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The thermal conductivity of water features a maximum (TCM) as a function of temperature
at constant pressure. By examining why molecular force fields succeed or fail to reproduce the
maximum and interpreting our results using the Bridgman equation, we show that water’s TCM
is connected with its compressibility minimum. Using Stillinger-Weber potentials for tetrahedral
liquids, we interpolate between the behaviour of simple liquids and highly tetrahedral materials
such as carbon. Together with two vanishing limits at low/high tetrahedrality, we identify three
regimes for the TCM: when it originates from either the compressibility minimum or density max-
imum, or both. Thus, the TCM exists in a “Goldilocks Zone” of tetrahedral order. We provide a
thermodynamic explanation for the TCM of not only water, but tetrahedral liquids in general.

At constant pressure the thermal conductivity (TC) of
liquid water increases with temperature until it reaches
a maximum at 404 K (10 bar) [1], then decreases upon
further heating until the boiling point is reached. In con-
trast, the TC of a simple liquid monotonically decreases
with increasing temperature primarily due to the cor-
responding decrease in density. Thus, water’s thermal
conductivity maximum (TCM) and subsequent decrease
upon cooling are anomalous properties. The tempera-
ture of the TCM increases with pressure; all natural and
industrial processes that occur at near-standard condi-
tions therefore correspond to the anomalous heat trans-
port regime of water. Despite its significance, the physi-
cal origin of water’s TCM remains an open question.

Theoretically predicting the TC of liquids from first-
principles is a challenging problem. In arguably the ear-
liest attempt (1923), Bridgman connected the TC of a
liquid to its isentropic speed of sound. He imagined liq-
uid molecules arranged in a cubic lattice, with the in-
ternal energy difference due to the temperature gradient
being “handed down a row of molecules at a rate de-
termined by the speed of sound” [2]. This was the first
in a family of quasi-lattice models that assume liquid
molecules oscillate about fixed points in a solid-like lat-
tice on the time scale of heat transport, and exchange
energy via nearest-neighbour collisions [3–7]. When the
characteristic frequency of energy exchange is identified
with the acoustic spectrum, these models give a TC of
the form λQL ∝ δ−2c, where δ is the average distance be-
tween molecules and c is the speed of sound [6, 7]. While
these models may give accurate predictions for specific
liquids at specific thermodynamic conditions, they can-
not in general predict the TC of liquids [3, 5, 6, 8, 9].
However, we will show that when used together with sim-
ulations, they provide insight into the origins of water’s
TCM.

We consider one of simplest quasi-lattice models: the
Bridgman equation empirically corrected for polyatomic
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molecules, λB = 2.8kBδ
−2cS , which using the thermody-

namic relations c2S = (ρβS)
−1 and βT /βS = CP /CV = γ,

can be written as

λB = 2.8kB

(
ργ3

M4β3
T

)1/6

(1)

where ρ, M , βT (βS) and γ are the density, molecular
mass, isothermal (isentropic) compressibility and adia-
batic index, respectively. CP and CV are the isobaric
and isochoric heat capacities, respectively. ρ(T ) and γ(T )
both increase monotonically in the temperature range
that the extrema in λB, cS , βS and βT occur. Thus, all
four extrema share the same phenomenological origin,
i.e., if one did not exist, then they all would not exist,
and the effect of ρ(T ) and γ(T ) is to shift the tempera-
ture Tex of the extrema. Thus, the Bridgman equation,
along with other quasi-lattice models, provide a possible
thermodynamic explanation for the TCM.
While Eq. 1 is surprisingly accurate for water (and

some other liquids) at near-standard conditions, it breaks
down at high temperatures [1, 10]. Furthermore, advanc-
ing our results below, the magnitude of the Bridgman
equation does not hold for molecular force fields of water
even at near-standard conditions: it underestimates the
TC by ∼10-40% (∼180% for mW) at 300 K. A popular
approach is to replace the factor of 2.8 with a fitted coeffi-
cient, resulting in accurate predictions for a wide array of
fluids, especially for monatomic and diatomic liquids [8].
The fitted coefficient is ∼ 1 for monatomic fluids and gen-
erally increases with molecular complexity [8]; for water
it is ∼ 3, and ∼ 1.8 at extreme conditions (1000-2000 K
and 1.0-1.9 g cm−3; up to 22 GPa) [8, 9]. This demon-
strates that the TC is highly correlated with the speed
of sound, and supports the use of the Bridgman equa-
tion to predict the position and existence of the TCM,
which do not change when scaling Eq. 1 by a constant.
Even so, while Eq. 1 reproduces the TCM, it is shifted by
Tmax(λB) − Tmax(λ) ∼ −70 K at near-atmospheric pres-
sure, and |Tmax(λB)−Tmax(λ)| increases with pressure [1].
The question remains: to what extent is the TCM

connected with the βT minimum? This hypothesis has
eluded investigation by simulation studies because it is
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difficult to build an accurate model of water that does
not reproduce the compressibility minimum, which re-
flects crucial aspects of the orientational correlations and
tetrahedral order in liquid water. Furthermore, owing to
the microscopic formulation of the heat flux [11–13] and
the presence of coupling effects [14, 15], it is still challeng-
ing to calculate TC from simulations, and the TCM has
seldom been reported. Advancing our discussion below,
we identify six water models that reproduce the TCM,
and crucially two that do not.

We perform extensive equilibrium and non-equilibrium
molecular dynamics simulations for a diversity of wa-
ter models: the rigid non-polarizable force fields
TIP3P [16], SPC [17], SPC/E [18], TIP4P/2005 [19]
and TIP5P [20]; the flexible, polarizable and reac-
tive force fields (ReaxFF), water-2017 [21] and CHON-
2017 weak [22]; and the highly coarse-grained monotonic
water “mW” model [23] together with related Stillinger-
Weber (SW) potentials [24]. For the rigid non-polarizable
force fields, a cutoff of 13 Å was used for the oxygen-
oxygen Lennard-Jones (LJ) potential, and tail correc-
tions [25] were not applied in order for the isotropic equi-
librium simulations to be fully consistent with the non-
isotropic NEMD simulations. The ReaxFF models use an
interaction cutoff of 10 Å, which is part of the force field
parameterization. All simulations were carried out us-
ing LAMMPS [26]. Thermodynamic response functions
were calculated with simulations in the NPT ensemble
using the fluctuation relations and the equation of state.
The TCs were calculated from boundary-driven non-
equilibrium molecular dynamics (NEMD) simulations us-
ing Fourier’s Law, Jq = −λ∇T , where Jq is the heat flux
and ∇T is the local temperature gradient. As demon-
strated in our previous work, the temperature gradients
∇T < 12 K nm−1 used in this work are well within the
linear regime. [27] We note that the computation of TC
via NEMD includes all possible coupling effects; in the
case polar fluids such as water this includes the coupling
between heat and polarization fluxes, which decreases the
TC [14, 15, 28].

We show in Fig. 1(a) the TC of the water models at
constant pressure, alongside the experimental values. We
target the 10 bar isobar since at 1 bar the TCM occurs
above the boiling point and experimental data for super-
heated water is not available. In our NEMD simulations
the pressure of the stationary state is given by the av-
erage pressure tensor component in the direction of the
heat flux. For the reactive force fields, TIP5P and the
mW/SW potentials, a single λ(P, T ) point is calculated
from each simulation, and the TC at 10 bar is calculated
by interpolating λ(P ) at a given T . For TIP4P/2005,
SPC/E, SPC and TIP3P, we use large NEMD simula-
tions to extract λ(T ) as a continuous function of tem-
perature, and therefore more accurately determine the
temperature Tmax(λ) of the TCM. These simulations cor-
respond to pressures within ±12 bar of 10 bar as detailed
in Table I; deviations of only ≲ 10−3 W K−1 m−1 from
λ(P/bar = 10) are expected due to the small difference

in pressure, which is smaller than the associated uncer-
tainty. Consistent with the growing body of work [27, 29–
44] demonstrating that empirical atomistic force fields
typically overestimate the TC by ∼10-50% at temper-
atures/pressures near 300 K and 1 bar, the atomistic
force fields reported here systematically overestimate λ
by ∼30-40% at near-standard conditions.

The TCM can been inferred for TIP4P/2005, SPC/E
and MCFM in previous NEMD simulation studies [39,
40], but quantitative estimates of Tmax(λ) were not re-
ported. Studies using the Green-Kubo (GK) method
have explicitly shown TCM at near-atmospheric pres-
sures (exact pressure conditions were not specified) for
TIP4P/2005 (Tmax(λ) ∼ 400 K), SPC/E (Tmax(λ) ∼
400 K) and TIP4P (Tmax(λ) ∼ 350 K). [43, 44] How-
ever, these studies report λ values as low as 0.2 W
K−1 m−1 at 240-250 K in the supercooled liquid state,
which is inconsistent with the 0.8-0.9 W K−1 m−1 from
other [45, 46] GK predictions using the same models.
Thus, to the best of our knowledge, we report the first
reliable quantitative predictions of Tmax(λ) using empir-
ical force fields. Recently, a machine-learned potential
trained at the quantum-mechanical DFT level with the
SCAN functional predicted the TCM only when cor-
rected for nuclear quantum effects (NQEs) [47].

SPC, SPC/E, TIP3P and TIP4P/2005 reproduce the
TCM and the correct order of extrema, Tmax(λ) >
Tmax(cS) > Tmin(βS) > Tmax(λB) > Tmin(βT ) > Tmax(ρ).
The two models, water-2017 and CHON-2017 weak, that
fail to reproduce the TCM also fail to reproduce the ex-
trema in the thermodynamic properties βT , βS , cS and
λB. These simulation results support the hypothesis that
the TCM arises from the compressibility minimum. How-
ever, TIP5P does reproduce the TCM but not the four
thermodynamic extrema, indicating other factors are at
play in giving rise to the TCM. We will show below that
investigating the behaviour of the TC in tetrahedral liq-
uids using the mW/SW potentials gives insight into the
behaviour of TIP5P.

The mW model underestimates the TC of water by
46% at 300 K, and is ∼60% lower than the atomistic force
fields. The TCM is also shifted to a lower temperature in
the order of extrema: Tmax(cS) > Tmin(βS) > Tmax(λB) >
Tmin(βT ) > Tmax(λ) > Tmax(ρ). Decompositions of the
microscopic heat flux in atomistic simulations show that
Coulomb interactions [48], rotational intermolecular en-
ergy transfer [29], and the heat flux carried by the hydro-
gen atoms [39] are major contributors to water’s TC. The
mW model lacks all these mechanisms of heat transfer,
explaining its lower TC.

The mW model is a paramaterization of the SW po-
tential for water. The SW potential has the form VSW =
V2 + ϕV3, where V2 and V3 are the potential energy con-
tributions of the two- and three-body terms, respectively.
V3 imposes an energetic penalty for deviations from the
tetrahedral angle cos θ = −1/3 (θ ≈ 109.5◦) between
triplets of particles. Increasing ϕ therefore increases the
degree of tetrahedral order of the liquid. By varying ϕ,
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TABLE I. The temperature Tex at which extrema in thermophysical properties occur as a function of temperature at constant
pressure P , as predicted by selected force fields. The temperatures of the density maximum Tmax(ρ), isothermal compressibility
minimum Tmin(βT ), isentropic compressibility minimum Tmin(βS), isentropic speed of sound maximum Tmax(cS), Bridgman ther-
mal conductivity maximum Tmax(λB), and thermal conductivity maximum Tmax(λ). The thermal conductivity λ and Bridgman
thermal conductivity λB at 300 K are also reported.

Force Field P λ (300 K) λB (300 K) Tmax(ρ) Tmin(βT ) Tmin(βS) Tmax(cS) Tmax(λB) Tmax(λ)

[bar] [W K−1 m−1] [W K−1 m−1] [K] [K] [K] [K] [K] [K]
TIP4P/2005 10 0.84(1) 0.588(2) 277(3) 309(11) 327(12) 332(15) 325(11) 369(13)

SPC/E 12 0.87(1) 0.598(2) 248(4) 261(17) 272(15) 280(13) 269(15) 361(14)
SPC 0 0.836(8) 0.562(2) 224(6) 250(10) 260(11) 270(12) 258(13) 352(15)

TIP3P 22 0.876(5) 0.551(2) 199(4) 238(9) 247(10) 254(12) 245(11) 343(18)
TIP5P 10 0.786(2) 0.544(7) 282(5) None None None None 305(8)

water-2017 10 0.839(8) 0.718(7) 204(8) None None None None None
CHON-2017 weak 10 0.82(1) 0.650(6) 255(6) None None None None None

mW 10 0.328(2) 0.9134(6) 251(1) 299(5) 305(5) 309(6) 304(6) 253(8)
Exp.a 10 0.610 0.602 277 320 337 347 334 404

a Experimental data are from, or calculated from, Refs. 1 & 10.

(a) (b)

(i)

(ii)

(iii)

(iv)

(i)

(ii)

(iii)

(iv)

FIG. 1. Thermophysical properties of (a) atomistic force fields of water and (b) SW potentials as a function of temperature
T at constant pressure: the (i) density ρ, (ii) isothermal compressibility βT , (iii) thermal conductivity λ, and (iv) Bridgman
thermal conductivity λB. Data corresponds to ∼10 bar (see Table I).
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we systematically investigate the effect of tetrahedrality
on the TCM. We show in Fig. 1(b) ρ, βT , λ and λB for
17 ≤ ϕ ≤ 27 at 10 bar. At constant pressure (10 bar),
the TC increases with ϕ due to the corresponding in-
crease in density. The behaviour of λB(T ;ϕ) mirrors that
of λ(T ;ϕ), justifying the interpretation with Eq. 1. We
show in Fig. 2 the temperature Tex of the TCM and other
extrema for the SW model. Tex features a maximum at
ϕ ∼ 24 for βT , βS , cS and λB, while Tmax(ρ) and Tmax(λ)

increase monotonically with ϕ.

Decreasing ϕ from the mW model (ϕ = 23.15) to
ϕ = 17 interpolates between the behaviour of water and
a simple liquid. First the density maximum is lost at
19 ≤ ϕ < 20, followed by the TCM together with the
extrema in βT , βS , cS and λB at 18 ≤ ϕ < 19, reaffirm-
ing the connection between the TCM and compressibility
minimum. Thus, the SW model transitions from tetrahe-
dral liquid behaviour at ϕ ∼ 20 to that of a simple fluid
at ϕ ∼ 18.

Analogously, increasing ϕ from the mW model to
ϕ = 27 interpolates between the behaviour of water
and that of highly tetrahedral materials such as carbon
(ϕ = 26.2 [49]). In this case, the extrema in βT , βS

and cS disappear at 25 < ϕ ≤ 26, before the TCM and
density maximum, which are lost at 26 < ϕ ≤ 27. For
25 ≲ ϕ ≲ 27 where there is no compressibility minimum,
the qualitative interpretation of the Bridgman equation
suggests the TCM arises from the density maximum
and the monotonically increasing βS(T ) shifts Tmax(λ)

to a lower temperature; consistent with this we observe
Tmax(λ) ≈ Tmax(ρ) for ϕ = 26. However, ϕ = 26 does
not feature a λB maximum, reflecting that while Eq. 1
is instructive, it does not reproduce the exact balance
between ρ(T ) and βT (T ) in determining the TC.

We note that at ϕ = 17, 18, 27 the thermal expansion
coefficient αP features a minimum with min(αP ) > 0.
For ϕ = 19 extrapolating αP to T = 0 gives αP > 0
for the entire temperature range. This implies that the
density maximum is not observed at lower temperatures
at these values of ϕ.

From the above analysis we identify five regimes for
the TCM of tetrahedral liquids: (1) the simple liquid
regime at ϕ ≲ 18 where all six extrema do not exist;
(2) the compressibility regime at 18 ≲ ϕ ≲ 20 where
the TCM arises solely from the βT (or equivalently βS)
minimum; (3) the mixed regime, 20 ≲ ϕ ≲ 25 where both
the density maximum and compressibility minimum can
contribute to the TCM; (4) the density regime at 25 ≲
ϕ ≲ 27 where the TCM arises solely from the density
maximum; and (5) the highly tetrahedral regime at ϕ ≳
27 where all six extrema do not exist.

The curvature κ of the TCM provides a measure of
its “intensity”, with κ = 0 corresponding to the loss of
the maximum. In Fig 3(a) we show the curvature of the
λ and λB maxima for the SW model as a function of
ϕ. κ was determined by fitting a cubic function to the
data close to the maximum. κλ increases from 0 in the
simple liquid regime, reaches a maximum in the mixed

FIG. 2. The temperature Tex at which extrema in thermo-
physical properties occur for the SW potentials at 10 bar.

regime at ϕ ∼ 23 corresponding to water, then decreases
before vanishing at highly tetrahedral values of ϕ. The
Bridgman equation reproduces this trend in curvature,
further supporting its ability to qualitatively describe the
TCM.

The mW model exists in the mixed regime due to
the shift in Tmax(λ) of ∼ −150 K compared to exper-
iment that places its TCM close to its density maxi-
mum, Tmax(λ) ∼ Tmax(ρ). This shift may be attributed
to the different heat transfer mechanism that is also
responsible for the mW model’s lower TC. However,
Tmax(λ) > Tmin(βS) ≳ Tmax(λB) ≳ Tmin(βT ) > Tmax(ρ)

for water and all the atomistic force fields that repro-
duce all the extrema, such that the λB maximum and
TCM originate solely from the compressibility minimum.
To further support the correlation between the λB and
λ maxima in this case, we show in Fig. 3(a) that the
curvatures, κλ and κλB

, of these maxima are correlated.
The exception to this is TIP5P, which features a max-
imum in λ but not λB; this is the same scenario as
ϕ = 26 for the SW model, for which the TCM is in the
density regime. One may similarly interpret the TIP5P
TCM as arising from the density maximum; indeed, with
Tmax(λ) −Tmax(ρ) = (23± 9) K, the TCM is closer to the
density maximum by ∼70-120 K than for the other atom-
istic force field, and by ∼ 100 K compared to experiment.

In conclusion, we present the the most accurate calcu-
lations of water’s TCM as predicted by selected molec-
ular force fields. By examining why models succeed or
fail to reproduce the TCM, and interpreting our results
using theoretical quasi-lattice models, namely the Bridg-
man equation, we show that water’s TCM is connected
to its compressibility minimum. The βT minimum has
been studied extensively, and microscopic explanations
have been proposed by now widely accepted two-state
models in which two structural motifs coexist in wa-
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(a)

(b)

FIG. 3. (a) Curvature κ of the thermal conductivity λ and
Bridgman thermal conductivity λB maxima as a function of
ϕ for the SW potential. (b) κλ vs. κλB for selected atomistic
force fields; κx is the curvature of x. The solid line shows
κλB = κλ.

ter: the low-density (enthalpy favoured through tetrahe-
dral H-bonding) and and high-density (entropy favoured)
states [50–55]. An increased concentration of tetrahedral
structures (increasing βT ) upon cooling competes with
effect of increasing density (decreasing βT ), leading to a
minimum. Thus, we additionally provide a microscopic
explanation for the TCM by connecting it with the βT

minimum.
Using SW potentials for tetrahedral liquids, we inves-

tigate the TCM as a function of tetrahedrality, interpo-
lating between the behaviour of simple liquids and highly
tetrahedral materials such as carbon. Together with the
two vanishing limits at low/high tetrahedrality, we iden-
tify three different regimes for the TCM: when it origi-
nates from either the compressibility minimum or density
maximum, or both. Our results indicate that the TCM
in real water exists in a “Goldilocks Zone” of tetrahedral
order. We show that the maximum “intensity” (i.e., cur-
vature) of the TCM, occurs at the tetrahedrality of liquid
water, suggesting that the TC of water has a maximally
anomalous temperature dependence compared to other
tetrahedral liquids. We provide a thermodynamic expla-
nation for the TCM of not only water, but tetrahedral
liquids in general.
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