 and A(H) is the CR Ahlfors derivative of H with respect to the stan-
dard pseudo-Hermitian structures of the sources and target. Then, in the holomorphic
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frame {Zα}, we have

Aαβ̄(H) = −2i

Q

N∑

k=1

ǫk(ZαF
k
w)(Zβ̄F

k
) +

4

Q2

N∑

j,k=1

ǫjǫkF
k
w(Zβ̄F

k
)F

j
w̄(ZαF

j)

+

(
iGww + 2

N∑

k=1

ǫk

(
F

k
F k
ww + 2|F k

w|2
))

hαβ̄ . (3.4)

Proof. We consider the vector field

ξ = 2i
∂

∂w
.

Applying ξ to both sides of the mapping equation yields

Gw − 2i

N∑

k=1

ǫkF
k
F k
w = ξ(Q)

(
w − w̄

2i
− |z|2ℓ

)
+Q. (3.5)

Applying ξ to both sides of the just obtained equation (3.5) and restricting to H
2n+1
ℓ ,

we obtain

4

N∑

k=1

ǫk|F k
w|2
∣∣∣∣
H

2n+1

ℓ

= ξ(Q) + ξ(Q)

∣∣∣∣
H

2n+1

ℓ

.

From these two formulas, we can apply the result of Lamel–Son (3.2) to obtain the
desired formula. Specifically, from (3.5), we have

Q
∣∣
H

2n+1

ℓ

= Gw − 2i
N∑

k=1

ǫkF
k
F k
w

∣∣∣∣
H

2n+1

ℓ

. (3.6)

Applying Zβ̄, which is tangent to H
2n+1
ℓ , to both sides of (3.6), we have the following

holds on H
2n+1
ℓ :

Zβ̄Q = −2i
N∑

k=1

ǫkF
k
wZβ̄F

k
. (3.7)

Applying Zα to (3.7), we have

ZαZβ̄Q = −2i

N∑

k=1

ǫk(ZαF
k
w)(Zβ̄F

k
)− 2i

N∑

k=1

ǫkF
k
wZαZβ̄F

k
.

But

ZαZβ̄F
k
= 2iǫβδ

β
αF

k
w̄ = 2ihαβ̄F

k
w̄,

and therefore,

ZαZβ̄Q = −2i

N∑

k=1

ǫk(ZαF
k
w)(Zβ̄F

k
) + 4

N∑

k=1

ǫk|F k
w|2hαβ̄.
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On the other hand, applying Zα to both sides of (3.6), we have

ZαQ = ZαGw − 2i

N∑

k=1

ǫkF
k
(ZαF

k
w). (3.8)

Applying Zβ̄ , we obtain

Zβ̄ZαQ = Zβ̄ZαGw − 2i
N∑

k=1

ǫk(Zβ̄F
k
)(ZαF

k
w)− 2i

N∑

k=1

ǫkF
k
(Zβ̄ZαF

k
w). (3.9)

Simplifying the right-hand side, we have

Zβ̄ZαQ = 2ihαβ̄

(
Gww − 2i

N∑

k=1

ǫkF
k
F k
ww

)
− 2i

N∑

k=1

ǫk(Zβ̄F
k
)(ZαF

k
w). (3.10)

Put u = logQ. Differentiating along Zα and applying the formula for the CR Ahlfors
tensor [27, Eq. (6.14)] (notice that the terms related to the Fefferman determinant
vanish), we have,

Aαβ̄(F ) =
1

2

(
uα,β̄ + uβ̄,α + (ξ + ξ)u

)

=
1

2Q

(
ZαZβ̄Q+ Zβ̄ZαQ

)
− 1

Q2
(ZαQ)

(
Zβ̄Q

)
+

1

2Q

(
ξQ+ ¯ξQ

)

= −2i

Q

N∑

k=1

ǫk(ZαF
k
w)(Zβ̄F

k
) +

4

Q2

N∑

j,k=1

ǫjǫkF
k
w(Zβ̄F

k
)F

j

w̄(ZαF
j)

+

(
iGww + 2

N∑

k=1

ǫk

(
F

k
F k
ww + 2|F k

w|2
))

hαβ̄ , (3.11)

holding along H
2n+1
ℓ . We complete the proof. �

The case Q < 0 is similar and left to the readers.
Formula (3.4) is useful when the map satisfies certain conditions. Specifically, if H

maps the origin to the origin and satisfies several normalization conditions, then the CR
Ahlfors tensor of F at the origin can be computed from the coefficients of the Taylor
series expansions of F up to second orders. For instance, if we assume that

∂G

∂w

∣∣∣∣
0

= 1,
∂F k

∂w

∣∣∣∣
0

=
∂2G

∂w2

∣∣∣∣
0

= 0, k = 1, 2, . . . , N, (3.12)

then (3.4), evaluated at the origin, gives

A(H)αβ̄

∣∣∣∣
0

= −2i
N∑

k=1

ǫk
∂2F k

∂w∂zα

∂F k

∂zβ

∣∣∣∣
0

. (3.13)

Hence, we obtain the following result, which was observed earlier by Lamel–Son for the
case of spheres.
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Corollary 3.3. Let H : U ⊂ H
2n+1
ℓ → H

2N+1
ℓ′ be a transversal CR map and p ∈ U .

Then

rk
(
Aαβ̄(H)|p

)
= rkH(p).

Proof. As proved in [24] for the case of ℓ > 0 and in [19] for the case of ℓ = 0, for each

point p, there are CR automorphisms ψ and γ such that γ(0) = p and H̃ := ψ−1 ◦H ◦ γ
has the following form: H̃ = (F k), where

F k =





zα + i
2aα(z)w +Owt(4) k = α ∈ {1, 2, . . . , n}

φ
(2)
l (z) +Owt(3), k = l ∈ {n+ 1, . . . , N}
w +Owt(5) k = N + 1

(3.14)

with

〈z̄, a(z)〉ℓ‖z‖2ℓ = ‖φ(2)(z)‖2τ .

Here τ = ℓ′−ℓ ≥ 0 is the signature difference. (In the case τ < 0, we should consider side
reversing maps, which is similar.) Moreover, a(z) = zA(p) for some Hermitian matrix
A. The rank of A is then an invariant of the spherically equivalent class of the map,
which is called the geometric rank of H at p. In this form, H̃ satisfies the normalization
conditions given in (3.12), with G = FN+1. Hence, plugging the form of H̃ from (3.14)
into (3.13), we easily obtain

A(H̃)αβ̄ =
∂aβ(z)

∂zα
.

The proof is complete. �

Using Corollary 3.3, we can state a version of Huang–Lu–Tang–Xiao theorem [24] for
the CR Ahlfors tensor, which will be crucial for the next section.

Corollary 3.4. Let U be a connected open neighborhood of a point p ∈ H
2n+1
ℓ and

H : U → C
N such that H(U ∩H

2n+1
ℓ ) ⊂ H

2N+1
ℓ′ . Then the following are equivalent

(1) H is CR transversal at p and A(H) = 0 in a neighborhood of p.
(2) H is CR transversal at p and the Hermitian part of the CR Ahlfors derivative

vanishes, A(H)αβ̄ = 0, in a neighborhood of p.

(3) There exists τ ∈ Aut(H2N+1) and γ ∈ Aut(H2n+1) such that

τ ◦H ◦ γ−1 = (z, φ, ψ,w) (3.15)

where φ and ψ are holomorphic maps near 0 with ℓ′ − ℓ and N − n − ℓ′ + ℓ
components, respectively, satisfying ‖φ‖ = ‖ψ‖.

It is immediate that (3) implies (1). In fact, for the map of the form (3.15), the
quotient Q is identically 1 and hence its CR Ahlfors derivative vanishes identically in a
neighborhood of p. That (1) implies (2) is trivial, and (2) implies (3) follows from the
main result of Huang–Lu–Tang–Xiao [24] together with Corollary 3.3.
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4. Winkelmann hypersurfaces

In this section, we discuss several basic properties of a Winkelmann hypersurface
which are directly related to the CR mapping problem. In particular, we deduce that
the CR Ahlfors derivative is an invariant of the equivalent classes of CR maps from a hy-
perquadric into a Winkelmann hypersurfaces as well as of CR maps from a Winkelmann
hypersurface into a hyperquadric of higher dimension,

For the Winkelmann hypersurface of signature ℓ′ in C
n′+2, it’s stability group at the

origin is spanned by the following automorphisms. They are obtained by integrating the
vector fields stated in Kruglikov [26], which vanish at 0,

H(z, ζ, w) = (λ2u1z1, . . . , λ
2un′−1zn′−1, λun′zn′ , λ3un′ζ, λ4w),

S(z, ζ, w) =
(
z′ + azn′ , zn′ , ζ + 2i〈ā, z′〉ℓ +

(
r + i‖a‖2ℓ′

)
zn′ , w

)
,

R(z, ζ, w) = (Uz′, zn′ , ζ, w),

where z = (z′, zn′) = (z1, . . . , zn′−1, zn′), λ > 0, |uk| = 1, r ∈ R, a ∈ C
n′−1, and

σIn′−1,ℓ′ = UIn′−1,ℓ′U
∗, σ ∈ {−1, 1}. The following proposition states properties of

the CR automorphisms of the Winkelmann hypersurface.

Proposition 4.1. Let W2n′+3
ℓ′ be a Winkelmann hypersurface and ψ is a CR automor-

phism. Then the following holds:

(1) ψ is a homothety of the pseudo-Hermitian structure θ
W

2n′+3

ℓ′

:= i∂̄ρ
W

2n′+3

ℓ′

, that

is
ψ∗θ

W
2n′+3

ℓ

= Cθ
W

2n′+3

ℓ′

,

for some constant C;
(2) ψ extends to an isometry of Ω with respect to the Kähler metric given by (1.2).

Proof. We can check these properties directly for each of the mapsH,S,R above. Details
are left to the readers. �

Proposition 4.1 implies that the CR automorphism group of the Winkelmann hyper-
surface is equal to the CR Möbius group with respect to the usual pseudo-Hermitian
structure: The CR automorphisms are homotheties. Here, a CR diffeomorphism of
pseudo-Hermitian manifold (M,θ) is CR Möbius if it preserves the traceless part of the
pseudo-Hermitian Ricci tensor and the pseudo-Hermitian torsion tensor. Equivalently,
it is CR Möbius if its CR Schwarzian derivative vanishes; see [32] for the details.

Part (i) in Proposition 4.1 exhibits a special property of the “standard” pseudo-
Hermitian structure θ

W
2n′+3

ℓ′

, namely, the homothety group coincides with the CR au-

tomorphism group. We point out, however, that this coincidence is in general stronger
than what are needed for the invariant property of the CR Ahlfors and Schwarzian tensor
with respect to compositions with CR automorphisms. Precisely, for such an invariance
property to hold, we need that the CR Möbius group coincides with the CR automor-
phism group and the last condition is satisfied also for other choices of pseudo-Hermitian
structures, the ones which are CR Möbius with respect to θ

W
2n′+3

ℓ′

. All such structures

can be explicitly determined as in the proposition below. Indeed, one can easily check
that θ

W
2n′+3

ℓ′

is pseudo-Einstein (the Webster Ricci tensor is a scalar multiple of the Levi
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metric) and has vanishing pseudo-Hermitian torsion. Thus, a pseudo-Hermitian struc-

ture θ on W2n′+3
ℓ′ is CR Möbius with respect to θ

W
2n′+3

ℓ′

if and only if θ is pseudo-Einstein

with vanishing pseudo-Hermitian torsion.

Proposition 4.2. Let θ = euθ
W

2n′+3

ℓ′

be a pseudo-Hermitian structure on W2n′+3
ℓ′ . Then

θ is pseudo-Einstein with vanishing pseudo-Hermitian torsion if and only if

u = log

∣∣∣∣∣c0 +
n′∑

k=1

ckzk + cn′+2w

∣∣∣∣∣ , (4.1)

for some constants c0, c1, . . . , cn′+2.

Proof. It follows from [32] that θ is pseudo-Einstein with vanishing pseudo-Hermitian
torsion if and only if the following equation satisfies

B(u) = 0

on W2n+3
ℓ . To solve this equation, we first consider the CR structure on C

n+1×R given
by the following vector fields

Zᾱ =
∂

∂z̄α
− i

∂ϕ

∂z̄α

∂

∂t
, α = 1, . . . , n′ + 1,

where

ϕ(z, ζ) =
zn′ ζ̄ − z̄n′ζ

2i
+ |zn′ |4 +

n′−1∑

k=1

ǫk|zk|2.

This is a Levi-nondegenerate CR structure. Let

θ =
1

2
(dt− iϕαdzα + iϕᾱdz̄α)

be a pseudo-Hermitian structure. Then the Reeb field is

T = 2
∂

∂t
,

and the Levi-form is

dθ = iϕαβ̄dzα ∧ dz̄β .
Thus,

hαβ̄ = −idθ(Zα, Zβ̄) = ϕαβ̄ .

We have

[Zβ̄ , Zα] = 2iϕαβ̄

∂

∂t
= i〈Zα, Zβ̄〉T.

Therefore, the Christoffel symbols of mixed type in the chosen CR frame are

Γγ
ᾱβ = 0.

The Christoffel symbols of pure type are

Γγ
βα = hγσ̄Zβhασ̄ =

{
−8iz̄n, (α, β, γ) = (n′, n′, n′ + 1),

0 otherwise.
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The Möbius equation is equivalent to the condition that u is CR pluriharmonic and

uα,β = 2uαuβ.

Locally, we can find a real-valued function v such that u+ iv is CR. We put G = e−u−iv.
Then G is also CR. By a direct calculation, we have

Gα,β = −GB(u)αβ = 0.

On the other hand, since G is CR and θ has vanishing pseudo-Hermitian torsion, we
have

G0,ᾱ = Gᾱ,0 = 0,

hence

G0,α = − i

n′ + 1

(
Gβ,

β
α −Gβ̄,

β̄
α

)
= − 1

n′ + 1
Gα,0.

Together with the commutation relation

G0,α = Gα,0 +Aα
β̄Gβ̄,

we assert that G0,α = 0. Hence, G0 must be a constant. Consider the function

K = G− 1

2
G0w,

where w = t+ iϕ. As G0 is a constant, by the chain rule, we can easily see that

∂K

∂t
= 0.

That is, K is a holomorphic function of z1, . . . , zn, ζ.
We can check directly that

w,αβ = ZβZαw − Γγ
βαZγw = 0.

Therefore,

K,αβ = G,αβ − 1

2
G0w,αβ = 0.

In particular, for (α, β) = (n, n), we have

0 = K,n′n′ =
∂2K

∂z2n′

− Γn′+1
n′n′

∂K

∂ζ
=
∂2K

∂z2n′

+ 8iz̄n′

∂K

∂ζ

Applying ∂/∂z̄n′ , we deduce that
∂K

∂ζ
= 0,

and hence

K,n′n′ =
∂2K

∂z2n′

= 0.

Thus, K is a holomorphic function of z1, . . . , zn′ and satisfies

∂2K

∂zαzβ
= K,αβ = 0.
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In other words, K is a linear function of z1, . . . , zn′ :

K =
n′∑

k=1

ckzk.

Thus

G = c0 + cn′+2w +

n′∑

k=1

ckzk, cn′+2 = G0/2,

and

u = log

∣∣∣∣∣c0 +
n′∑

k=1

ckzk + cn′+2(t+ iϕ(z, ζ))

∣∣∣∣∣ .

The pseudo-Einstein structure with vanishing torsion is of the form

θ̃ = euθ,

with u being of the form above.

Finally, on W2n′+3
ℓ′ , the solution to the Möbius equation is given by

u = log

∣∣∣∣∣c0 +
n′∑

k=1

ckzk + cn′+2w

∣∣∣∣∣ .

This completes the proof. �

Corollary 4.3. Let θ̂ = euθ
W

2n′+3

ℓ′

be a pseudo-Hermitian structure on W2n′+3
ℓ′ , where

u is given as in (4.1). Let φ be a CR automorphism of W2n′+3
ℓ′ . Then φ is Möbius with

respect to θ̂.

Remark 4.4. On a sphere or a hyperquadric, all pseudo-Hermitian structures which are
Möbius with respect to the standard structure θ

H
2n+1

ℓ

can be obtained by pulling back

θ
H

2n+1

ℓ

via a suitable CR automorphism. In other words, Aut(H2n+1
ℓ ) acts on the set of

pseudo-Hermitian structures via pulling back and the orbit of θ
H

2n+1

ℓ

coincides with the

set of pseudo-Hermitian structures which are Möbius with respect to θ
H

2n+1

ℓ

.

On a Winkelmann hypersurface, the situation is a bit different: The orbit of the

standard pseudo-Hermitian structure θ
W

2n′+3

ℓ′

under the action of Aut(W2n′+3
ℓ′ ) is a

proper subset of the set of pseudo-Hermitian structures which are Möbius with respect
to θ

W
2n′+3

ℓ′

.

Definition 4.1. Let H and H̃ be two CR maps from H
2n+1
ℓ into W2n′+3

ℓ′ . We say

that H and H̃ are equivalent if there exist CR automorphisms φ ∈ Aut(W2n′+3
ℓ′ ) and

γ ∈ Aut(H2n+1
ℓ ) such that

H̃ = φ ◦H ◦ γ−1. (4.2)
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In a similar way, we also define the equivalence for CR maps from a Winkelmann
hypersurface into a hyperquadric. Details are left to the readers.

We conclude this section by the following invariant property of the CR Ahlfors tensor
for CR maps from a hyperquadric into a Winkelmann hypersurface.

Proposition 4.5. If H and H̃ are equivalent CR transversal maps from a hyperquadric
into a Winkelmann hypersurface, then

A(H) = euA(H̃)

where, the CR Ahlfors derivative are taken with respect to standard pseudo-Hermitian

structures on H
2n+1
ℓ and W2n′+3

ℓ′ , and u is determined by γ∗θ = euθ.

A similar statement holds for transversal CR immersions from a Winkelmann hyper-
surface into hyperquadric; details are left to the readers.

5. CR maps from a hyperquadric into a Winkelmann hypersurface

Based on Corollary 3.4, we characterize extendability to a local isometry in terms of
the vanishing of the Hermitian part of the CR Ahlfors tensor. This is possible due to
the fact that the Winkelmann hypersurface can be embedded into a hyperquadric by a
CR map with vanishing CR Ahlfors derivative.

Theorem 5.1. Let U ⊂ H
2n+1
ℓ be an open subset and H : U → W2n′+3

ℓ′ . Let Aαβ̄(H)
be the Hermitian part of the CR Ahlfors tensor of H with respect to “standard” pseudo-
Hermitian structures of the source and target. Then Aαβ̄(H) = 0 on U if and only if H
extends to a local isometric embedding of the indefinite Kähler metrics.

Proof. We first observe that the Winkelmann hypersurface can be embedded into a
hyperquadric by a CR embedding with vanishing CR Ahlfors tensor. Specifically, the
quadratic holomorphic embedding Φ: Cn′+2 → C

n′+3 defined by

Φ(z1, . . . , zn′ , ζ, w) =

(
z1, . . . , zn′−1, z

2
n,
zn′ + iζ

2
,
zn′ − iζ

2
, w

)
,

sends W2n′+3
ℓ′ into H

2n′+5
ℓ′+1 ⊂ C

n′+3, transversally. Moreover, since

ρ
H

2n′+5

ℓ′+1

◦ Φ = ρ
W

2n′+3

ℓ′

,

we immediately see that A(Φ) = 0 .

Let H̃ = Φ ◦ H. Then H̃ is a smooth CR map sending H
2n+1
ℓ into H

2n′+5
ℓ′+1 . By the

chain rule [27],

A(H̃) = A(H) +H∗A(Φ) = 0.

Hence, by Corollary 3.4, H̃ extends to a local holomorphic isometric embedding of Un+1
ℓ

into UN+3
ℓ′+1 . Together with the explicit form of Φ, we can easily deduce that H extends

to a local holomorphic isometric embedding. This completes the proof. �
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6. Examples

In this section, we give various examples of CR maps from a hyperquadric into a
Winkelmann hypersurface. We point out that, similar to the hyperquadric case, there
are examples of CR maps from a hyperquadric into a Winkelmann hypersurface whose
geometric ranks vanish, but are not equivalent.

Example 6.1. We first observe that the map

(z1, . . . , zn, w) 7→ (z1, . . . , zn−1,
√
zn, 0, w),

has a singularity at the origin. Outside its singular locus, it sends H
2n+1
ℓ into W2n+3

ℓ+3 .
Since both the source and target are homogeneous, we can use their automorphism
groups to obtain the map

I(z1, z2, . . . , w) =
(
z1, . . . , zn−1,

√
1 + zn − 1, 4i

(√
1 + zn − 1− zn

)
w
)
, (6.1)

which is holomorphic at the origin and sends H2n+1
ℓ into W2n+3

ℓ+1 . Details are left to the
reader. This map is irrational in the standard coordinates. Moreover, it extends to a
local holomorphic isometric embedding from Un+1

ℓ into Ωn+2
ℓ+1 .

Example 6.2. For ǫ ∈ {−1, 1}, the quadratic map R : Cn+1 → C
n+2 defined by

R(z1, z2, . . . , zn, w)

= ((1 + ǫzn)z1, . . . , (1 + ǫzn)zn−1, zn, w(ǫ+ zn)− izn(1 + 2ǫzn), w(1 + ǫzn)) (6.2)

sends H
2n+1
ℓ into W2n+3

ℓ+1 . Along H
2n+1
ℓ , it is CR transversal precisely when zn 6= −ǫ.

Furthermore, it has full rank precisely when zn 6= −ǫ. Moreover, since

ρ
W

2n+3

ℓ+1

◦R = |ǫ+ zn|2ρH2n+1

ℓ

,

we see that R is a local isometric embedding of Un+1 \ {zn = −ǫ} into Ω+. Clearly,

A(R)αβ̄ = 〈i∂∂̄ log |ǫ+ zn|2, Zα ∧ Zβ̄〉 = 0,

i.e., R has vanishing geometric rank.

That I and R are not equivalent is immediate, since I is irrational while R and all
CR automorphisms of the source and target are rational in the standard coordinates.

Example 6.3. When n = 1, the map in the previous example specializes to

Rǫ(z, w) = (z, w(ǫ + z)− iz − 2iǫz2, w(1 + ǫz)). (6.3)

It is interesting to note that (6.3) defines a map from H3 into W5
1 for arbitrary real

value of ǫ. Thus, we obtain a 1-parameter family of quadratic maps. Moreover, it can
be checked that the Hermitian part of the CR Ahlfors tensor is

A(Rǫ)11̄ =
1− ǫ2

1 + |z|2 + 2ǫRe(z)
,

which vanishes identically if and only if ǫ ∈ {−1, 1}. Hence, for ǫ 6∈ {−1, 1}, the map Rǫ

does not extend to an isometry, even locally.
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It is worth mentioning that Rǫ is a sub-family of a 2-parameter family of rational
maps

Rǫ,µ(z, w) =

(
z

1− µw
,
−2iz2 + ǫw(1− µw) + z(−i+w + 3iµw)

(1− µw)2
,
w(1 + ǫz − 2µw)

(1− µw)2

)
,

which, for any real numbers ǫ and µ, sends H3 into W5
1 .

Example 6.4. The map

(z, w) 7→ (0, φ(z, w), 0),

where φ(z, w) is an arbitrary CR map in a neighborhood of the origin, sends a neighbor-
hood of the origin in H

3 into W5
1 . This map is nowhere CR transversal.

We conjecture that an arbitrary CR map from H
3 into W5

1 must be equivalent to one
of the maps appearing in this section.
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