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Abstract

We introduce a novel axiom of co-loss aversion for a preference relation over the space of acts,
represented by measurable functions on a suitable measurable space. This axiom means that the
decision maker, facing the sum of two acts, dislikes the situation where both acts realize as losses
simultaneously. Our main result is that, under strict monotonicity and continuity, the axiom of
co-loss aversion characterizes preference relations represented by a new class of functionals, which
we call the duet expectiles. A duet expectile involves two endogenous probability measures, and
it becomes a usual expectile, a statistical quantity popular in regression and risk measures,
when these two probability measures coincide. We discuss properties of duet expectiles and
connections with fundamental concepts including probabilistic sophistication, risk aversion, and
uncertainty aversion.
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1 Introduction

Fix a measurable space (2, F). Acts are bounded measurable functions defined on (€2, F),
representing monetary payoffs, and the space of acts is denoted by X. A decision maker has

a preference relation over X, which is a weak order =

~

(the associated > and ~ are as usual).
Constants in R are identified with constant functions in X.'

As the decision maker faces uncertain outcomes, she naturally distinguishes between win sce-
narios and loss scenarios, which are subsets of the sample space 2. Either the win or the loss

scenario may occur once the uncertainty is resolved.

Example 1. Suppose that an agent enters a bet on an event A by paying ¢ € (0,100) dollars. If
event A happens, she receives 100 dollars, and if A does not happen, she receives nothing. In this

case, the win scenario is A, and the loss scenario is the complement of A.

In the example above, the realization of the payoff is binary, making a win scenario and a loss
scenario obvious. In case the payoff takes multiple or infinitely many values, we can also specify a

win scenario and a loss scenario.

Example 2. Suppose that an agent has a random payoff, which pays her X dollars, where X can
take value in a given interval. Intuitively, a win scenario is that the realization of the lottery is very
large, and a loss scenario is the opposite. For example, a win scenario maybe {w € Q: X(w) > Y}
for some act Y and a loss scenario may be {w € Q : X(w) < Y'}. The choice of Y may be subjective,
but choosing Y = X has a concrete meaning, as the win scenario becomes the event in which the

“utility” of the agent improves upon revealing the state w.

Inspired by the above examples, we denote by

Lx={we: X(w)=< X}

for each act X, which we call the loss event of X. Realizations in Lx are precisely those that are
unfavorable for the decision maker compared to the original act X before uncertainty is resolved.
Here, loss is relative to the act X, and hence it should be understood as a mental loss, i.e., an
event in which X pays “less than it is worth”, and not necessarily a real monetary loss. Indeed, if

a unique certainty equivalent cx of X exists and 77 is increasing, then

Ly ={weQ: X(w) <ex}={we: X(w) <ecx},

"We consider outcomes as real numbers in our theory, but the discussions on loss events can be generalized to
more general space of outcomes as in the Anscombe and Aumann (1963) framework.



and hence the loss event is accounted, effectively, relative to the certainty equivalent.

We say that X,Y € X are co-losses if Lx = Ly. The interpretation is straightforward:
co-losses are pairs of acts whose outcomes are relatively bad in the same states of the world (con-
sequently, relatively good events also occur together). Our main axiom, co-loss aversion, prescribes

aversion to this type of structure when additive payoffs are considered, in the following form:
X and Y are co-losses and Y/ ~Y = X +Y' = X +Y. (1)

Co-loss aversion reflects the natural principle that pooling random payoffs together may reduce
the total risk associated with these payoffs by an effect of diversification (pioneered by Markowitz
(1952)), but not all forms of pooling are equally desirable. Pooling payoffs that incur in losses
simultaneously amplifies the severity of the loss scenario, making the adverse situation even more
dire than without pooling. An example of such a situation is the excessive use of leverage in a
financial market, the opposite of hedging. Such a pooling situation is considered dangerous in risk
management, and recognized by financial regulators in their regulatory documents (e.g., BCBS
(2019)). The axiom of co-loss aversion describes a decision principle against pooling risks whose
loss events occur together, given other things equal. Although Y’ ~ Y, the decision maker with an
existing payoff X prefers Y’/ over Y, because of the dependence between X and Y. Therefore, co-
loss aversion can be viewed as an attitude towards dependence. Attitudes towards dependence are
closely related to attitudes towards risk, as recently studied by Maccheroni et al. (2023); however,
dependence concepts studied there are defined by their joint distributions (thus objective), whereas
our concept is specific to the preference relation itself (thus subjective).

It turns out that (1) is enough to pin down a new form of representing functionals under
some extra mild conditions. Our main results, Theorems 1 and 2, yield that preference relations

satisfying (1) under strict monotonicity and continuity admit the following representation:
XY «— ExPQ(X) > ExPQ(Y) for some countably additive measures P and Q,

where

ExP?(X) := inf {3: ER: /(X —z)4dP < /(m — X)+dQ} .

The functional Ex?*? is closely related to expectiles introduced by Newey and Powell (1987)
and axiomatized by Ziegel (2016) in the risk measure literature; see Section 3.4 for details. For
this reason, we call the quantity Ex’ ’Q(X ) a duet expectile, noting that its definition is similar

to the expectiles but two measures are crucially involved. Remarkably, the measures P and () are



endogenous; in the case of an infinite 2 we assume in Theorem 2 the existence of a reference measure
P but its only role is to identify the class of sets with null measure and determine the notion of
strict monotonicity. The three axioms of co-loss aversion, strict monotonicity and continuity imply
a novel type of probabilistic sophistication, in which the numerical representation of preferences
depends on two measures P and (). A possible intuition is that the measure P is applied to win
states and measure () to loss states, where win and loss states depend on the act through its
certainty equivalent. In Theorem 3 we show that under an additional axiom of event independence,
used already in de Finetti (1931) to axiomatize subjective probability, it holds that @ = AP for
some A > 1, thus providing as a byproduct an axiomatization of the classic expectiles. In Theorem
4, we show that preferences represented by duet expectiles satisfy weak risk aversion under both
probability measures P and ). It turns out that strong risk aversion does not hold under either P
or (), but it holds in a joint sense, as shown in Proposition 2.

The paper is structured as follows. In Section 2 we introduce the main axioms, and Section
3 presents our main results on characterization. In Section 4 we discuss several related issues, in-
cluding probabilistic sophistication with multiple probabilities, notions of risk aversion, asymmetric
extensions of the mean, and duet expectiles as coherent risk measures. In Section 5 we present
many technical properties of duet expectiles. Section 6 concludes the paper. All proofs and some

counter-examples that clarify necessity of some assumptions are in the appendix.

2 Axioms

Let (€2, F) be a measurable space, and X be a set of measurable functions (called acts) on
(Q, F) equipped with a norm || - ||. Specifically, we will consider two cases: Either  is finite with
n elements, where we assume that n > 4, in which case X can be identified with R" with the
maximum norm, or € is infinite, in which case X = L*>°(Q2, F,P) is a set of all bounded acts under
some fixed reference atomless probability P endowed with the L°°-norm as usual. The assumption
n > 4 in the finite case is necessary for some proofs’ and harmless for the interpretation of our
results.

A preference relation is a weak order 7~ on X, with asymmetric part > and symmetric part
~. Constant acts in X are identified with real numbers when applying ~. The order > on R is
naturally extended to X in the point-wise sense. Events like {w € Q : X(w) < ¢} will be written as

{X < ¢} for simplicity. We start by introducing the following natural and simple axiom in the case

2Specifically, the main characterization result (Theorem 1) does not hold for n = 3, and Propositions 6 and 7 fail
when n = 2. All these will be explained with counter-examples in Appendix B.



that € is finite.
Axiom SM (Strict monotonicity). If X > Y and X # Y, then X > Y.

For the case of the atomless probability space (€2, F,P), Axiom SM requires some adjustments.
First, it should be clarified that the role of P is simply to determine the null sets of (2, F), and
we assume that P-almost surely equal objects are identical. Consequently, if XY € X satisfy
P(X =Y) =1, then it follows that X ~ Y. In this setting, Axiom SM is equivalent to requiring
tht P(X >Y)=1land P(X >Y) >0 imply X = Y.

Axiom SM is important for the proof of the main characterization result (Theorem 1). We will
give a counter-example in Appendix B.2 to illustrate that Theorem 1 does not hold if applying the
non-strict monotonicity, i.e., X > Y implies X > Y.

Another natural axiom is continuity, as outlined below. In this axiom, convergence is defined
with respect to the maximum norm when 2 is finite, and with the L°-norm in the context of an

atomless probability space.

Axiom C (Continuity). If X,, = Y,, for each n € Nand X,, > X and Y;, = Y, then X Z~ Y.

~

Axioms SM and C have a few immediate and well-known consequences summarized in the

following lemma.

Lemma 1. For a preference relation = on X, Azioms SM and C imply
(i) for each X € X, there exists a unique cx € R satisfying X ~ cx;
(ii) X =Y if and only if cx > cy.

We denote by cx € R the certainty equivalent of X as in Lemma 1. Recall the loss event of

an act X that has been proposed in Introduction:

Lx ={we: X(w) <X}

Lemma 1 illustrates that, under Axioms SM and C, the loss event can be reformulated as Lx =
{X < ¢x}, which is related to certainty equivalent.

Next, we revisit the main new axiom introduced earlier in this paper, which is called co-loss
aversion, as in (1). Two acts X and Y are co-losses if Lx = Ly. This property is equivalent to

{X <ex} ={Y <cy} if Axioms SM and C hold.

Axiom CA (Co-loss aversion). If X and Y are co-losses and Y/ ~ Y, then X +Y' = X +Y.



The motivation and interpretation for co-loss acts and co-loss aversion are discussed in the
Introduction. Remarkably, co-loss aversion is defined for a decision maker who is not necessar-
ily probabilistically sophisticated (Machina and Schmeidler (1992)); nevertheless, co-loss aversion
intuitively has some connections with the classic notion of risk aversion (Rothschild and Stiglitz
(1970)). This connection will be revealed later by our main results in Section 4.

A popular notion in the literature that models co-movement of acts is comonotonicity.® Re-
call that two acts X,Y on (Q,F) are comonotonic if (X (w) — X (w"))(Y(w) — Y(w')) > 0 for all
w,w’ € Q. The concept of co-losses also reflects co-movement, but it is conceptually different from
comonotonicity, as we illustrate by means of the following simple example. Indeed, being co-losses is

subjective based on a decision maker’s preferences, whereas comonotonicity is an objective property.

Example 3. Let Q = {1,2,3} and U : X — R be the certainty equivalent of a preference 7 that
satisfies Axioms SM and C. Define X, = 141} +e€l 9y for € € [0,1]. From Axioms SM and C it follows
that € — U(X,) is continuous and strictly increasing on [0,1] and 0 < U(Xy) < U(X;) < 1. As a
consequence, for €; small enough and ez large enough, it holds that ¢; < U(X,,) < U(X,,) < e€a.
Hence,

{X€1 < U(Xel)} = {273} and {XEQ < U(Xez)} = {3}7

which shows that X, and X, are not co-losses, while it is immediate to check that they are
comonotonic. Let now similarly Y. = 11y + €l g3y, for € € [0,1]. By the same argument, for e3 large

enough, it holds that U(Y,,) < €3, and hence, for any € > max(eg, €3)
{Xe <UX)} ={Ye <UYo)} = {3},

which shows that X, and Y, are co-losses, but they are not comonotonic. Notice that this example
is generic, since it does not require a specific preference relation but only the validity of Axioms

SM and C.

We collect below some further notation used in the rest of the paper. Denote by M =
M(, F) the set of all non-zero o-additive measures on (€2, F) and by M; = M;(Q,F) the set
of all probability measures. For A € F, 14 is the indicator of event A. For P € M, denote by
P = P/P(Q) € M;. For P,Q € M, P < Q and P = Q mean P(S) < Q(S) and P(S) = Q(S5)
for all S € F, respectively. The notation P ~ () means that P and @ are mutually absolutely

3Comonotonicity is a prominent concept in decision theory (Wakker (2010)), probability and statistics (Riischendorf
(2013)), and optimal transport (Galichon (2016)). In particular, it is the basis for the Choquet utility model of
Schmeidler (1989).



continuous. For P € M and X € X, we write EP[X] for the integral of X with respect to P. We

write [n] := {1,...,n} for n € N, x4 = max{z,0} and z_ = max{—=z, 0}.

3 Main results

3.1 Duet expectiles

Expectiles are a popular class of risk functions introduced in Newey and Powell (1987) as an

asymmetric generalization of the mean. For P € M, the expectile at level a € (0, 1) is defined as
Ex?(X) = inf {zeR: oBP[(X —2)4] < (1 — a)El[(x - X)), Xex (2)

If & =1/2, then the corresponding expectile is the mean under P. For P € M but not necessarily
in My, we also define Ex by (2), and clearly Ex? = Exf . For more details of the expectiles, see
Section 3.4.

For P,Q € M, we introduce the duet expectile Ex"Q : X — R, defined by

Ex"?(X) =inf {z e R: EF[(X —2)4] <E9[(z — X)4]}, XeX. (3)

If Q@ = AP for some A > 0, then the duet expectile Ex"? coincides with ExZ | where o = 1/(1 + \).
We also call Ex?*? the (P, Q)-duet expectile when it is necessary to explicitly emphasize the reliance
on P, € M. The inequality in (3) can be replaced by an equality since EX[(X —z), ] -E?[(z—X), ]

is continuously decreasing in = and crosses 0, and hence Ex"*?(X) is a solution of the equation
EP[(X —2)4] = E9(z — X)4]. (4)

The measures P and @ in the definition of duet expectiles do not need to be probability measures;

however, it is immediate to see that Ex??(X) = Exé5 ’Q(X ), where
ExPQ(X) = inf {a; eR:aEP[(X — 2),] < (1 — )EQ[(z — X)+]} , Xeux, (5)

and a = P(Q)/(P(Q) + Q()) € (0,1). Moreover, Proposition 7 in Section 5 shows that under
Axiom SM the above triplet (]3, Q, «) is the unique triplet (R, S, §) € M1 x Mj x(0,1) that satisfies
Ex"Q(X) = Ex[®(X) for all X € X.



3.2 Characterization in a finite space

We will first focus on the case of a finite sample space, and the case of a standard probability
space will be studied in Section 3.3. Let 2 = [n] with n > 4, F be the power set of 2, and X be
the set of all acts on (€2, F). The choice of the norm || - || on X does not matter in this setting, and
as anticipated for simplicity we will take it as the maximum norm. For a measure P € M, P > 0
means that P(7) > 0 for each i = 1,...,n.

We are now ready to present the first main characterization result of this paper.

Theorem 1. Let Q = [n] with n > 4. For a preference relation = on X, Azioms SM, C and CA
hold if and only if there exist P,Q € M with 0 < P < Q such that =~ is represented by Ex"9:

XY < ExPQ(X)>ExPYY).

As an equivalent formulation of Theorem 1, Axioms SM, C and CA hold if and only if there
exist P,@Q € M and « € (0,1/2] with 0 < aP < (1 — )@ such that

XrY — ExXDQX) >ExDQY).

A first remarkable point of Theorem 1 is that from a rather parsimonious set of axioms it
derives a novel form of probabilistic sophistication, based on two probability measures instead of
a single one. A second interesting point is that, as we will show in Theorem 4 of Section 4, the
condition P < @ (or equivalently the conditions o < 1/2 and aP < (1 — &)@ in the formulation
with probability measures) is equivalent to a weak form of risk aversion with respect to P and @

If we flip the preference in Axiom CA by requiring that X and Y being co-losses implies
X+Y 3 X+Y for Y ~ Y (this will be called co-loss seeking), then, by the same proofs, an
analog of Theorem 1 gives rise to a characterization of Ex"*% with P > Q > 0 or, equivalently, of
ExD@ with o € [1/2,1) and aP > (1 — @)Q > 0 in the formulation where P and @ are probability
measures.

The proof of Theorem 1 is quite technical and reported in Appendix A. We can briefly sum-
marize its general structure as follows. First, we show in Lemma 2 that Axioms SM, C and CA
imply that 7~ has a numerical representation U that is translation invariant, positively homoge-
neous, concave and additive for co-losses (for definitions of these properties, see Lemma 2). Then
we show that for each S € F there exist Ps,Qgs € M such that for each X satisfying U(X) = 0
and {X > 0} = S it holds that EFS[X,] = E?S[X_]. Finally, and this is the most difficult step in



which Axiom C plays a crucial role, we show that Ps and Qg can be chosen independently of S,

leading to the thesis of Theorem 1 and the axiomatization of duet expectiles.

3.3 Characterization in a standard probability space

In this subsection we focus on a standard probability space (€2, F,P), which is a special case
of atomless probability spaces and it meas that there exists a uniform random variable V on (0, 1)
such that o(V) = F, where (V) is the o-algebra generated by V. The assumption of standard
probability space is not inherently necessary for the characterization theorem, but it is required
within the context of our current proof techniques.

To derive the main characterization result in a standard probability space, we introduce an

extra axiom as follows, which holds trivially if € is finite.

Axiom WMC (Weak monotone continuity). If m € R and {A,}neny with A7 O A3 D ... and
MNhen An = (), then there exists ng € N such that mla, + ]lA%o = 0.

Axiom WMUC is a weaker version of monotone continuity, where the latter was introduced by
Arrow (1970) to obtain a Subjective Expected Utility representation that utilizes a o-additive
subjective probability measure. Specifically, let m and {A,}neny be defined in Axiom WMC.
Monotone continuity implies that if X, Y € X and X > Y, then there exists ng € N such that

mly, + X1 Ag, > Y. It is not hard to see that monotone continuity, when letting X =1-Y =1

nQ
and considering a preference relation satisfying 1 > 0, naturally leads to Axiom WMC. Monotone
continuity has been instrumental in restricting the set of priors in multiple priors models to o-
additive measures, as evidenced in the works of Chateauneuf et al. (2005) for a-maximin expected
utility preferences, Maccheroni et al. (2006) for variational preferences, and Strzalecki (2011) for

multiplier preferences.

Below we present our main characterization result in this subsection.

Theorem 2. Let (Q, F,P) be a standard probability space. For a preference relation 7 on X,
Azioms SM, C, WMC and CA hold if and only if there exist P,Q € M with P < Q and P~ Q X P

such that = is represented by ExD9.

Theorem 2 can be restated using probabilities. On a standard probability space, Axioms SM,
C, WMC and CA hold if and only if there exist P,Q € M; and « € (0,1/2] with aP < (1 — o)Q
and P X Q X P such that = is represented by Ex?®(X).



3.4 The classic expectiles

The duet expectile obtained in Theorem 2 involves two measures. If we further assume proba-
bilistic sophistication under P (that is, all identically distributed acts are equally preferable), then
the characterization in Theorem 2 leads to the classic expectile in (2) with the objective proba-
bility measure P. Probabilistic sophistication is usually formulated through subjective probability

measures (Machina and Schmeidler (1992)), and it will be further discussed in Section 4.1.

Proposition 1. Let (2, F,P) be a standard probability space. For a preference relation 7, on X,
probabilistic sophistication and Axioms SM, C and CA hold if and only if there exists a € (0,1/2]

- P
such that 7~ is represented by Ex,,.

Next, without assuming probabilistic sophistication under an objective probability measure,
we introduce an additional axiom, which helps to pin down the classic expectile with a subjective

measure.
Axiom EI (Event independence). For all A, B,C € F disjoint, 14 Z 1p = 1 auc 7 1Buc-

Axiom EI is the key property used by de Finetti (1931) to rationalize subjective probability.
This axiom means that if an event A is seen as more likely (or favorable) than another event B,
then adding a disjoint event C' to both does not change the preference between the two events.
Axiom EI alone does not imply probabilistic sophistication, but together with the other axioms in

our framework, it is sufficient for pinning down preferences based on the classic expectiles.

Theorem 3. Let (0, F,P) be a standard probability space. For a preference relation - on X,
Azioms SM, C, WMC, CA and EI hold if and only if there exist P € My and a € (0,1/2] with

P X P such that 7 is represented by ExE .

Being a special case of the duet expectiles, classic expectiles are widely studied in the statistical
literature and the risk measure literature. First, expectiles are an asymmetric generalization of the
mean, that corresponds to the case « = 1/2, which was the original motivation of Newey and Powell
(1987). Second, they belong to the class of so-called coherent risk measures (Artzner et al. (1999)).
For further properties of expectiles we refer e.g., to Bellini et al. (2014, 2017). Third, expecitles are
a class of elicitable functionals. Elicitability of a statistical functional means that it can be defined
as the minimizer of a suitable expected loss, and it is useful in statistics and machine learning; see
Gneiting (2011) and Frongillo and Kash (2021). Expectiles admit a well-known axiomatic charac-
terization established by Ziegel (2016) as the only coherent risk measures that are elicitable. As

10



a consequence of elicitability, expectiles satisfy also the following property, called convex level sets

(CxLS) by Delbaen et al. (2016):
ExE(X) = Ex(Y) = Ex[(X1a4 +Y14) =Ex(X),

whenever X, Y and 14 are independent. The CxLS property expresses convexity of the level sets
with respect to mixtures and is strictly related to the betweenness axiom introduced in Chew (1989)
and Dekel (1986) as a possible weakening of the independence axiom of the Von Neumann and Mor-
genstern expected utility theory. As it has been shown in Delbaen et al. (2016) the CxLS property
also axiomatizes expectiles among coherent risk measures under probabilistic sophistication.

Our Proposition 1 shows that, assuming probabilistic sophistication and other standard prop-

erties, expectiles can be characterized through the property
UX+Y')>UX+Y), (6)

where U is the unique certainty equivalent of -, and X,Y are co-losses satisfying U(Y') = U(Y).
As shown by Bellini et al. (2021), Ex)(X +Y) = Ex)(X) + ExE(Y) if X and Y are co-losses,
and hence (6) corresponds to superadditivity. A related result holds for the standard risk measure
in financial regulation, the Expected Shortfall (ES, also known as CVaR), in the sense that the
class of ES is also characterized by (6) where X,Y are concentrated risks satistying U(Y') = U(Y);
see Wang and Zitikis (2021) and Han et al. (2024) for precise definitions and results. The notion

of concentrated risks, similar to comonotonicity, is objective (specified by their joint distribution),

whereas our concept of co-loss aversion is specific to the preference relation itself.

4 Discussions

4.1 Probabilistic sophistication with multiple probabilities

The definition of duet expectiles with probability measures as in (5) leads to the simple fact
that a duet expectile is a scenario-based risk functional in the sense of Wang and Ziegel (2021).
For a collection of probability measures Q C My, we write X gg Y to indicate that X and Y are
identically distributed under each P € Q. A Q-based risk functional is a mapping p: X — R such
that p(X) = p(Y) whenever X gg Y'; we will also use this term for the corresponding preference
relation. When Q = {P}, such a functional is called law-based (under P) in the literature. It is

clear that Ex2? is a (P, Q)-based risk functional. Therefore, Theorems 1 and 2 are the first results

11



in the literature that give rise to an axiomatic characterization of a Q-based risk functional for a
non-singleton ©. Moreover, keeping in mind that the role played by P is purely instrumental to the
formulation of Axiom SM, we have that P and @ are endogenous; i.e., they correspond to subjective
probabilities of the decision maker.

The above observation inspires a generalized notion of probabilistic sophistication. For n € N,
we say that a preference 7 is n-probabilistically sophisticated if there exists a set Q of cardinality n
such that X ~ Y whenever X gg Y (thus, it is Q-based). Note that the case of n = 1 is the notion of
probabilistic sophistication defined by Machina and Schmeidler (1992). Intuitively, n-probabilistic
sophistication means that the decision maker has a collection of n subjective probabilities that
jointly determine her choices over acts. With this terminology, from Theorems 1 and 2 it follows
that Axioms SM, C, WMC (on a standard probability space), and CA together imply 2-probabilistic
sophistication.

Classic models of subjective probability, such as those of de Finetti (1931) and Savage (1954),
yield preferences satisfying 1-probabilistic sophistication, i.e., the existence of a probability that gov-
erns decisions. Many popular models of preferences under ambiguity, such as the maxmin expected
utility model of Gilboa and Schmeidler (1989), the smooth ambiguity model of Klibanoff et al.
(2005), and the variational preferences of Maccheroni et al. (2006), involve a set of probabilities,
called the ambiguity set. These preferences are n-probabilistically sophisticated if the ambiguity
set has n elements. The axioms for these models do not identify the cardinality of the ambiguity
set, in sharp contrast to Theorem 1. As far as we are aware, Theorem 1 is the first result that yields
n-probabilistic sophistication for some fixed n > 2.

In the context of investment decisions in a complete financial market, 2-probabilistic sophis-
tication also appears naturally. In such a setting, an expected-utility decision maker’s preferences
over acts, representing here terminal asset payoffs, are determined by a (possibly subjective) “real-
world” probability P, and a “risk-neutral” probability () induced by the market prices. Using the
above formulation, the decision maker is indifferent between two assets that have the same distri-
bution under P (implying the same expected utility) and the same distribution under @ (implying

the same price); thus 2-probabilistic sophistication holds.

4.2 Risk aversion and convexity

We first recall the notion of strong risk aversion of Rothschild and Stiglitz (1970). For a
probability P, a P-based preference or its numerical representation is strongly risk averse under P

if it is monotone with respect to second order stochastic dominance under P; that is, for X,Y € X,

12



X >P Y implies X 5 Y, where X >F, Y means that EF[u(X)] > EF[u(Y)] for all increasing and
concave utility functions u: R — R such that both expectation exist.

The preference relation represented by Ex? for a € (0,1/2] is strongly risk averse.” Assume
Axioms SM and C for 7 that is law-based under P. By Proposition 1, co-loss aversion implies risk
aversion (o < 1/2), and conversely, co-loss seeking implies risk seeking (o > 1/2).° Therefore, the
concept of co-loss aversion is intimately connected to risk aversion for risk preferences.

Since the duet expectile preferences are 2-probabilistically sophisticated, the traditional notions
of risk aversion are not applicable. Nevertheless, in Theorem 4 below we show that duet expectile
preferences are uncertainty averse and weakly risk averse in a natural sense.

We say that a preference relation 77 is weakly risk averse (resp. weakly risk seeking) under a
probability measure P if EF[X] > X (resp. EP[X] 2 X) for all X € X.

We say that a preference relation =~ is uncertainty averse (resp. uncertainty seeking) or simply
convex (resp. concave) if X ~ Y implies AX + (1 — \)Y = X (resp. X ~ Y implies X 7 A\X +
(I = XN)Y) for all A € [0,1]. In the context of decision making under ambiguity, this property
has been introduced by Gilboa and Schmeidler (1989) and is fundamental in other decision models
such as that of Maccheroni et al. (2006); see also the related discussions of Epstein (1999) and
Ghirardato and Marinacci (2002) on ambiguity aversion defined differently. Note that convexity of
a preference relation is equivalent to the quasi-concavity of its numerical representation, which is
again equivalent to concavity under translation invariance (see e.g. Cerreia-Vioglio et al. (2011)).

Based on Theorem 1 for finite €2 or Theorem 2 for infinite €2, the following result shows that

Axioms SM, C and CA imply both weak risk aversion under P and @ and convexity.

Theorem 4. Suppose that >~ is represented by Ex"Q for some P,Q € M and Aziom SM holds.

The following are equivalent:

(i) 7 is weakly risk averse under 15;
(ii) 77 is weakly risk averse under Q;
(iii) - is convex;

(iv) P <Q.

Remark 1. In Theorem 4, weak risk aversion and uncertainty aversion can be replaced by weak risk

seeking and uncertainty seeking, respectively, if P < @ is replaced by P > @, following the same

1See e.g., Theorem 5 of Bellini et al. (2018).
®Moreover, ExZ is convex if and only if a € [1/2,1), and it is concave if and only if o € (0,1/2]. In Section 5 we
will see that a similar statement holds for Ex™.
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proof. Moreover, the implications from (iv) to (i), (ii) and (iii) hold on a general space without
Axiom SM, while Axiom SM is necessary for the converse—inferring (iv) from any of (i), (ii), or

(iii) (see Appendix B.5 for the detailed explanation).

In contrast to weak risk aversion in Theorem 4, the preference 7~ represented by duet expectile
Ex"? does not necessarily satisfy strong risk aversion under either P or @ In fact, strong risk
aversion under P would imply that =~ is law-based under 15, which Ex€? does not satisfy unless
P = Q (see Proposition 1).

Although strong risk aversion does not hold under either P or @), a special form of joint
strong risk aversion holds. We say that a preference relation - is strongly risk averse jointly under

(P,R)e M}if X >L YV and X >,V imply X Z Y.

Proposition 2. Suppose that >~ is represented by ExD? for some P,Q € M satisfying P < Q and
P # Q. Then, = is strongly risk averse jointly under (P,(Q — P)/(Q(Q) — P(Q))).

Jointly strongly risk averse preference is a robust preference in the sense of Dentcheva and Ruszczynski
(2010). For a set of probability measures Q, Dentcheva and Ruszczyriski (2010) introduced a type
of risk aversion characterized by the condition that X Zid Y for all P € Q implies X 2~ Y, which is
named as Q-risk aversion in our context. Dentcheva and Ruszczyriski (2010) focused on stochastic
optimization problems where the constraint follows the principle of Q-risk aversion. Clearly, Q-risk
aversion is equivalent to joint strong risk aversion when @ is composed of two elements. Therefore,
Proposition 2 illustrates that Theorems 1 and 2 together imply { P, R}-risk aversion, where P, R are
two endogenous measures.

A natural question arises as to whether Ex"@ satisfies joint strong risk aversion under (ﬁ, @)

We find that it does not, and a counter-example is provided in Appendix B.3.

4.3 Asymmetric versions of the expectation

It is well known that the mean can be written as the minimizer of a squared loss function, i.e.

for P € My and any square integrable act X under P,

EP[X] = argerﬂréin EP[(X — z)?.

The classic expectiles have been originally introduced in the statistical literature by Newey and Powell

(1987) as minimizers of an asymmetric squared loss function, that is

ExP(X) = argerﬂréin aEP[(X — 2)2] + aEP[(X — 2)2].
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A further step leads to the notion of generalized quantiles or M-quantiles, defined by

Up1.do = arg;gin{alﬁp[m«)f — 7)) + aE g2 (X — 2)-)]},

where ¢1,¢2: [0,00) — [0,00) are convex loss functions satisfying ¢1(0) = 0, ¢2(0) = 0. See e.g.,
Bellini et al. (2014) for a discussion of generalized quantiles as risk measures. We will show in
Proposition 5 of Section 5 that duet expectiles are also a very natural asymmetric generalization of

the mean and can be written as minimizers by

ExP?(X) e argIgR}in{EP[(X — )] +E9[(X —2)2]}, X €X.

Further, we show in Proposition 5 that under Axiom SM the minimizer is unique.

4.4 Duet expectiles as coherent risk measures

To use duet expectiles as risk measures, we should consider Ex’” ’Q(L) where L represents a
loss. With this sign convention, P is now used in the computation of expected losses, and @ is
used in the computation of expected gains. Therefore, the roles of P and () are switched, and we
assume P > (@ instead of P < @) as in Theorem 1. For P > @, Ex?? is a coherent risk measure in

the sense of Artzner et al. (1999). The acceptance set of Ex@ is given by
A={LeXx :EV[L}]<E@[L_]}.
As an immediate corollary of Proposition 8 it follows that the dual representation of Ex/® is

d dR
ExPQ(L) = sup EF[L], where R = {R € My : ess- sup dR < ess -inf —}
RER dP d@

where dR/dP and dR/dQ are the Radon-Nikodym derivatives, and ess-supp and ess-infg are the
essential supremum under P and essential infimum under @, respectively. This can also be seen as
a special case of variational preferences of Maccheroni et al. (2006) with a linear utility. Note that,
with P > @Q and P ~ @, it is clear that ﬁ, @ € R, and this dual representation directly implies
ExPQ(L) > max{Eﬁ [L],E@ [L]}. Flipping the sign, this gives the weak risk aversion statements in
Theorem 4 under P < @, that is, (iv) = (i) and (ii) in Theorem 4.
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5 Properties of duet expectiles

In this section, we study the technical properties of duet expectiles, and they will be useful in
the proofs of our main results in Section 3 and discussions in Section 4.

We first state several standard properties. For these properties, we do not assume P, to
satisfy any additional conditions. Let (€2, F) be a measurable space. Denote by X the set of all
bounded acts on (€2, F) and || - || is the usual maximum norm. This setting is more general than the
two cases specified in the beginning of Section 2, and for now we do not need a reference probability
measure P.

For P € M, let || - |¥ be the L' norm under P, i.e., | X|| = EF[|X]], applied to X € X.
Denote by PV @ the maximum of two measures P and (), namely the smallest element R in M

satisfying R > P and R > . Similarly, P A () is the minimum of P and Q.
Proposition 3. Let P,QQ € M. The duet expectile has the following properties.

(i) ExPQ is monotone, i.e., ExPQ(Y) > ExP?(X) whenever Y > X.
(is) ExPQ is translation invariant, i.e., ExP9(X 4+ ¢) = ExP9(X) + ¢ forc € R and X € X.
(1) ExQ is positively homogeneous, i.e., ExP"@(AX) = AExP?(X) for A >0 and X € X.
(iv) ExP(X) = —Ex@F(=X) for all X € X.
(v) ExP? is continuous in the following senses: for all X,Y € X,
(a) [Ex"C(X) — Ex"C(Y)| < | X — Y.
(b) If (P A Q)(Q) # 0, then

X -vy|ive

ExPQ(x) — ExPQ(yy < X =YL

BxP9(x) W< o

Remark 2. If P and @ are not mutually singular, then by Proposition 3 (iv), Ex"? is Lipschitz
continuous with respect to || - ||, || - HfVQ and || - ||+ - H? The Lipschitz coefficient in point (b) of

Proposition 3 (iv) is generally sharp. For instance, in the special case of Exf , by setting P € M

and a@ = (1 — )P, point (b) yields

11—« «a
B (0) - B < (22 12 ) X - v

which gives the known Lipschitz coefficient for the classic expectile Exf in Bellini et al. (2014,

Theorem 10).
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Strict monotonicity (Axiom SM) will be important for the properties we study below.’ For
these properties, we recall two cases of X' in Section 2. That is, §2 is finite, in which case X can be
identified with R™ for n > 3,7 or Q is infinite, in which case X = L°°(£2, F,P) is a set of all bounded
acts under some fixed reference atomless probability P. We say briefly that SM holds if Axiom SM
holds for the preference represented by Ex?. First, we give a simple equivalent condition on P

and @ for SM to hold.

Proposition 4. For P,Q € M, SM holds if and only if P,Q > 0 in case ) is finite, or P~ Q ~ P

in case ) is infinite.

Newey and Powell (1987) introduced the classic expectiles motivated by asymmetric least

squares as a generalization of ordinary least squares:

ExD(X) = ar:gc;glgin{aEP[(X —2)2]+ (1 - a)EP[(z — X)2]}, X € X.

In a similar fashion, we show below that the duet expectile for P, ) € M is a solution of the “duet

asymmetric squared loss minimization”, that is the problem:

min EP[(X - 2)3] + E(z - X)3]. (™)

The set of minimizers of (7) is a nonempty closed interval, and if the minimizer is unique then it is

exactly ExPQ(X).

Proposition 5. Let P,Q € M. For X € X, EXP’Q(X) is a minimizer of (7). If SM holds, then

the minimizer of (7) is unique.
Next, we aim to investigate concavity and convexity of Ex"@.

Proposition 6. For P,Q € M, assume that SM holds. The duet expectile Ex™ is concave if and
only if P < Q.

Remark 3. Sufficiency of Proposition 6 always holds on a general space. Theorem 4 and Proposition
6 lead to the following equivalent conditions under SM: (i) Ex©@ < EP (resp. ExPQ > EP ); (ii)
ExPQ < EQ (resp. Ex@ > Eé); (iii) ExP@ is concave (resp. convex); (iv) P < Q (resp. P > Q).

The duet expectile Ex”? does not uniquely determine P,Q € M. For instance, Ex/*%¢ =

Ex*AQ for any A > 0. An alternative way to parametrize duet expectiles is to use probability

SWe will explain with counter-examples in Appendix B.5 that Propositions 6 and 7 fail to hold without SM.
"For n = 2, there are counter-examples, reported in Appendix B.4.
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measures S, R € M; and an extra parameter o € (0,1) such that Ex"? = Ex5® where
Ex0B(X) =inf{z e R: aE°[(X — z),] — (1 — )ER[(X —z)_]}.

For P,Q € M, let o = P(9)/(P(Q) + Q()). The next result states that (P,Q,) is the unique
triplet (S, R, ) € M x Mj x (0,1) such that Ex"Q(X) = Exg’R(X) for all X € X.

Proposition 7. Let P,Q € M and suppose that SM holds. The representation Ex"Q = Exg’R for
S,Re M and a € (0,1) is uniquely given by S = P, R=Q and o = P(Q)/(P(Q) + Q(Q)).

The final result in this section is a dual representation of duet expectiles as a worst-case

expectation.

Proposition 8. Let P,QQ € M and assume that SM holds. If P < @, then the following dual
representation holds: for each X € X,

ExPQ(X) = }%Iel%ER[X], with R = {R € My : ess sup j_g < ess;inf j_ﬁ} '

6 Conclusion

The concept of co-loss aversion is proposed, and the class of duet expectiles is introduced.
Our main results, Theorems 1 and 2, state that, under strict monotonicity and continuity, the
axiom of co-loss aversion characterizes preference relations represented by duet expectiles. A duet
expectile involves two endogenous probability measures, and it becomes a usual expectile under an
additional axiom of event-independence (Theorem 3). The characterization of duet expectiles leads
to new notions of probabilistic sophistication and risk aversion for multiple probability measures
(Theorem 4). Duet expectiles have many convenient technical properties, and in particular it is
a coherent risk measure in the sense of Artzner et al. (1999). The study of duet expectiles gives
rise to new mathematical techniques, identifying and handling more than one probability measure.

Applications of duet expectiles in decision making, finance, and optimization require future study.
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A  Proofs

Below we present the proofs of all results in the paper.

A.1 Proofs of results in Section 2

Proof of Lemma 1. (i) Suppose that € is finite. Let m, M € R be such that m < inf,cq X (w) and
M > sup,cq X (w). Clearly, m < X < M, and hence M > X > m by Axiom SM. By Axiom C
and the fact that 77 is total, there exists cx € [m, M| such that cx ~ X. Axiom SM then gives the
uniqueness of c¢x. For an atomless probability space, we can share a similar proof to the case that
2 is finite by substituting inf,cq X (w) and sup,cq X (w) for the essential infimum and essential
supremum of X, respectively.

(ii) The if part follows directly from Axiom SM. The only if part follows from the uniqueness

of ¢x and cy in (i). O

In all proofs we will use the mapping U: X — R to represent the certainty equivalent under
= ie., U(X) := ex for all X € X, which is uniquely defined by Lemma 1. The following properties
of U are immediate: U(m) = m for all m € R, and X > Y implies U(X) > U(Y) for all X,Y € X.
A.2 Proofs of results in Section 3

A.2.1 Theorem 1

We first give some properties of the certainty equivalent U, which are useful in the proofs of

Theorems 1 and 2.

Lemma 2. Assume that  is finite or (Q, F,P) is a standard probability space. Azioms SM, C and
CA imply the following properties of U :

(i) Internality: If Q = [n], U(X) € (min X, max X) for all nonconstant X € X; If (Q,F,P)
is a standard probability space, then U(X) € (ess-infp X, ess-supp X) for all nondegenerate
X e X, i.e., ess-infp X < ess-supp X;

(ii) Translation invariance: U(X +m) =U(X) +m for all X € X and m € R;
(111) Lipschitz continuity with respect to || - ||: |[U(X) —U(Y)| < || X =Y| for all X,Y € X;
() Superadditivity: U(X +Y) > U(X)+U(Y) for all X,Y € X;

(v) Co-loss additivity: If {X <U(X)} ={Y <UX)}, then UX +Y)=U(X)+U(Y);
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(vi) Positive homogeneity: U(AX) = AU(X) for all X € X and X > 0.

Proof. We only consider the case that (Q, F,P) is a standard probability space as the other case is
similar to verify.

(i) This result follows immediately from Axiom SM and the fact that U(m) = m for all m € R.

(ii) The case that X is a degenerate act is trivial. Let us consider a nondegenerate act. By
Axiom CA, we have U(X +m) > U({U(X) +m) = U(X) +m for all X € X and m € R as
X ~U(X), and U(X)1g and mlg are co-losses. On the other hand, let X € X be a nondegenerate
act. Denote by A = {X < U(X)}, and define Y, = ml 4 + (m + €)1 g4 with € > 0. It follows from
(i) that {Y. < U(Y.)} = A. Hence, using Axiom CA, we have

UX+Y)<UUX)+Y.), Ve>0.

Let € — 0, and the above inequality yields U(X + m) < U(X) + m where we have used Axiom C.
Hence, we have concluded that U(X +m) = U(X) +m for all X € X and m € R.

(iii) By Axiom SM and noting that U satisfies translation invariance in (ii), the result follows
immediately from Lemma 4.3 of Féllmer and Schied (2016).

(iv) The case that Y is degenerate has been verified in (ii). For any nondegenerate Y € X,
denote by A ={Y < U(Y)}, and define X, = €l g4c, € > 0. It follows from (i) that {X. < U(X,)} =
A. Let X = X, —U(X,) and X' = Z—U(Z) for an arbitrary X € X. It follows from the translation
invariance in (ii) that U(X) = U(X’) = 0. Also note that {X < U(X)} ={X. - U(X,) <0} = A4,

which implies that X, Y are co-losses. Using Axiom CA, we have

UX.—UX)+Y)=UX+Y)<UX +Y)=U(Z-U(Z)+Y), Ve> 0.

This, combining with the translation invariance in (ii), is equivalent to

UX+Y)4+UZ)-U(Xe) <U(Z4+Y), Ve>D0.

It is easy to see that || X¢|| — 0. Hence, we have U(X,) —» 0 and U(X.+Y) - U(Y) as e — 0 by
applying (iii). Also noting that Z and Y are arbitrarily chosen, we complete the proof of (iv).

(v) Using Axiom CA and the translation invariance in (ii), we have U(X+Y) < U(U(X')+Y) =
UX)+U®Y) for X ~ X’ and {X < U(X)} = {Y < U(Y)}. Combining the superadditivity in
(iv), we have U(X +Y) =U(X) + U(Y) for all X,Y € X satisfying {X < U(X)} ={Y <U(Y)}.

(vi) Note that {X < U(X)} ={X < U(X)}. It follows from (v) that U(2X) = 2U(X). Thus,
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we have {X < U(X)} = {2X < U(2X)}, and using (v) again, it holds that U(3X) = 3U(X).
Applying the above arguments iteratively, we have U(AX) = A\U(X) for all rational A > 0. Let now
A > 0 be any real number. There exists a sequence of rational {\,} such that A\, > 0 and \,, — A.
Since || A X — AX|| < [An — A - || X]| = 0 as n — oo, we have U(\,X) — U(AX) by applying (iii).
On the other hand, U\, X) = A\, U(X) — AU(X), and hence, we have U(AX) = AU(X). This
completes the proof. O

Proof of Theorem 1. We first prove sufficiency. Axiom SM is followed from Proposition 4. Axiom
C is followed from Proposition 3 (iii). Let us now consider Axiom CA. For X; ~ X3 ~ X3 ~ 0, we

have Ex”?(X;) = 0 for i = 1, 2,3, which implies
EX[(X:)4] = E9[(X:)-], i=1,2,3.

Suppose that S := {X; < 0} = {Xs < 0}. Tt holds that EX[X;1¢] = E?[X;1 5] for i = 1,2. Noting
that {X; + X2 < 0} = S, we have

E”[(X1 + X2)4] — E9[(X1 + X3)_] = EP[(X1 + X2)1g] — E9[(X1 + X5)1 ]

= (EP[X115] — E9[X 1)) + (EF[Xy15] — EQ[X51ge]) = 0.

Hence, we have Ex"@ (X1 + X35) = 0. By Proposition 6 and noting that duet expectile is positively

homogeneous, 0 < P < @ implies that Ex” '@ is superadditive. Therefore, we conclude that
0=ExPQ(X; + Xy) = ExPQ(X)) + ExPQ(X3) < ExPO(X) + X3).

This implies X7 + X3 7~ X7 + X2. Note that duet expectile is translation invariant. Hence, Axiom
CA holds, and we complete the proof of sufficiency.

Next, we focus on necessity. Suppose that Axioms SM, C and CA hold. It suffices to verify
that there exist P,(Q € M such that 0 < P < @ and the certainty equivalent has the form
U = ExQ. We arrive at this in the following three steps. First, we aim to show that for S € F,
there exist Ps, Qg € M such that for any X € X satisfying {X > 0} =S and U(X) = 0, we have
EPs[X,] = E?S[X_]. The most important tools in this step are shown in Lemma 2. Second, we
will show that there exist P,Q € M, independent of S € F, such that EX[X,] = E?[X_] for all
X € X with U(X) = 0. In this step, we only use the result of (iii) in Lemma 2, that is Lipschitz
continuity of U. Third, using Lemma 2 again and combining with Propositions 4 and 6, we will

conclude that U = ExP? with 0 < P < Q.
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Step 1: Let S € F. Define Xs ={X e X : U(X) =0, {X >0} = S}. We aim to show that
there exist Pg, Qg € M such that

EPs[X,] = E9¥S[X_], VX € As. (8)

Using Axiom SM, one can easily check that Xo = {0} and Xy = (). Therefore, (8) holds for any
Ps,Qs € M when S=Qor S =0.

Suppose now S € F \ {Q,0}. Denote by ag = U(lg), and it follows from Lemma 2 (i) that
as € (0,1). Define two sets as Xg = {X € X : 0 < maxX < min X/ag} and Xg = {X € X :
max X/(1 — ag) < min X < 0}. Further, define ¢g : X&' — R and g : X5 — R as follows:

¢s(X) :=U(X1g), X € XJ (9)
and
Ys(X) =U(X1ge), X € Xg. (10)

We will first show that there exist Pg, Qs € M such that Ps(i)Qs(j) > 0 and Ps(j) = Qs(i) =0
for i € S and j € S¢, and ¢g = EPS and g = E¥S, and then verify that Pg, Qg are two feasible
measures satisfying (8).

Let us first consider the mapping ¢g : X;f — R. Note that X;f is nonempty as ag € (0,1).
Obviously, X; is closed under additivity, i.e., X +Y € X; if X,V e X;, and ¢g(m) = mag for

all m > 0 by Lemma 2 (vi). For any X € X;, we have
0<U(X1g) <U((max X)1g) = ¢s(max X) = (max X)ag < min X,
where the first and the second steps follow from Axiom SM. This implies
{X1s < U(X1g)} = S° VX € X, (11)
Combining (11) and Lemma 2 (v), we have

ps(X +Y)=U(X1s+Y1ls) =U(X1s)+U(Y1ls) = ¢s(X) + ¢s(Y), VX,Y € X,
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This means that ¢g : X ; — R is additive. Then, we extend ¢g to X by defining
ngbg(X) = ¢s(X +mx) —mxag withmx =inf{m: X +me XJ}, XeAXx.

We assert that

o~

¢s(X) = ¢s(X +m) —mag for any m > 0 such that X +m € XJ. (12)
To see this, for m > 0 such that X +m € Xg’,

¢s5(X +m) —mag = ¢p5(X + mx + m —mx) — mag = ¢s(X +mx) + ¢ps(m —mx) — mag

= ¢S(X +mx) + (m — mx)as —mag = (Zﬁs(X +mx) —mxag = ggs(X),

where the second equality follows from the additivity of ¢g. For any X,Y € X, it holds that

X+Y+mx+my eX ; as X gf is closed under additivity. Hence,

~

(X +Y)=0¢s(X +Y +mx +my) — (mx + my)ag

~

= ¢s(X +mx) + ¢s(Y +my) — (mx +my)as = ds(X) + ds(Y),

where the second equality follows from the additivity of ¢g. Hence, we conclude that 53 X =R
is additive. Note that ¢g : X; — R is monotone as U is monotone. By the representation of ggg
in (12) and noting that m can be large enough, we have that ggg is monotone. Hence, there exists

Ps € M such that ¢g(X) = EFS[X] for X € X. This implies
¢s(X) =U(X1g) = EP[X], VX € AJ.

It remains to show that Pg(7) > 0 and Ps(j) =0for i € S and j € S°. Define X € X as X = 1+ag
on S and X = 2ag on S°. Since ag € (0,1), we have X € XJ. Let ¢ > 0 (small enough) be such
that 1+ as + € < (2as — €)/as. Define YV; = X + el fori € S and Z; = X — elyy, for i € S°.
Obviously, we have Y;, Z; € X;f for : € S and j € S€. It holds that

¢s5(Y;) = EPS[Y)] = EPS[X] + ePs(i) = ¢5(X) + €Ps(i). i € S.

Note that Y;jlg — X1g = ell(;; and recall the definition of ¢g in (9). It follows from strict mono-
tonicity that ¢g(Y;) > ¢s(X) for i € S. Hence, we have Pg(i) > 0 for i € S. On the other
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hand,
¢s(Z;) =E"5[Z;] = EPS[X] — ePs(j) = ¢s(X) — ePs(j). j € S

Since Z;j1g = X1g, we have ¢5(Z;) = ¢5(X), which implies Pg(j) = 0 for j € S°.
Now, we consider the mapping 1 : X5 — R defined by (10). The analysis is similar to the case
¢s : X§ — R, and hence, we provide a brief proof here. Noting that U(Lg—1) = U(Llg)—1=as—1

by applying the translation invariance, we have
Ys(m)=U(m(l —1g)) =U(—m)(1lg—1)) = (—m)U(1lg —1) = (1 —ag)m, m <0,
where the third equality follows from Lemma 2 (vi). For any X € X, we have
0>U(X1ge) > U((min X)(1 —1g)) = ¢(min X) = (1 — ag) min X > max X,
where the first step and the second steps follow from Axiom SM. This implies
{X1ge <U(X1ge)} =5 VX € Xy (13)

One can check that (13) implies the additivity of ) on Xy by using Lemma 2 (v). Next, we extend
g to X' by defining

QZS(X) = ¢s(X —mx) +mxas withmy =inf{m: X —me Xy}, XecX.

By the similar arguments in the case ¢g : X; — R, one can check that 12)\5 is monotonic and

additive. Hence, there exists Qs € M such that 125 = E%s and this implies
Ys(X) =U(X1ge) = E¥S[X], VX € Xg.

Similarly, we can verify that Qg(i) > 0 and Qg(j) =0 for : € S and j € S.
We are now ready to verify (8). For any X € Xg, we have U(X) =0 and {X > 0} = S. There
exist n > 0 such that X —n € Xy and X +n € X;. It is easy to see that

S¢={X <UX)} = {-nlse +nls < U(-nlge +nls)}. (14)
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Using (11) and (13), we have
[(X = n)Lse < U((X = )Lge)} = {(X +n)Ls < U((X +)1g)} = S (15)
Therefore,

UX)+U(—nlge +nlg) =U(X —nlge +nlg)
=U((X = n)lge + (X +n)ls) = U((X —n)lge) + U((X + n)Ls)
= ¥s(X —n) + ds(X +n) = E9[X — 1] + E'S[X + 1
= E9S[X] + E™[X] + n(Ps(Q) — Qs(Q))

= —E95[X_] + E[X,] + n(Ps(Q) — Qs()), (16)

where we have used (v) of Lemma 2 in the first and third equality by applying (14) and (15),
respectively, and the last step holds because Ps and Qg satisfies Ps(i)Qs(j) > 0 and Ps(j) =
Qs(i) =0 for i € S and j € S¢. Noting that {—nlge < U(—nlgc)} = {nls < U(nlg)} = S, we

have
U(=nlge +nls) = U(—nlge) + U(nls) = ¥s(=n) + ds(n) = n(Ps(Q) — Qs(R2)).  (17)
Substituting (17) into (16) and noting that U[X] = 0, we conclude that
EPs[X,] =E9[X_], VX € Xs.

This completes Step 1.
Step 2: In this step, we aim to construct P,Q € M such that

EP[X,]=EP[X_], VX € X with U(X) = 0.
Recall the result in Step 1:
EPS[X,] = E95[X_], VX € &, (18)

where Xg = {X € X : U(X) =0, {X >0} = S} and Ps(i)Qgs(j) > 0 for i € S and j € S°. For
i,j € {1,...,n} with ¢ # j, define 1; ; > 0 as the solution of the following function (with respect to
z): U(lyy — xly;) = 0. Indeed, applying (18) and noting that {1;, — 2l > 0} = Q\ {j}, we
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have 7;; = Poy (3 (1)/Qon 53 (7). For S € F,i € S, j € 5¢ and € € (0, Ps(i)/Qs(5¢)), define
Xg7i7j = 1{7«} - fS,Z,j(E)ﬂ{]} - E]].Sc,

where fg;;: Ry — R is a function such that U(X§, ;) = 0. Indeed, we have fg; ;(e) = (Ps(i) —
€Qs(59))/Qs(j) > 0 which implies X§, ; € Xg. Note that U is strictly monotone. We have that
fsij:(0,Ps(i)/Qgs(S°)) — R is strictly decreasing. By (iii) in Lemma 2, we have

0= lim U(X§,;)=U <]l{i} - <51§51+ fs,z',j(e)) ]l{j}> :

Combining the above equation and Axiom SM, we have lim¢ o4 fs; i(€) = 7 ;.
Denote by §; = {S € F: 1€ S} and Sf = F \ S1. Without loss of generality, we assume that
P4(1) =1 and Qp(1) =1 for all A € S; and B € SY, respectively. Define P,Q € M as

P(Z) = P{z} (Z) and Q(Z) = QQ\{Z} (Z), 1= 2, Loy n.

We will show that Pg(i) = P(i) for all S € Sf, i € S and Qg(i) = Q(i) for all S € &1, i € S¢. To
see this, let € > 0 be small enough. For S € §f and ¢ € 5, we have Xg,, € X and sz.} i1 € Xy

Hence,

0= EPS[(XE‘,i,l)Jr] - EQS[(Xg’,i,l)—] = Ps(i) — fs,1(€)Qs(1) — eQs(S°)
= Ps(i) - fS,i,l(e) - 6@5(56) — Ps(i) — 17,1 as € — 0.

On the other hand,

0=E 0 [(XGy,1)+] —ECO[(X{.0)-] = Py () = Frapin(€)Qpiy (1) — eQay(2\ {i})
= Py (i) = friyia(e) — eQuay (Q\ {i}) — Py (i) —min as e — 0.

Hence, we have concluded that Ps(i) = Pp; (i) = P(i) for all S € §f, i € S. For S € §; and i € S°,
we have X§, ; € Xg and sz\{z.} 15 € Xo\(i3- It holds that

0=E"[(X§1,)+] —E?S[(X§1:)-] = Ps(1) = fs1,i(€)Qs(i) — eQs(5°)
=1- f571,i(6)QS(Z‘) — EQS(SC) —1- T]l,iQs(Z') as e — 0
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and

0 = EPNGO[(XG: 53.1.0)+] — E9ND[(XG g3y.14)-] = Porgiy (1) = faniy.1,6(0)Qan iy () — €Qan g3y (0)

=1— fo\(i},1:(60)Qa\ iy (1) — €Qan iy (1) = 1 —m1,iQa\ (53 (1) as € — 0.

These imply Qs(i) = Qq\ i3 (1) = Q(4) for all S € Sy, i € 5S¢
Next, we focus on the cases that P4 and Qg for A € §; and B € S7. Define

P(i) = Py (i) and Qi) = Qa\ 1.1 (4).

We will show that Pg(i) = P(i) for S € S, i € S and Qg(i) = Q@) for S € S, 1 € ¢ For
S € & and i € S, assume that there exists j ¢ S (otherwise, S = Q). We have X§, ; € Xy and

Xfl,i}vivj € X(1,4). Hence,

0=E[(X§, ;)+] —E9[(X§5:,)-] = Ps(i) — fs,,;(€)Qs(j) — eQs(S°)
= Ps(i) — fs,i,j(€)Q(j) — eQ(S°) = Ps(i) — 1i;Q(j) ase—0

and

0=E s (XG4 — EQ1.0) [(X{1 5] = Py () = fay,ig(€)Quiy (7) — eQuua (2\ {1,4})
= P (i) — f{l,i},i,j(E)Q(j) —eQ(Q\ {1,i}) — Py (i) —ni;Q(j) ase—0.

We conclude that Ps(i) = Py ;(i) = P(i) for S € 8, i € S. Similarly, for S € 8§ and i € S¢, assume

that there exists j € S (otherwise, S = )). We have X§ ;. € Xs and X € Xo\{1,i- It holds

\{1,i},4,5
that
0 =E[(X§,.)+] — E9S[(X§,.)-] = Ps(j) — fs,5i()Qs(i) — eQs(S°)
= P(j) — f5,5,i(€)Qs(i) — eQs(S) = P(j) —1;iQs(i) ase—0
and

0 = EPa [(XG ) o)) — E9NOD (X 114y 45) -]
= Po\(1,3 () — fav{1,i1.5:(6)Qav1,iy (1) — €Qan g1,y ({1, 1))
= P(j) - fQ\{1,i},j,i(€)QQ\{1,i} (i) — EQQ\{I,i}({lvi}) — P(j) — nj,iQQ\{u}(i) as € — 0.

30



Hence, we have Qg(i) = @(z) for § € S7, i € S°. Below we summarize the observations that we

find.
(a) Pa(l)=1and Qp(1l) =1forall A€ S; and B € 5.

(b) Pg(i) = P(i) for all S € 8§, i € S and Qg(i) = Q(7) for all S € Sy, i € S¢. Moreover, in this
case, P(1) and Q(1) can be chosen any value.

(c) Ps(i) = P(i) for S € §1, 1€ S and Qg(i) = Q(i) for S € Sf, i € S¢. Moreover, in this case,
P(1) = Q(1) = 1 by the assumption in (a).

For i,7 > 2 and i # j, we have Xfl i € X1,y and Xfi}ij € Xy;y- Note that {1,i} € S and
{i} € §§. We have

0=E"a [(X{1 5+ — EQ i} [(X{1,5)-] = Py () = fay,ii(€)Qquiy (7) — eQuua (2\ {1,4})
= P(i) = f11,05(0)Q(7) — eQ(Q\ {L,d}) = P(i) = 01,Q(j) as e~ 0

and

0 =E 0 [(XGy,)+] —ECO (X501 = Py () = frayag(0Qqi (4) — eQpay (2\ {i})
= P(i) = fii.0,(0)Q()) — eQ(Q\ {i}) = P(i) — 0 ;Q(j) as e — 0.

Combining above two equations, we have P(i) — n:,; Q) = P(i) — nmé(j) =0 for all 4,j > 2 and
1 # j, which means that

ol
LN

PG) QW) sy
po) Quy I ERIT

o)
O

Noting that n > 4, we conclude that there exists A > 0 such that P(i)/P(i) = Q(i)/Q(i) = X for
all i > 2. Now, setting P(1) = A, we assert that EX[X ] = E@[X_] for all X € X with U(X) = 0.
To see this, suppose that X € Xg for some S € F. If § € S1, we have Eﬁ[XJ,_:I —E9[X_] =0 by
applying (b) and (c). Since

EP[X,] - EQ[X_] = A(EP[X,] - EQ[X_]) = 0,

we have EF[X ] = EQ [X_] for X € Xg with § € ;. If S € Sf, then it follows directly from (b)
and (c) that EP[X,] = EQ [X_]. Therefore, we complete the proof of Step 2.
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Step 3: Up to now, we have concluded that there exist P,Q) € M such that
EP[X,]=EP[X_], VX € X with U(X) = 0.
The translation invariance implies
EP[(X —2),] = E9[(X —x)_], VX € X with U(X) = =.

This means that U = Ex”*%. Note that U is strictly monotone. It follows from Proposition 4 that
P@Q > 0. By (vi) and (iv) of Lemma 2, we know that U is concave, which implies P < @ by

applying Proposition 6. Hence, we complete the proof. O

A.2.2 Theorem 2

We next present the proof of Theorem 2. In this subsection, equalities and inequalities between
acts are in the P-almost surely sense. We first introduce some notation that will be used in the
proof.

Denote by U the set of all acts V' with uniform distribution on (0,1), i.e., P(V < z) = x for
x € [0,1]. Denote by gx the quantile function of X € X under P, i.e., ¢gx(a) =inf{zx € R: P(X <
x) > a} for a € (0,1]. Also write gx(0) = inf{x € R: P(X < z) > 0}. Since the probability space
is standard, there exists Vy € U such that o(Vy) = F. Define

0 1 1 2 ok — 1 2k
\I/k:{<2_k’2_k‘:|’<2_k’2—k:|”< 2k‘ ’2_k:|}’ kEN
as the partition of (0, 1] into segments of equal length 27k For V e l,

Iy =Vt (v,), keN

is a partition of Q in F such that P(E) = 1/2F for all E € II}. By setting F} = o(Il}) =
V=1 (o (¥y)) for all k € N, we have a filtration {f,y}keN in F. As usual, 7y, = o(Upen 7 )- Note
that the o-algebra o(|J,cy k) is the Borel o-algebra B (0,1) on (0,1) because | J; oYk is countable
and separates the points of (0,1) (see, e.g., Theorem 3.3 of Mackey (1957)). Then, in the special
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case that V =V, we have

F=0) =V, (B(0,1) =V (a <ka>> =0 <V0_1 (U%)) =0 (U%‘1 M))
keN keN neN
=0 (UH,ZO) =0 (UkaO> = FY. (19)

keN keN
Proof of Theorem 2. Sufficiency for Axioms SM, C and CA is similar to the proof of sufficiency of
Theorem 1, and we omit them here. Below we will verify Axiom WMC. Let m € R, {A,, }nen with
A; D Ay D ... and ,eyAn = 0. The case of m > 1 is trivial, and we assume that m < 1. By

standard calculation and noting that P, Q) € M are o-additive, we have

P(AS) +mQ(Ay)

PIAS) T O(A) —1 as n — oo.

Ex"Q(mlya, +1ac) =

Hence, for large enough n we have Ex9(ml4, + 14c) > 0 = Ex?(0), and this yields Axiom
WMC.

Let us now focus on necessity. We will demonstrate this in three steps. The first step is to
show that for V' € U there exist PV,Q" € M such that U(X) = EXPV’QV(X) for all X € &y :=
Uken LOO(Q,]-"V,]P’). Wew will apply Theorem 1 in this step. The second step is to verify that
PV = P and PV = Q with some P,Q € M for all V € U, ensuring that U(X) = ExP?(X) for all
X € Uyey Av- In the last step, we will establish that such representation can be extended to X,
where the continuity property in Proposition 3 will be used.

Step 1: For V € U, note that the certainty equivalent U confined to LOO(Q,]:X ,IP) satisfies
Axioms SM, C and CA. By Theorem 1, there exist equivalent measures P,y and QX on ]:X such

that the certainty equivalent of = is as follows:
U =Ex 9 on L°(Q, 7Y, P). (20)

Without loss of generality we can impose Ply () =1 for each k € N. By the uniqueness result in
Proposition 7, P,y and QZ are uniquely determined with P,y < ka, and QX(Q) > P,g/ (Q)=1is
a constant for all k € N. Denote by Y} = dP,y/d]P’]F;/ and Z} = dQ‘k//d]P’\FIy, where ]P’\FX is the
restriction of IP on ]-",y . By the same uniqueness result, PY = PZV and Q}gf = Q}/ for £ > k on .7-",3 .
Therefore, the sequences {Y}Y }ren and {Z) }ren are both martingales. Next, we aim to show that
{VY Yken and {Z) }ren are both uniformly integrable. We assume by contradiction that there exists

€0 > 0 and {k, }nen such that E[Z,i/n]l{zly >n}) = €o for all n € N. Denote by A, = UQH{ZXZ > (}
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for n € N. Obviously, {Aj, }nen is a decreasing sequence. It holds that

P(A,) =P || J{zh =03 | <P <sup Zy, > n> < ElZ,) _9A® —0 asn—o0, (21

>n tzn " "
where the last inequality follows from Ville’s inequality. Denote by B, = A, \ ﬂzz” Ay. Notice
that {A,, }ren is a decreasing sequence. It is not hard to see that { B, },en is a decreasing sequence
and (,ey Bn = 0. Further, let m = 1/¢g + 1 and D, = {Z/X1 > n}. Applying (21), we have
P(,en An) = 0, and hence, —mlp, +1pge = —ml 4, +14c P-a.s. for all n € N, which implies that
they are equal under 2. Moreover, it follows from Axiom SM and D,, C A, that —mlp, + 1pc =
—m 4, + 1 4¢. Therefore, for all n € N

U(—mlp, + 1pg) = U(—mla, + 1a¢) <U(—mlp, + 1pg)
PY (D) —mQY (D
= EXP&’Q"“/"(—m]an +1pe) = k?;/( ) Cg/kn( n)
_ P (Dh) —mEZ p] 1= (/e + e
PY(Dg) +E[Z) 1p,] ~ PY(Ds)+E[Z] 1p,]

€0
= — <0=U(0),
P/ (Dg) +E[Z) 1p,] ©)

where the second equality follows from (20) and D,, € ]-",XL , and the second inequality is due to the
assumption. Hence, we obtain that —m1 g, +1p: < 0 for all n € N. This contradicts Axiom WMC,
and we conclude that {Z ,i/ }ren is uniformly integrable. Notice that P,y < QX implies 0 < ka <Z ,i/
for all k € N. We have that {Y, }xen is also uniformly integrable.

Applying the martingale convergence theorem to these two sequences, we know that there exist
YV, ZV € L®(Q,F,P) such that V¥ — YV and Z) — ZV in LY(Q, F,P). Define PV,Q"V € M
satisfying PV (A) = [, YVdP and Q" (A) = [, ZVdP for all A € F, which means dPV/dP =YV
and dQV JdP = Z V. Tt holds that PY coincide with P,y on ]-",y for each k € N, and the same can
be said about Q" and Q). Moreover, PV (Q) =1 as PY(Q2) = 1 for all k € N. Hence, we have

U(X)=Ex""Q"(X), X ey,

where Xy 1= ey L(Q, FY,P).
Step 2: In this step, we aim to show that PV = PY0 and Q¥ = Q" on FY for all V € U. To
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see this, define a filtration as follows
BV =o(mpuny), ken

and F"¥ = o(Uren ]:XO’V). By (19), we have F = F¥0 C FXV C F, which implies Fal" = F.

Following the same arguments as previous, there exist PY0V and Q""" defined on F such that

UX) =Ex""" 9 (x), X e | Le@ FY P).
keN
The uniqueness result in Proposition 7 implies PYo:Y = PY% on Uken ]-";/ 0. Since Upen .7-",30 is a
m-system, the -\ theorem implies PY0:Y" = PV on FY° = F. Similarly, we can obtain P"o"V = PV
on FY. Noting that F C F, we conclude that PV = PY0 on FY. For simplicity, we denote by
P =P"Y and Q = Q"°, and it holds that

UX)=Ex"?(X), Xxe [ av. (22)

Veu
Step 3: In this final step, we aim to show that the representation (22) holds for all X € X.
For X € X, let V € U be such that X = gx (V) (see Lemma A.32 of Follmer and Schied (2016)
for the existence of such V). Let V, = 27%[2kV — 1] and V}, = 27¥[2FV] for k € N, where [z]
represents the least integer not less than x; that is, (V, V3] is the interval in ¥}, that contains V.

Denote by X, = qx(V) € &y and X, = qx(V}) € &y. Clearly X, < X < X;. By Axiom SM,

we have
U(Xy) < UX) < U(Xg),
implying
Ex"9(X;) < U(X) < Ex"9(Xy), (23)
Let

1
A;/’k = {V S <32—k’;_k:|} fOI‘j S [2k]
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Note that

EPFQYX - X S EPFOX - X,

<3 (e (£) o (55)) @1 (a%)

< (0x(0) = ax(0) (P ) (47) 0

where the convergence holds because P+( is absolutely continuous with respect to I’ and ]P’(A;-/’k) =
2~k Using the continuity result in point (b) of Proposition 3 (iv), we have |[Ex"@ (X} )—ExP%(X,)| —
0 and [ExP?(X}) — ExPQ(X)| — 0. Therefore, by (23), we conclude U(X) = ExP?(X). Notice
that from Proposition 4 it follows that Axiom SM implies that P ~ Q ¥ P. By (vi) and (iv) of
Lemma 2, we know that U is concave, which implies P < @ by applying Proposition 6. Hence, we

complete the proof of necessity. O

A.2.3 Proposition 1

Proof of Proposition 1. Sufficiency follows immediately from Theorem 2. The proof of necessity is
similar to the proof of Theorem 2. For clarity, we give the complete proof below. The notation
X 2V means that X and Y has the same distribution under P. We collect some notation used in
the proof of Theorem 2. Denote by ¢x the quantile function of X € X under P. Let V' be an act
with uniform distribution on (0,1). It holds that X 4 gx (V) for all X € X. Define

0 1 1 2 ok 1 ok
\Ilk:{<2_k’?:|’<2_k’2_k:|”<—2k 7ﬁ:|}’ k‘EN
and
I, =V~ (¥,), keN.

Let F, = o(I) = V! (o () for all k € N, and {F}, o is a filtration in F. By Theorem 1, there
exist equivalent measures P, and Q) on Fj, with 0 < P, < @) such that the certainty equivalent of

> is as follows:

U = Ex™@ on L™(Q, ., P). (24)
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We aim to verify that B, = Qi = P|7,, where P|z, is the restriction of P on Fj. Note that
P(A;) = 1/2* for all i € [2¥], where

.
Ai:v—1<<z2—k,2ﬂ>, i=1,..., 92"

It suffices to show that Py(A;) = Qr(A;) = 1/2% for all i € [2%]. Since the distributions of 14, are
identical for all ¢ € [2k], and the same result also holds for all —1 4,, the probabilistic sophistication

implies that there exist ¢, ¢ € R such that
Uly,)=c and U(—1y4,) =¢, for every i € [2¥].

Combining with (24) and noting that A; € F}, for all i € [2¥], straightforward calculation yields

U(la,) = Ex"o@(1,,) = Feld:)

=c, 1 k
BN AVBERUG I

and

Further, we have

QuA5) _ X Qul4) _ (28 - 0Qul0) | PldD) DL A 05 DR@) o
Pu(4i) 70, Pu(4)) P(Q) Qi) 37 Qu(4y) e
This yields

By = A g Guay = LD iy

Hence, we conclude that Py(A4;) = Qr(A;) = 1/2% for all i € [2¥], and this implies P, = Q) = P|7,.
Therefore, (24) can be reformulated as U = EXEk on L>®(Q, Fi,P), where oy, € (0,1/2] for all
k € N. Note that {F}},c is a filtration. The uniqueness result in Proposition 7 implies that oy, is

a constant, denoted by a € (0,1/2], for all k£ € N, and hence, we have

U=Ex;, on | JL®Q,F,P).

keN
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Next, following similar arguments as in step 3 of the proof of Theorem 2, we can directly verify

that U(X) = Ext (X) for all X € X that satisfies X = qx (V). Hence, for any X € X
U(X) = U(ax(V)) = Bxq(ax(V)) = Exq (X)),

where we used probabilistic sophistication twice. O

In our proof of Proposition 1, it is not necessary to assume that the space is a standard
probability space. The only requirement is the existence of an act with a uniform distribution, that

is, an atomless space.

A.2.4 Theorem 3

We show first the following more general result that is used in the proof of Theorem 3.

Proposition 9. Let X = L>(Q, F,P) with P atomless, and let P~ Q X P. Then Ex? satisfies
Aziom EI if and only if P = \Q, for some X > 0.

Proof. For any A € F, let zi’Q = ExP%(1,4). By a straightforward calculation,

P _ P(A)
A P(A) + QA

To prove the if part, notice that if P = AQ then for each disjoint A, B,C € F
zi’Q > z];’Q < P(A) > P(B) — zi’j?c > z];’fj?c

that shows that axiom EI holds.

To prove the only if part, notice first that it can be assumed without loss of generality that

P, € M. Indeed, recalling that P= P/P(Q) for any P € M, it holds that
29> 2P0 s P(A)Q(B) > P(B)Q(A®) = P(A)Q(B°) > P(B)Q(A®) = 219> L«

and similarly

PQ PQ P.Q P.Q
ZaUc 2 Zpuc = ZaLc 2 ZBUCH

so axiom EI holds for (P, Q) if and only if it holds for (]5, @) Further, P and @ are proportional
if and only if P and @ are proportional.

In order to prove by contradiction the only if part, it thus suffices to show that if P # @, then
axiom EI is violated. Let ¢ = d@Q/dP. Assuming by contradiction that P # @ and recalling that
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P(Q) = Q() =1 and that P X Q X P, it follows that there exists D; and Dy with P(D;) > 0,
P(Dy) > 0 and Dy N Dy = () such that ¢ > 1 on Dy and ¢ < 1 on Ds. Since P is atomless, for
each € > 0 sufficiently small we can find A C D; and B C Dy such that P(A) =€, Q(A) = e\ (e),
P(B) = eXa(e), Q(B) = ¢, with 1+ ¢ < Ai(e) < Q(D1)/P(D1) and 1+ ¢ < Az(e) < P(D2)/Q(D2),
for some fixed ¢ > 0. Letting C = (AU B)¢, by a direct computation we get

PQ _ PQ A1(€)Az(e) — 1
> = - ———-—— <1
2p 2y € (o) — 1
and
PQ _ _PQ A1(€)Az2(e) — 1
ZAUC>'ZBUC<:>E'W<1
that shows that by choosing e sufficiently small axiom EI is violated. O

Theorem 3 follows immediately from Theorem 2 and Proposition 9.

A.3 Proofs of results in Section 4

Proof of Theorem j. We first prove that (iv) implies (i) and (ii) using the following property: For
z = ExP?(X), by using (4), we have

E”[X] - P(Q)z =E"[X —a] = E[(X —2)4] - E"[(z — X)1] = E9""[(z — X)4], (25)
and hence z < EX [X] if @ > P. Similarly,
E9[X] - Q(@)z = E9[X — 2] = E®[(X — 2)4] - E?[(z — X)4] = E9P[(X —2)4], (26)

and hence z < E? [X] if @ > P. The above arguments show that (iv) implies both (i) and (ii).

Next, we show that (i) implies (iv). Assume by contradiction that P(A) > Q(A) for some
A € F and 7z is weakly risk averse under P. Note that we can always take A such that A # Q)
if  is finite and P(A) € (0,1) if X = L>*(Q,F,P). By Axiom SM, 1 > 14 > 0 and hence
1 > ExP@(14) > 0. Then by (25) we have EF[14] < P(Q)ExP%(1,4), conflicting weakly risk
aversion. A similar argument using (26) shows that (ii) implies (iv).

Finally, we show that (iii) is equivalent to (iv). By Proposition 6 in Section 5, under Axiom
SM concavity of Ex™? is equivalent to P < Q. It suffices to verify that quasi-concavity of Ex"?
implies concavity of Ex"*?. Tt follows from Proposition 3 in Section 5 that Ex"? is translation
invariant, i.e., Ex??(Z 4 ¢) = ExPQ(Z) + ¢ for all Z € X and ¢ € R. This is sufficient for our
desired implication (e.g., Proposition 2.1 of Cerreia-Vioglio et al. (2011)). For a self-contained proof
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of this claim, let m = ExPQ(X) — ExPQ(Y) for X,Y € X. For A € [0, 1], we have

ExXPOOAX + (1 - NY) =ExPYO0X 4+ (1 =N (Y +m)) — (1 - Nm

> ExPQ(X) — (1 — M)m = AExPQ(X) + (1 — MExPQ(Y),

where we have used quasi-concavity in the second step since Ex*%?(X) = Ex"?(Y 4+ m). Hence,

we complete the proof. O

Proof of Proposition 2. Note that
ExP?(X) = inf{z e R: EP[X] — P(Q)z <EF[(z — X),]}, X e .

For X,Y € X, suppose that X >£ Y and X zggp Y. Tt is clear that EF[X] > EP[Y]. Since
t — —(z — t)4 is an increasing and concave for all mapping = € R, we have EQ~P[(z — X),] <

EQ=P[(x — Y)]. Therefore,
{z e R:EF[X] - P(Q)z <E9 Pz — X);]} C{z e R:EF[Y] - P(Q)z <EF[(z —Y),]}.
This implies Ex"?(X) > Ex"?(Y), showing the desired joint strong risk aversion. O

A.4 Proofs of results in Section 5

Proof of Proposition 3. The first four statements are straightforward to check from the definition.
Point (a) of (iv) is a direct consequence of (i) and (ii). Below we show point (b) of (iv). Denote
by ¢ = Q(Q) and let ey = Ex""?(X) and ey = ExP?(Y) for X,Y € X. Assume without loss of
generality that Y > X; otherwise we can take YV X in place of Y. Clearly, ey > ex by (i). Let
the function fx : R — R be given by

fx(z) = E9[X] + EP[(X — 2)4] — qu,
and similarly we define fy. By using (4), we have fx(ex) = fy(ey) = 0. Note that for any x € R,

fr(@) = fx(z) =E9[Y — X]+E"C[(Y —2); — (X — 2)4]
<EOY — X]+EFDH(Y —a)y — (X —2)4]
<ECPlY — X] +EF-Q+[y — X] = EPV9[Y — X].
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Moreover, for y > x,

fr(@) = fy(y) =B C[Y —2)s — (Y —y)4] —qlz — )

—EQ (Y —2) — (V = y)4] —E9z —

Y

> —E@ Py — 2] + B9y — ] = EP"Cly — 2] = (y — 2)(P A Q)().
Putting the above two inequalities together, and using fy (ey) = fx(ex), we get
(ey —ex)(PAQ)(Q) <EPVCY — X],

and this yields the desired statement. O

Proof of Proposition 4. First, we consider the case that Q = [n]. Assume that P(i), Q(i) > 0 for
all i € [n]. Let X,Y € X be such that X <Y and X # Y, and denote by z* = Ex?(X)
and y* = ExP?(Y). Without loss of generality, we assume that X (1) < Y(1). Define fz(z) =
EP[(Z — x)4] —EQ[(Z — x)_] for Z € X and = € R. It holds that

fr(@) =EP[(Y —a*)4] - E[(Y —2")_]
= fx (@) + EF[(Y = 2*)4] = EF[(X — 2%)4]) = (E9[(Y - 2")-] = E?[(X — z¥)_])

> P)((Y(1) —2")y = (X(1) —27)3) - QMY (1) —27) - — (X(1) —2")-),  (27)

where we have used fx(z*) = 0 in the inequality. If Y (1) > z* then (27) implies fy(z*) >
P(1)(Y(1) — X(1)) > 0. If Y(1) < z*, then (27) implies fy(z*) > Q(1)(Y (1) — X (1)) > 0. Hence,
we have fy (z*) > 0. Tt follows from the definition of Ex"? in (2) that y* > x*. This implies SM
holds. Conversely, suppose that SM holds. We show P(i) > 0 for all i € [n] at first. Assume by
contradiction that P(i) = 0 for some i € [n]. One can check that Ex?%(k - 1gy) =0 for all k£ > 0.
This yields a contradiction to SM. Hence, we conclude that P(i) > 0 for all i € [n]. Assume now by
contradiction that Q(i) = 0 for some ¢ € [n]. Noting that P(Q2\{i}) > 0, we have EvaQ(k']l{l}) =0
for all £ < 0. This also yields a contradiction. Hence, we conclude that P(i)Q(z) > 0 for all i € [n].

Next, we consider the case that € is infinite. Assume that P~ Q <~ P. Let X,Y € X be such
that X <Y and X # Y. Denote by A = {X < Y}. Noting that P(A) > 0, we have P(A)Q(A) > 0.
Similar to the finite case by substituting the state {1} into A, we obtain Ex*?(X) < ExP?(Y).
Conversely, assume by contradiction that P % P or Q % P. We only focus on the case that P % P
as the other is similar. If P(A) > 0 and P(A) = 0 for some A € F, then we have ExP@(k-14) =0

for all £ > 0. This contradicts SM, and hence, we have P is absolutely continuous with respect
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to P. Assume now P(A) > 0 and P(A) = 0 for some A € F. If Q(A°) > 0, then it is easy to
calculate that ExPQ(k - 14) = kP(A)/(P(A) + Q(A®)) for k > 0 which is strictly increasing in k.
This contradicts to the fact that P-almost surely equal objects are identical. If Q(A°) = 0 and
Q(A) > 0, then we have ExPQ(k - 1 4¢) = 0 for all k < 0 as P(A) > 0. Noting that P(A°) = 1, this
yields a contradiction to SM. Hence, we have P is absolutely continuous with respect to P. This

completes the proof. O

Next, we prove Proposition 5, which relies on an additional result. Let g(z) := EF[(X —z)2 ]+
EQ[(z—X)2%]. Then g is convex and g(z) — oo for z — —o0 and for z — 00, so the set of minimizers
of g is a nonempty closed interval. Since X is bounded, from the dominated convergence theorem
it follows that

g'(x) =E[(X — 2)4] - E?[(z — X)4]

and each minimizer satisfies

d(z)=0. (28)

Uniqueness of the minimizer is thus equivalent to uniqueness of the solution of equation (28). We
give below a necessary and sufficient condition for uniqueness of the solution of (28) valid on a

general space, that is of independent interest.

Proposition 10. Equation (28) has a unique solution for all X € X if and only if P,Q € M are
non-separated, i.e., there exists no S € F such that P(S) = Q(S¢) = 0.

Proof. Let us first consider sufficiency. Suppose that P(S) + Q(S¢) > 0 for all S € F. Define
f(zr) = EP[(X — 2)4] — E®[(X — 2)_]. Tt is easy to see that sufficiency holds if f : R — R is
strictly decreasing. Note that f : R — R is decreasing. Let z1 < x2, and we aim to verify that

f(z1) > f(z2). Denote by S = {X > z1}. It holds that

f@1) = f(22) =EP[(X —21)4 — (X —29)4] = E9[(X — 21)— — (X — 22)_]

> /S(X ) — (X = 29),dP — / (X —21) — (X — 29)_dQ

> /S(X—xl)— (X—xg)dP—/ (1 — X) — (2 — X)dQ
= (332 — xl)(P(S) + Q(Sc)) > 0.
Hence, we completed the proof of sufficiency. Conversely, we assume by contradiction that P(S) +

Q(S¢) = 0 for some S € F, which implies P(S) = Q(S°) = 0. Let X = 1g. One can easily check
that = € [0, 1] all satisfy (28). Hence, we complete the proof. O
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To complete the proof of Proposition 5, notice that if Axiom SM holds then from Proposition
4 it follows that P and @) are non-separated.
Below, we will present two results that are stronger than Propositions 6 and 7 since they do

not require Axiom SM but the following weaker assumption of a more technical nature.

Assumption 1. There exist S7,S2,S3 € F such that {57, 52,53} is a partition of Q, with P(Sy),
P(S2) > 0 and Q(S1), Q(S3) > 0.

From Proposition 4 it follows that Assumption 1 always holds whenever Axiom SM holds on
a finite or infinite space. Therefore, Propositions 11 and 12 below respectively imply Propositions

6 and 7.

Proposition 11. For P,Q € M, assume that Assumption 1 holds. The duet expectile ExD? is
concave (convex) if and only if P < Q (P > Q).

Proposition 12. Let P,Q € M and suppose that Assumption 1 holds. The representation ExD®@ =
ExYQ for P',QY € My and a € (0,1) is uniquely given by P' = P, Q' = Q and a = P(Q)/(P()+
Q).

To prove Proposition 11, we need the following lemma, which will also be used in some proofs

in Appendix B. For a functional U : X — R, its acceptance set is defined by {X € X : U(X) < 0}.

Lemma 3 (Proposition 4.6 of Follmer and Schied (2016)). Let U : X — R be a monotone,
translation-invariant and positively homogeneous functional and A be its acceptance set. Then,

U:X — R is convex if and only if A is a convex cone.

Proof of Proposition 11. We first consider the convexity case. The acceptance set of Ex"*? has the

following form:
A={X e X:EP[X,]-E9X_| <0} ={X € X :E9[X] +EFCQ[X,] <0}.

Since Ex? is monotone, translation-invariant and positively homogeneous (see Proposition 3), it
follows from Lemma 3 that Ex"*? is convex if and only if A is a convex cone. Therefore, it suffices

to verify:
P > (Q <= Ais a convex cone.

Suppose that P > Q. It is obvious that A is a convex cone since X + EQ[X] is linear and

X — EP~Q[X,] is convex and positively homogeneous. Conversely, suppose that A is a convex
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cone. We assume by contradiction that there exists A € F such that P(4) < Q(A). By Assumption
1, we know that P(S7),P(S2),Q(S1),Q(S3) > 0, where {S1,S2, 53} C F is a partition of Q2. Hence,
we have P(ANS;) < Q(ANS;) for some ¢ = 1,2, 3. Define

Bi=AnNS¢S;, BQZSilLJ(Si\A) and BgZSZ'Z,

where i1,i2 € {1,2,3} \ {i} and i1 # i2, and we can assume that P(B2) > 0 and Q(B3) > 0.
Indeed, for i = 1,2,3, (i1,72) can be (2,3), (1,3) and (2,1), respectively. Denote by p; = P(B;)
and ¢; = Q(B;j) for j = 1,2,3. By construction, we have p; < g1, p2 > 0 and g3 > 0. Note that
{Bi1, Bs, B3} is a partition of . We define X,Y € X as follows.

o |n | s

X | p2g3 | p1g3 | —2p1p2
Y | —p2gs | 2q1q3 | —p2q1
One can check that E[X,] — EC[X_] = EP[Y,] - EQ[Y_] = 0 and

EP[(X +Y)4] —EQ[(X +Y)_] = (q1 — p1)peas > 0.

Hence, we have X, Y € A and X +Y ¢ A. This yields a contradiction, that completes the proof
of the convexity case. The concavity case follows by (iv) of Proposition 3 that gives ExPQ(X) =

—Ex@F (—X) that is concave if and only if Ex@7 is convex, that happens if and only if Q > P. O

Proof of Proposition 12. Tt is easy to check that Ex® = Exé3 Q. Below we verify the uniqueness.

Define a set of triplets
H:={(a, P,Q) : « € (0,1), P,Q € M, satisfy Assumption 1}.

It suffices to verify that for (a, P,Q) € H, o/ € (0,1) and P', Q" € My, EXS,,’Q,(X) = ExD9(X) for
all X € X implies (¢, P', Q') = (o, P, Q).

To see this, note that P,(Q € M satisfy Assumption 1, and let S1, S, S3 € F be the partition
of Q in the assumption. Denote by p; = P(S;), ¢ = Q(Si), p, = P'(S;) and ¢, = Q'(S;) for
i =1,2,3, and it holds that pi,p2,q1,g3 > 0. Notice that p3 or ¢ may be equal to zero. We first
verify the assertion that for i € {1,2, 3},

pi =0 (resp. ¢; = 0) <= p, =0 (resp. ¢, =0). (29)

44



By straightforward calculations, we have

!,/

a'pl
(1—a)(1—q)+ap;

api
(1 —a)(1—q)+ap

ExDQ1g,) = and EXS/I7QI(]ISZ.) =

It follows that
p; =0 < Exg’Q(ﬂsi) =0 and p) =0 EXS,/’QI(HSZ.) =0.

Since Ex1'@(1g,) = EXS,I’QI(]ISZ.), we have p; = 0 if and only if p, = 0. By Proposition 3, we know
that EX?_’I;(X) = —BExD%(—X) and EX?_/’f,/(X) = —EXS,/’QI(—X) for all X € X, and it holds that
EX?_’]; = EX?_I’f,/. The equivalence between ¢; = 0 and ¢} = 0 follows similarly from the previous
arguments. Hence, (29) has been proved.

Next, define
I={ie{1,2,3}:p; >0}, J={j€{1,2,3}:¢; >0} and D={(4,j):i€l, j€Jandi#j}

By(29),wehavep;>0andq§->Oforz'€IandjEJ,andpi:p;:0andqj:q§-:0f0ri¢f
and j ¢ J. We aim to verify that o/ = a, p; = p; and ¢; = ¢; for i € I and j € J. To see this, we
define

ap; ..
XZ'J' = ]ls ! _]].Sj, (Z,j) e D.
J

 (1-a)y

One can check that Ex{'?(X; ;) = 0 for all (i,j) € D. This implies EXS,/’QI(XZ-J) = 0 for all
(7,7) € D. By the definition of EXS,/’QI(X,-J), we have

AR -, (i,)) €D. (30)

Therefore,

D el OPi _ ZjeJ(l — a)gj _ l1-a
Zz’el O‘/p; Zje](l - 04/)‘];' 4

Qe

This yields o/ = a. Note that {(1,3),(2,1),(2,3)} C D. It follows from (30) that ¢ — p;/p; and

Jj—q/ q} are constant on I and J, respectively, and they take the same constant value. Since

DoicrPi = D ierPi =D jes @i = Djes 0 = 1, we have p; = p; and ¢; = ¢ for i = 1,2,3.
Finally, it remains to show that P = P’ and Q = @’. We assume by contradiction that
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P' # P, and hence, P'(A) # P(A) for some A € F. Noting that }_,.; P(S;) = 1 and {S1, 52, S3}
is a partition of 2, we have P'(ANS;) # P(ANS;) for some i € I. If P"(ANS;) < P(ANS;), then

we define

aP(AﬂS,') 1
(1 —a)Q(S;)

Y =1ans;, —

where j =3if i =1and j =1if i = 2 or 3 so that Q(5;) > 0 always holds. One can easily check
that Ex2?(Y) = 0, which implies EXS,,’Q,(Y) = 0. Hence, we have

aP(A N SZ)

O/P/(A N Sz) = (1 - a/)Ql(Sj)(lTMSj).

Noting that o/ = « and Q'(S;) = Q(S;), the above equation implies P'(ANS;) = P(ANS;). This
yields a contradiction. If P'(ANS;) > P(ANS;), then we define

O/P/(A N SZ)

where j = 3 if i = 1 and j = 1if ¢ = 2 or 3 so that Q'(S;) > 0 always holds. One can check
that EX(I;”Q,(Z) = 0, and hence, Ex?'?(Z) = 0. Similarly, we can obtain P(ANS;) = P'(ANS;),
which yields a contradiction. Hence, we have concluded that P’ = P. The result of Q' = Q follows

similarly from the previous arguments and the fact that EX?_’Z = EX?L . - Hence, we complete the

proof. O

Proof of Proposition 8. Assume that  is infinite, the finite case being similar. From Proposition
4 it follows that P ~ Q ~ P. We first check that for each R € R and for each X € X it holds
that Ef[X] > Ex??(X). From translation invariance of Ex"*? (see Proposition 3), we can assume

without loss of generality that Ex?(X) = 0. Then

ER[X] = Ef[X,] - Ef[X_] =E” [j—ﬁ - X+} —E¥ [j—g -X_]

. dR P dR 0
> Sinf — | - - —sup — | -
> (essplnf dP> ET[X4] <esstup dQ) E¥[X_]

dR
> (essgup @) - (EP[X4] - E°[X_]) =0,

46



where the last equality follows from Ex@(X) = 0. Let now Ry be given by

d
dRy _ FLixsmerexy + % Ly x<mxPo(xy)
dP P(X > ExPQ(X)) + Q(X < ExPY(X))’

It is immediate to check that Ry ~ P, and

dRy dRodP 45 Lpxsmeracn) + lix<ere) - 1
dQ  dPdQ P(X >Ex"?(X))+Q(X <Ex"?(X)) T P(X >Ex"?(X)) + Q(X < Ex"?(X))
dRy dRydP  Lixomerex)) + 38 Lix<mxre(x) - 1

AP~ dP dP  P(X > ExP9(X)) + Q(X < ExP9(X)) T P(X > ExP?(X)) + Q(X < Ex"?(X))

where the assumption P < Q has been used. Since Q ~ P,

€ss-su @ < ess inf@
o vag =Pt ap

so Ry € R. Finally we show that Efo[X] = ExP?(X). Indeed,

EP (X1 pemrann | + B2 (X1 xapreq)]
P(X > Ex"9(X)) + Q(X < Ex"?(X))

EP[(X — ExPQ(X)).] + EQ[(X — Ex"(X))_]
P(X > Ex"9(X)) + Q(X < Ex"%(X))

E®[X] =

= BExP9(X) +

= BExP9(X).

This argument also shows that the infimum in the dual representation is always achieved.

B Counter-examples

In this appendix, we present some counter-examples to justify some claims in the paper and

illustrate several technical conditions.

B.1 Necessity of dimension larger than 3 in Theorem 1

In this section, we aim to give a counter-example of the preference relation -, which satisfies
Axioms SM, C and CA and can not be represented by a duet expectile, in the case 2 = [n] with
n = 3. We present the following example of a functional U, and in Proposition 13 we show that a

preference relation 7~ represented by U is a desirable counter-example.
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Example 4. Define the subsets of R3:
Ar={x>y>z}, Ao={r>z22>y, x+2y>3z}), A3={y>r2>2 y+2<2x}

Bi={:>2x>y}, Be={rx>z2z>y, v+2y<3z}, By={z2>2y>w v+z2>2},
Ci={y>z>z}, Co={z>y>z, 2+2<2}, Cs={y>a>z2 y+2z>2z}

Let A=, Ay, B=)_,B;and C = |J}_, C;. Tt can be easily checked that R® = AU B U C.

Define a function f : R? — R as follows:

fA(‘TayaZ) = %7 (‘Tayaz) € Aa
f(z,y,2) = felz,y,2) = %, (z,y,2) € B, (31)
fC(x7y7’Z):%7 ($,y,Z)€C-

A direct verification shows that f4 = fg on ANB, fa = fcon ANC, fg = fc on BN C and
fa=fe = fcon AN BNC. This implies that f is well defined on R3, and it is continuous and
strictly increasing. Define U : X — R as U(X) = f(X (1), X(2), X (3)).

Proposition 13. The following two statements hold.
(i) U can not be expressed as a duet expectile.
(i) The preference relation represented by U satisfies Azioms SM, C and CA.

Proof. (i) We assume by contradiction that U = Ex@ for some P,Q € M. Denote by p; = P(i)
and ¢; = Q(i) for i = 1,2,3. For z,y,2z € R, let X € X be such that X(1) = z, X(2) = y and
X(3) =z If (x,y,2) € Ay, then we have x > fa(z,y,2) and y,z < fa(x,y, z), and hence,

p1($ - fA($7y7z)) = q2(fA(337y, Z) - y) + q3(fA($7y7z) - Z), ($,y,2§) € A27
which implies

P1T + @Y + 32
fA x,Y,z) = ) z,Y,z EAQ-
( ) P1+q2+ a3 ( )

Hence, we have

(@) pr:ga:iqz=1:2:2.
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Similarly, by considering (z,y, z) on Az, By and Co, we respectively obtain
(b)p1:p2:igz=1:2:2; (c)pr:qe:ips=1:2:1; (d) q1:p2:p3=1:1:1

It follows from (a) and (b) that ps = g2. But (c¢) and (d) imply g2 = 2p3 and py = p3, respectively.
This yields a contradiction. Therefore, we have verified (i).

(ii) Recall the definition of U and note that f : R® — R is continuous and strictly increasing.
It follows that Axioms SM and C hold. It remains to verify Axiom CA. Suppose that X;(1) = a;,
Xi(2) = y; and X;(3) = z; for i = 1,2, and X;, X2 are co-losses. By the definition of U, it is not
difficult to check that (x;,y;,2;) € S for i = 1,2 with S € {A, B,C}. Below we verify that A, B
and C are all convex cones. We only consider the case of A as the other two cases are similar. It
suffices to show that (z;,y;,2) € A for i = 1,2 implies (z1 + z2,y1 + y2, 21 + 22) € A. To see this,
if (x;,vi,2) € Aj for all i = 1,2 and some j = 1,2,3, then (z1 + 22,y1 +y2,21 +22) € A; C A
because A; is a convex cone for all j = 1,2,3. If (z1,y1,21) € A1 and (22, Y2, 22) € A», it holds that

x1 4 x2 > max{y1 + y2,21 + 22} and
xr1 + X2 + 2(y1 + y2) = (331 + 2y1) + (xg + 2y2) >3z1 +329 = 3(2’1 + 22). (32)

This implies (z1 + x2,y1 + y2,21 + 22) € A1 U Ay C A. If (21,y1,21) € Ay and (x2,y2, 22) € As, it
holds that min{zy + @2, y1 + y2} > 21 + 22 and

y1+ye+ 21+ 2= (Y1 +21) + (g2 + 22) < 201 + 229 = 2(z1 + 22). (33)

This implies (z1 + x2,y1 + y2,21 + 22) € A1 U A3 C A. If (x1,y1,21) € Ay and (x9,y2, 22) € As, it
holds that x1 + z9 > 21 + 22, and (32) and (33) both hold. This implies (21 + 2, y1 + y2, 21 + 22) €
Ay U Ay U A3 = A. Hence, we have concluded that A is a convex cone. Note that f is a linear
function on A, B or C. Hence, we have U(X; + X2) = U(X3) + U(X2), which shows that U is
additive for any co-losses acts. It remains to prove that U satisfies superadditivity, and this is
equivalent to f(z1 + T2, y1 + Yo, 21 + 22) > f(x1,y1, 21) + f(22, Y2, 22) for any (x;,y;, z;) € R3 with

i =1,2. To see this, through elementary analysis, one can observe that

fs($,y,Z)Zf($,y,Z), VSG{A7B7C}7 ($7y7z)6R3'
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Hence, for any (z;,;, z;) € R® with i = 1,2, there exists S € {A, B,C} such that

f(@1 4+ w2, 91 + Y2, 21 + 22) = fs(x1 + 22, y1 +y2, 21 + 22)

= fs(z1,y1,21) + fs(@2, 92, 22) > f(z1,91,21) + f(22, Y2, 22).
This completes the proof of (ii). O

B.2 Necessity of Axiom SM in Theorem 1

In this section, we aim to clarify that Theorem 1 fails if Axiom SM is replaced by the weaker

axiom of monotonicity:
Axiom M (Monotonicity). For X, Y € X, X > Y implies X = Y.

To this end, we will give a counter-example of the preference relation -, which satisfies Axioms
M, C and CA and can not be represented by a duet expectile, in the case Q = [n| with n > 4. We
present the following example of a functional U, and in Proposition 14 we show that a preference

relation = represented by U is a desirable counter-example.
Example 5. Let f: R®> — R be the function defined in (31). Define g: R® — R as a cylindrical
extension of f, i.e.,

g(x1, ... xy) = f(x1, 20, 23), V(21,...,2,) € R™.

Further, define U : X — R as U(X) = g(X(1),...,X(n)).
Proposition 14. The following two statements hold.
(i) U can not be expressed as a duet expectile.
(ii) The preference relation represented by U satisfies Azioms M, C and CA.

Proof. (i) We assume by contradiction that U = Ex"@ for some P,Q € M. For z1,...,z, € R, let
X € X be such that X(i) = z; for i € [n]. Construct four subsets in R™ as follows:

Dy = {(z1,22,23,t,...,t) : (x1,22,23) € Ao, t = fa(x1,22,23)},

Dy = {(z1,22,23,t,...,t) : (x1,22,23) € A3, t = fa(x1,22,23)},
D3 = {(z1,22,23,t,...,t) : (x1,22,23) € Bo, t = fp(x1,22,23)},
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-D4 = {(Z’l,fl’Q,Z’g,t, v 7t) : (Z’l,l’g,l’g) € C27 t= fC(Z’l,Z'Q,-Z'g)}.

Similar to Proposition 13 (i), considering U on these four sets yields a contradiction. This completes
the proof of (i). The statement (ii) follows from Proposition 13 (ii) and the fact that g : R™ — R is

a cylindrical extension of the function f :R? — R. O

B.3 Duet expectiles and strong risk aversion

For P,QQ € M, the next example illustrates that Ex”? does not satisfy joint strong risk

aversion under (P, Q).

Example 6. Let ([0, 1], B([0,1]), L) be the standard Borel space, where L is the Lebesgue measure.
Denote by A; = [(1 —1)/4,i/4) for i = 1,2, 3,4, which are intervals in [0,1]. Let P be a measure on
([0,1],B([0,1])) such that the Radon-Nikodym derivative dP/dL satisfies dP/dL(w) =i if w € A;.
Let Q = 4L. Obviously, P X Q and P < Q as 0 < dP/dL < dQ/dL = 4. Define two acts as

follows:

Ay | A2 | Az | Ay
X |1 2 4 3
Y | 2 1 3 4

It is clear that X g@ Y, and hence, X sz;d Y. One can also check that EP[(z—X),] < EP[(z—Y)4]
for all x € R, and this implies X Zslzd Y (see e.g., Theorem 4.A.2 of Shaked and Shanthikumar
(2007)). By direct calculations, we obtain

BxO(X) = T =24 and BxO(Y) = 2% > 2.466,

and it follows Ex"?(X) < ExP?(Y). Therefore, Ex? is not strongly risk averse jointly under
(P, Q).
B.4 Propositions 6 and 7 fail for a space of two elements

In this section, we will show that the conclusions in Propositions 6 and 7 are not valid in the
case 2 = {1,2}. Moreover, we will establish the corresponding results of Propositions 6 and 7 in

this case.
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B.4.1 The case of Proposition 6

In case 2 = {1, 2}, we have the following result about the concavity and the convexity of duet
expectiles. Note that P(1)P(2) < Q(1)Q(2) is strictly weaker than P < ). Hence, the necessity of

Proposition 6 does not hold.

Proposition 15. For P,Q € M, suppose that P(i),Q(i) > 0 for i = 1,2. The duet expectile ExP@
is concave (convex) if and only if P(1)P(2) < Q(1)Q(2) (P(1)P(2) > Q(1)Q(2)).

Proof. Denote by p; = P(i) and ¢; = Q(i) for i = 1,2. We first consider the convexity case. We
use (x,y) to represent the random variable that takes the value 2 on {1} and y on {2}. By Lemma

3, it is equivalent to prove

pipe > q1ga <= A= {(z,y) €R*: p1(2)+ +p2(y)+ — q1(2)— — q2(y)— < 0} is a convex cone.

“<=": Suppose that A is a convex cone. It is easy to see that (g2, —p1) € A and (—p2,q1) € A.
It holds that (g2 —p2,q1 —p1) € A. If g2 > po, then g1 < p1, and hence, p1(g2 —p2) +¢2(q1 —p1) < 0.
This implies p1p2 > qiqe. If g0 < po and ¢ < p1, then p1pe > qi1ge obviously. If g3 < ps and
q1 > p1, then pa(q1 — p1) + q1(g2 — p2) < 0 which implies p1p2 > q1q2. Hence, we complete the proof
of “«=".

“=": Suppose that pips > ¢q1¢q2. Note that (z,y) € A means that it must be three cases:
x>0and y<0; 2z <0andy > 0; z,y <0. Define A ={(z,y) : x,y <0},

B={(z,y): x>0, y<0, prz +qy <0} and C={(z,y):2<0, y >0, g1+ py < 0}.

It holds that A = AU BUC. Obviously, A, B and C are all convex cones. Moreover, for any
(x1,y1) € A and (x2,y2) € BUC, we have (x1 + x2,y1 + y2) € A. Therefore, it suffices to verify
that for any (z1,y1) € B and (z2,y2) € C, we have (x1 + z2,y1 +y2) € A. Let x1,22,y1,y2 > 0 be
such that (z1,—y1) € B and (—x2,y2) € C. It holds that

Pz < @y and pays < qrao. (34)

Define f(x,y) = p1(x)+ +p2(y)+ — q1(x)- — g2(y)— on R*. We aim to verify f(z1 —z2,y2 —y1) <0
which means that (z1 — 2,92 — y1) € A. If 1 > x4, it follows from (34) and pips > g1g2 that

b1 b1 P1 P2
Y12 —T1 = —Tg = ——Y2 > Yo.

q2 Q@ T eq
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Therefore,

f(xl —T2,Y2 — yl) = pl(xl - 1132) + Q2(yz - yl) =p171 — qQ2y1 + (Q2y2 - plil?z)

q142 q192
< qay2 — p172 < —=x9 — P1T2 = P12 <— - 1> <0,
P2 p1p2

where we have used (34) in the first and second inequalities. Hence, we have (21 — x2,y2 —y1) € A.

If x1 < x9 and y1 > yo, then (z1 — x2,y2 —y1) € A obviously. If 1 < x5 and y; < ys, then we have

f(xl —X2,Y2 — yl) = Q1(331 - $2) +P2(yz - Y- 1) =qx1 —p2y1 + (P2312 - Q1SE2)

q192 q1q92
S qur1 —poyr S ——Y1 — P2y1 = P2y (— — 1) <0,
b1 pip2

where the first two inequalities follow from (34). Hence, we have (z1 — x2,y2 — y1) € A. Therefore,
we have verified the direction “==". This completes the proof of the convexity case.
The concavity case follows immediately from the fact that p(X) := —ExP?(—X) = Ex?F(X)

for all X € X and Ex"? is concave if and only if p is convex. O

B.4.2 The case of Proposition 7

In case Q = {1,2}, we have the following result.

Proposition 16. For P,Q,S,R € My and o, 5 € (0,1), Exg’Q = Ex‘;’R if and only if the following

two equations hold:

aP(2) _ 3S(2) - aP(1) _ 3S(1)
aP(2) +(1-a)Q(1) «aS(2)+(1-pB)R(1) aP(1)+(1-a)Q(2) BS(1)+(1-pB)R(2)

Proof. Denote by p; = P(i) and ¢; = Q(i) for i = 1,2. For X € X, let + = X(1) and y = X(2).

Then we have

apay+(1—«a

a1z :
EXP’Q(X) — ap2+(1-ajqr fz<y
(87
apiz+(1—a)gy ;
opt(i—a)g » LT >Y.
This means that Ex!'? is determined by the values of
ap2 ap1

and .
aps + (1 — o) apr + (1 — a)ge

This completes the proof. [l
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For a,b € (0,1), define a subset of Ri’_ as

aec(0,1), —F - =q¢
Aa,b = (p17p27q17Q27a) € Ri— : ( ’ )7 op2F(1=e)an ’

api

ap1+(1—a)g2 = b7 prtpe=1 qg+qg=1

Obviously, A, is a solution set of four equations and the number of variables is five. This im-
plies that A,; contains an infinite number of elements for some suitable a,b (e.g., a = 1/8 and
b = 7/8). By Proposition 16, Ex}'? represents an invariant mapping across all P, Q, a satisfying

(P(1),P(2),Q(1),Q(2), ) € Aqp, which illustrates that Proposition 7 fails when Q = {1, 2}.

B.5 Theorem 4 and Propositions 6 and 7 fail without SM

Let Q ={1,...,n} with n > 4 and F be the power set. Define
D={ReM:R(1)=R(Q)} (35)

Any element in D concentrates all mass on one point. Considering Ex” @ with PeDorQ eD, it
follows from Proposition 4 that Ex? does not satisfy SM. We have the next proposition for such
ExPQ,

Proposition 17. Let D be defined in (35). The following statements hold.

(i) For P € D and Q € M, ExP? is concave and the preference relation represented by ExD® is

weakly risk averse under P.

(i) If P € D, Q1,Q2 € M satisfy Q1(1),Q2(1) > 0 and Q1(i) = Q2(i) for alli =2,...,n, then
ExP@1 = ExP@2,

(iii) For Q € D and P € M, ExP? is convex and the preference relation represented by ExD@ is

weakly risk seeking under @

(i) If Q € D, P, P, € M satisfy Py(1),P2(1) > 0 and P1(i) = Py(i) for all i = 2,...,n, then
ExP1@ — ExP2Q .

Proof. We only prove (iii) and (iv) as (i) and (ii) follow the same proof.
(iii) Suppose that @ € D and P € M. By Lemma 3, it suffices to verify that the following

acceptance set is a convex cone:

A= {(:El,...,xn) ER™: ) pilmi)y — qular)- < o} :

i=1
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where we have denoted by p; = P(i) and ¢; = Qi) for i = 1,...,n. Define I = {i € {2,...,n} :
p; > 0}. Then A can be divided into the following two sets:

A= {(:171, cooyxy) ER" 1y >0, proy + Zpi(xi)+ < 0} (36)
el
and
B= {(ml, ceyTp) ER" 1y <0, g + Zpi(mi)Jr < O} . (37)
el
Obviously, A and B are both convex cones. It remains to verify that x := (z1,...,2,) € A and

y=(Y1,...,yn) € B imply x+y € A. To see this, define f(x1,...,2,) = > 1y pi(@i)+ — q1(z1)—.
Note that x € A implies 2; =0 for ¢ € I. If p; > 0, then 1 = 0 as x € A, and hence,

fx+y)= Zpi(l’z’ T yi)+ — (@ +y1)- = Zpi(yi)-l- —q(y)- <0,
i=1 iel

where the last step holds as y € B. If p; = 0, then we have

fx+y) = Zpi(l’z’ T yi)+ — (@ +y1)- = Zpi(yi)-l- —q(y)- <0.
i=1 iel

Therefore, we have concluded that A is a convex cone, and this implies the convexity of Ex” Q|
Next we aim to show that Ex"@(X) > EQ[X] for all X € X. Note that E@[X] = X(1), and we

have

EP[(X — E9[X])4] - E?[(EC[X] — X)4] = EP~9[(X — E?[X])4] - E9[X]Q(Q) + E?[X]
— EP9[(X - E9[X])4]

=Y (X (i) — E9[X]), P(i) > 0.
=2

By the definition of Ex?(X), it holds that ExP@(X) > EQ [X]. This completes the proof of (iii).

(iv) For Q € D and P € M, the sets A and B defined by (36) and (37), respectively, will not
change for p; € (0,00). Note that the acceptance set is AU B. Let now @ € D and P, P, € M
such that P;(1)P>(1) > 0 and Py (i) = P(i) for all i = 2,...,n. It holds that the acceptance sets
of Ex"? and Ex™® are the same. This implies that Ex/1@ = Ex/?¢ (see e.g., Proposition 4.6 of
Foéllmer and Schied (2016)), as wanted. O
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Based on Proposition 17, constructing counter-examples for Theorem 4 and Propositions 6

and 7 without SM becomes straightforward.

Example 7. Let Q = {1,2,3,4}. Let P,Q € M be such that P(1) =2, P(i) =0 for : = 2,3,4 and
Q(j) =1 for j € [4]. It is clear that P € D, P £ Q and Ex"? does not satisfy SM. By Proposition
17 (i), we know that ExP? is concave and the preference relation represented by Ex” @ s weakly
risk averse under P. This serves as a counter-example for Theorem 4 ((i) or (iii) = (iv)) and the
necessity of Proposition 6 without SM.

Further, let R € M be such that R(1) =2, R(i) =1 for i = 2,3,4. By Proposition 17 (ii), we
have ExP*? = ExP®. Note that Ex? = Exg’@ with o = 1/3 and ExPF = EX?’}Nz with g = 2/7.

This provides a counter-example to Proposition 7 without SM.
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