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THE STRUCTURE OF LOCALLY CONFORMALLY PRODUCT LIE

ALGEBRAS

VIVIANA DEL BARCO AND ANDREI MOROIANU

Abstract. A locally conformally product (LCP) structure on a compact conformal

manifold is a closed non-exact Weyl connection (i.e. a linear connection which is locally

but not globally the Levi-Civita connection of Riemannian metrics in the conformal

class), with reducible holonomy. A left-invariant LCP structure on a compact quotient

Γ\G of a simply connected Riemannian Lie group (G, g) with Lie algebra g can be

characterized in terms of a closed 1-form θ ∈ g∗ and a non-zero subspace u ⊂ g satisfying

some algebraic conditions. We show that these conditions are equivalent to the fact that

g is isomorphic to a semidirect product of a non-unimodular Lie algebra acting on an

abelian one by a conformal representation. This extends to the general case results from

[1] holding for solvmanifolds. In addition, we construct explicit examples of compact

LCP manifolds which are not solvmanifolds.

1. Introduction

A locally conformally product (LCP) structure on a compact manifoldM is a pair (c,D)
where c is a conformal class of Riemannian metrics on M and D is a closed, non-exact
Weyl connection with reducible holonomy.

In [2] it was conjectured that every such connection has to be flat. The conjecture was
proved in loc. cit. under a further assumption (tameness of D). However, soon after, a
counterexample was constructed by Matveev and Nicolayevsky [9]. In some sense, this
can be considered as the birth certificate of LCP structures.

The universal cover M̃ of any LCP manifold (M, c,D) is simply connected, so the lift of

D to M is globally the Levi-Civita of a reducible Riemannian metric hD on M̃ (uniquely
defined up to constant rescaling). However, hD is incomplete (since there are elements of
the fundamental group of M acting by contractions with respect to hD and without fixed
points), so the global de Rham decomposition theorem does not apply.

The structure of non-flat LCP manifolds (or more precisely of their universal cover) was
described in [10] in the analytic setting and by Kourganoff [7] in the general (smooth)
setting. Their main result can be stated as follows (see [7, Theorem 1.5]): The universal

cover (M̃, hD) of a compact non-flat LCP manifold (M, c,D) is globally isometric to a
Riemannian product Rq × (N, gN), where Rq (q ≥ 1) is the flat Euclidean space, and
(N, gN) is an incomplete Riemannian manifold with irreducible holonomy.
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The distribution tangent to Rq is preserved by the action of the fundamental group on
M̃ , so it descends to a rank q distribution onM called the flat distribution. A Riemannian
metric g ∈ c on M is called adapted if the Lee form of D with respect to g vanishes on
the flat distribution. The relevance of this notion is due to the following observation
of Flamencourt [5, Def. 3.9]: If g is and adapted metric on a compact LCP manifold
(M, c,D) and (M ′, g′) is any compact Riemannian manifold, then the Riemannian product
(M, g)× (M ′, g′) also carries an LCP structure. Notice that every LCP manifold carries
adapted metrics [5, Prop. 3.6], [12, Thm. 4.4].

In [5, Prop. 4.4 and Cor. 4.6] Flamencourt constructed large families of examples of
LCP manifolds, including in particular the class of OT manifolds introduced by Oeljeklaus
and Toma [13]. He also showed [5, Prop. 3.11] that the homothety factors of the action
of the fundamental group of M on the metric hD are algebraic numbers, a fact which
indicates the strong relationship between LCP manifolds and number field theory.

It was noticed by Kasuya [6] that every OT manifold is a solvmanifold. It is thus
natural to study left-invariant LCP structures on solvmanifolds. This was done in [1] by
the authors in collaboration with A. Andrada. First, in [1, Prop. 2.4] it is shown that if
M = Γ\G is a compact manifold obtained as the left quotient of a simply connected Lie
group G by a co-compact lattice Γ, then left-invariant LCP structures on M are in one-to-
one correspondence with triples (g, θ, u) where g is a positive definite scalar product on the
Lie algebra g of G, θ ∈ g∗ is a non-zero linear form on g vanishing on the derived algebra
g′, and u ⊂ g is a non-zero ∇θ-flat subspace (see Definition 2.1 for the precise meaning of
this notion). Such a triple (g, θ, u) is called an LCP structure on the Lie algebra g. An
LCP structure is called proper if u is a proper subspace of g, and conformally flat if u = g.

Recall that a necessary condition for a Lie group to admit co-compact lattices is that its
Lie algebra is unimodular [11]. Thus, in order to understand left-invariant LCP structures
on compact quotients of Lie groups, one has to study LCP structures on unimodular Lie
algebras.

In the solvable case, this was done in [1, Prop. 4.3 and Cor. 5.5], where it is shown that
every unimodular solvable LCP Lie algebra is obtained as a semi-direct product h⋉α Rq

of a non-unimodular solvable Lie algebra h acting on Rq via a conformal representation
α : h → so(q)⊕ R Idq, whose diagonal component is equal, up to the constant coefficient
−1

q
, to the trace form of h.

The main goal of the present paper is to extend this result to general unimodular Lie
algebras. Along the way, we will also obtain the classification of conformally flat LCP
structures (i.e. for which the ∇θ-flat subspace u is equal to g). In the unimodular case,
they are all isomorphic to R, R2 or su(2) ⊕ R (Prop. 3.7 below) and in general every
conformally flat LCP Lie algebra is the semidirect product of a unimodular one and an
abelian Lie algebra (details are given in Thm. 3.10 below).

In Theorem 4.2 we show that every proper LCP structure on a unimodular Lie algebra
is adapted. The assumption that the LCP structure is adapted is necessary for most
of the other results of Section 4, but the previous theorem just says that this holds
automatically when the Lie algebra is unimodular. Our main result is Theorem 4.9
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(summarized in Corollary 4.10). It states that every Lie algebra carrying an adapted
proper LCP structure is obtained as a semi-direct product, like in the solvable case.

In Section 5 we give examples of non-solvable simply connected Lie groups admitting
co-compact lattices, whose Lie algebras carry LCP structures. The construction is easier
when the semi-simple part of the group is of compact type, whereas for non-compact type,
some results about division algebras over Q are needed.

In the last section, we investigate the set of closed 1-forms on a given unimodular
Lie algebra which can occur as Lee forms of proper LCP structures and show that this
set is finite (Theorem 6.2). In contrast, Proposition 6.3 shows that there are infinitely
many closed 1-forms occurring as Lee forms of conformally flat LCP structures on each
unimodular Lie algebra carrying conformally flat LCP structures.

Acknowledgements: The authors thank Adrián Andrada for useful discussions and
Yves Benoist who pointed out the existence of special co-compact lattices in SL(d,R)
used in Subsection 5.2. V. dB is grateful to the Laboratoire de Mathématiques d’Orsay
and to the Université Paris-Saclay for hospitality and partial financial support. V. dB
is partially supported by FAPESP grant 2023/15089-9. A. M. is partly supported by
the PNRR-III-C9-2023-I8 grant CF 149/31.07.2023 Conformal Aspects of Geometry and
Dynamics.

2. Preliminaries

Let G be a connected Lie group endowed with a left-invariant metric g, and let g denote
its Lie algebra. Then g defines an inner product on g, which we will also denote by g.

It is well known that left-invariant tensors on G are in one-to-one correspondence with
algebraic tensors in g. In particular, left-invariant differential k-forms on G correspond
to elements in Λkg∗. A k-form α is closed (exact) on G if and only if the corresponding
element α ∈ Λkg∗ is closed (resp. exact) with respect to the Chevalley-Eilenberg differ-
ential of g. In particular, by using Maurer-Cartan equation, θ ∈ g∗ is closed if and only
θ|g′ = 0, where g′ is the derived algebra of g.

The trace form Hg of a Lie algebra g is the 1-form defined as

(2.1) Hg(x) = tr(adx), ∀x ∈ g.

Since Hg([x, y]) = tr ad[x,y] = 0 for all x, y ∈ g, we obtain that Hg is closed. By definition,
g is unimodular if and only if Hg = 0.

The Levi-Civita connection of the Riemannian manifold (G, g) can be viewed as a linear
map ∇g : g → so(g) which, by Koszul’s formula, satisfies

(2.2) g(∇g
xy, z) =

1

2
(g([x, y], z)− g([x, z], y)− g([y, z], x)) , ∀ x, y, z ∈ g.

Here and henceforth so(g) denotes the space of skew-symmetric endomorphisms of (g, g).
Consider the conformal class c of the Riemannian metric g on G. A Weyl connection

on the conformal manifold (G, c) is a torsion-free linear connection D preserving the con-
formal class c. The fundamental theorem of conformal geometry guarantees a one-to-one
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correspondence between Weyl connections D and 1-forms θ [16]; under this correspon-
dence, θ is called the Lee form of D with respect to g. The Weyl structure is called closed
(exact) if its Lee form is closed (resp. exact); one can easily show that these conditions
are independent of the fixed metric in the conformal class. We say that a Weyl struc-
ture is left-invariant if its Lee form θ with respect to the left-invariant metric g is itself
left-invariant on G; in this case, we also denote its value at the identity by θ ∈ g∗.

The conformal analogue of the Koszul formula allows us to write every left-invariant
Weyl connection D in terms of its Lee form θ ∈ g∗ and of the metric g as D = ∇θ where

(2.3) ∇θ
xy := ∇g

xy + θ(x)y + θ(y)x− g(x, y)θ♯ ∀ x, y ∈ g,

and ∇g is defined by (2.2). Here and at several other places throughout the paper, θ♯ ∈ g

denotes the g-dual vector of θ. Using (2.2) together with (2.3), the Weyl connection ∇θ

can be explicitly defined by the following formula:

(2.4) g(∇θ
xy, z) =

1

2
(g([x, y], z)− g([x, z], y)− g([y, z], x))

+ θ(x)g(y, z) + θ(y)g(x, z)− θ(z)g(x, y), ∀ x, y, z ∈ g.

Notice that ∇θ can be seen as linear map ∇θ : g ⊗ g → g so that, for each x ∈ g,
∇θ

x : g → g is an endomorphism of g.
Given x ∈ g, let θ ∧ x denote the skew-symmetric endomorphism of g defined by

(θ ∧ x)(y) := θ(y)x− g(x, y)θ♯, for all y ∈ g. Then, (2.3) can also be written

(2.5) ∇θ
x = ∇g

x + θ ∧ x+ θ(x) Idg ∀ x ∈ g,

showing that

(2.6) ∇θ
x − θ(x) Idg ∈ so(g) ∀ x ∈ g.

We are now ready to introduce the objects of study of this paper.

Definition 2.1. A locally conformally product (LCP for short) Lie algebra is a quadruple
(g, g, θ, u) where (g, g) is a metric Lie algebra, θ is a non-zero closed 1-form on g∗, and u

is a non-zero ∇θ-flat subspace of (g, g). The LCP structure (g, θ, u) is called conformally
flat if u = g and proper if u ( g.

This definition is motivated by [1, Prop. 2.4], where it is shown that if M = Γ\G is a
compact manifold obtained as the left quotient of a simply connected Lie group G by a
co-compact lattice Γ, then non-flat left-invariant LCP structures on M are in one-to-one
correspondence with proper LCP structures on the Lie algebra g.

For the reader’s convenience, we recall two basic results regarding LCP structures on
Lie algebras that will be repeatedly used along this manuscript. Their proofs can be found
in [1].

Proposition 2.2 ([1, Prop. 3.2]). Let (g, g) be a metric Lie algebra, θ ∈ g∗ a non-zero
closed 1-form, and u ⊂ g a vector subspace. Then u is ∇θ-parallel if and only if the
following two conditions hold:
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(1) u and u⊥ are Lie subalgebras;
(2) for every u ∈ u and x ∈ u⊥,

(2.7) g([u, x], x) = θ(u)|x|2 and g([x, u], u) = θ(x)|u|2.
Moreover, (g, g, θ, u) is an LCP Lie algebra if and only if in addition to (1) and (2), u 6= 0
and the following condition holds:

(3) the map ∇θ : g → gl(u), defined by x 7→ ∇θ
x|u, is a Lie algebra representation.

Corollary 2.3 ([1, Cor. 3.3]). Let (g, g, θ, u) be an LCP Lie algebra and denote by q and
n the dimensions of u and g respectively. If g is unimodular, the trace forms of u and u⊥

are related to θ by the relations

(2.8) Hu = −(n− q) θ|u, Hu⊥ = −q θ|u⊥.

3. Conformally flat LCP structures

In this section we obtain the classification of Lie algebras carrying conformally flat LCP
structures, as well as the complete description of the underlying metrics and Lee forms.

It is worth noticing that every conformally flat LCP structure has vanishing Weyl
tensor, and the classification of Lie algebras with vanishing Weyl tensor was given by
Maier in [8]. However, is not possible to easily identify the conformally flat LCP Lie
algebras therein. For this reason, we provide the classification of Lie algebras carrying
conformally flat LCP structures in Theorem 3.10 below, using different methods.

For the reader’s convenience, we point out that this section is independent from the
following ones (except for a technical result), so it might be skipped at a first reading.

Along this section, a conformally flat LCP structure (g, θ, u) on a Lie algebra g will be
denoted simply by (g, θ), since u = g. We start by providing a method to construct new
conformally flat LCP structures from a given one.

Proposition 3.1. Let (gk, θk) be a conformally flat LCP structure on a Lie algebra k and
let β : k → so(n) with n ≥ 0 be any orthogonal representation.

Consider the semidirect product g = k⋉ρ Rn, where ρ : k → gl(n) is the representation
defined by ρ(x) := θk(x) Idn+β(x) for all x ∈ k.

Then the pair (g, θ), where g = gk+〈·, ·〉Rn and θ is the 1-form obtained by the extension
of θk by zero to Rn, defines a conformally flat LCP structure on g.

Proof. By construction, θ 6= 0 and also θ|g′ = θk|k′ = 0 because θk is closed in k. Hence
dθ = 0.

Condition (1) in Proposition 2.2 is trivially satisfied. Condition (2) in the same propo-
sition reduces to

g([u, x], x) = θ(u)|x|2, u, x ∈ g.

This can be easily checked by polarization and decomposing u and x in their k and Rn

components, using the fact that (k, gk, θk) is conformally flat and the explicit expression
of the representation ρ defining the semidirect product.
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Straightforward computations using (2.2) show

∇g
xx

′ = ∇gk
x x

′, ∇g
xy = β(x)y, ∇g

y = −θ ∧ y, ∀x, x′ ∈ k, y ∈ Rn,

and thus

∇θ
xx

′ = ∇θk
x x

′, ∇θ
xy = ρ(x)y, ∇θ

y = 0, ∀x, x′ ∈ k, y ∈ Rn.

Since ∇θk and ρ are representations, these equalities imply that ∇θ : g → gl(g) is a Lie
algebra representation as well. Therefore, Proposition 2.2(3) holds and hence (g, g, θ) is
conformally flat as claimed. �

Proposition 3.2. Let (g, θ) be a conformally flat LCP structure on a Lie algebra g and
let i denote the kernel of the Lie algebra representation ∇θ : g → gl(g). Then i is an
abelian ideal, i⊥ is Lie subalgebra of compact type and

(3.1) [x, y] = ∇θ
xy, ∀ x ∈ g, ∀ y ∈ i.

Moreover, (g|i⊥, θ|i⊥) is a conformally flat LCP structure on i⊥.

In particular, (3.1) shows that g can be written as the semidirect product g = i⊥ ⋉ i,
where the action is given by the representation ∇θ.

Proof. By (2.5), the kernel of ∇θ : g → gl(g) can be described as

i = {x ∈ g : ∇g
x = x ∧ θ, θ(x) = 0}.

Since ∇θ is a Lie algebra representation, i is an ideal of g. To show that it is abelian,
consider x, y, z ∈ i; the conditions ∇g

x = x ∧ θ and θ|i = 0 imply

g(∇g
xy, z) = −g((θ ∧ x)y, z) = −g(θ(y)x− g(x, y)θ♯, z) = 0.

Hence g([x, y], z) = g(∇g
xy −∇g

yx, z) = 0 for all x, y, z ∈ i and thus i is abelian.

Now, taking x ∈ i, y, z ∈ i⊥ in (2.4), and using the fact that i is an ideal, ∇θ
x = 0, and

θ|i = 0, we get

0 = g(∇θ
xy, z) = −1

2
g([y, z], x).

Therefore, i⊥ is a Lie subalgebra of g. The representation ∇θ restricts to an injective
representation of i⊥ into a Lie algebra of compact type. Thus i⊥ is of compact type, and
in particular unimodular.

Next we prove (3.1). If x, y ∈ i, then [x, y] = 0 and ∇θ
xy = 0 by the definition of i, so

the equality holds in this case. Now if x ∈ i⊥ and y ∈ i, [x, y] ∈ i and for any z ∈ i, (2.5)
gives

g(∇θ
xy, z) = g(∇g

xy + θ(x)y, z) = g(∇g
yx+ [x, y] + θ(x)y, z)

= g((y ∧ θ)x+ [x, y] + θ(x)y, z) = g([x, y], z),

showing the equality in all cases.
It remains to show that (g|i⊥, θ|i⊥) is conformally flat. For this, let x, y ∈ i⊥ and z ∈ i.

Then θ|i = 0 together with (2.5) give

g(∇θ
xy, z) = g(∇g

xy + (θ ∧ x)y + θ(x)y, z) = g(∇g
xy, z),
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and this is zero because of Koszul’s formula and the facts that i is an ideal and i⊥ a
subalgebra. Therefore, ∇g

xy ∈ i⊥ for all x, y ∈ i⊥ and thus ∇θ defines a Lie algebra
representation from i⊥ to gl(i⊥). Hence (g|i⊥, θ|i⊥) is a conformally flat LCP structure by
Proposition 2.2. �

Corollary 3.3. Let (g, θ) be a conformally flat LCP structure on a Lie algebra g. The
following statements are equivalent:

(1) g is unimodular;
(2) g is of compact type;
(3) ∇θ : g → gl(g) is injective.

Proof. As before, let i denote the kernel of ∇θ : g → gl(g). By Proposition 3.2, i⊥ is of
compact type, thus unimodular so tr(adx |i⊥) = 0 for all x ∈ i⊥. Moreover, the adjoint
action of i⊥ preserves both i and i⊥, therefore for any x ∈ i⊥,

(3.2) tr adx = tr(adx |i⊥) + tr(adx |i) = tr(adx |i).
In addition, equation (3.1) together with (2.5) imply that for any x ∈ i⊥, y ∈ i,

[x, y] = θ(x)y + β(x)y, for some β(x) ∈ so(i).

This together with (3.2) implies

tr adx = θ(x) dim i, ∀x ∈ i⊥,

where actually, θ|i⊥ 6= 0 because θ|i = 0 and θ 6= 0. Therefore, g is unimodular if and only
if i = 0. This is also equivalent to g = i⊥ which is of compact type. �

In the next examples, we construct conformally flat LCP structures on some unimodular
Lie algebras.

Example 3.4. Abelian Lie algebras of dimension 1 or 2 admit conformally flat LCP
structures.

Indeed, given p ∈ {1, 2}, an inner product g on Rp and θ ∈ (Rp)∗, the Weyl connection
defined by θ satisfies ∇θ

x = θ ∧ x + θ(x) IdRp for every x ∈ Rp. For dimensional reasons,
[θ ∧ x, θ ∧ y] = 0 for every x, y ∈ Rp, and thus ∇θ : Rp → gl(p) is a Lie algebra
representation. This shows that Proposition 2.2(3) holds, whilst (1) and (2) in that
proposition hold trivially. Therefore, (g, θ) is a conformally flat structure on Rp.

Example 3.5. Consider the direct sum Lie algebra g := su(2)⊕R, and fix an element z
spanning its center. Let κ denote the Killing form of su(2), which is negative definite.

Choose µ > 0, 0 6= λ ∈ R and x0 ∈ su(2); we shall define a conformally flat LCP
structure on g using these parameters.

Let gµ,λ be the metric on g such that gµ,λ|su(2) = −µκ and

gµ,λ(z, x) =
µ

λ
κ(x0, x) = −1

λ
gµ,λ(x0, x), ∀x ∈ su(2),(3.3)

|z|2gµ,λ =
1

λ2
(
1

8µ
− µκ(x0, x0)) =

1

λ2
(
1

8µ
+ |x0|2gµ,λ).(3.4)
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From (3.3), we get gλ,µ(λz + x0, x) = 0 for all x ∈ su(2), which implies that the 1-form
θ := gµ,λ(λz + x0, ·) is closed in g. Notice that θ(z) = 1/(8µλ) and |θ|2 = 1/(8µ); the
latter value coincides with the the sectional curvature of the metric −µκ in su(2).

Using Koszul’s formula, one gets for every x ∈ su(2):

(3.5) ∇gµ,λ
z z = 0, ∇gλ,µ

x =
1

2
adx ∈ so(su(2)), ∇gλ,µ

x z = ∇gλ,µ
z x =

1

2λ
[x0, x].

This implies, in particular, that ∇gµ,λ
w θ = 0 for all w ∈ g and therefore, by (2.5),

(3.6) [∇θ
u,∇θ

w] = [∇gµ,λ
u ,∇gµ,λ

w ] + θ ∧ [u, w] + |θ|2u ∧ w + θ ∧ (θ(w)u− θ(u)w)

for any u, w ∈ g. Here and henceforth we denote by u ∧w the skew-symmetric endomor-
phism of g defined as (u ∧ w)(x) = g(u, x)w − g(w, x)v, for all x ∈ g.

For any x ∈ su(2), (3.6), together with the facts that θ(x) = 0, z is central and
θ = λz + x0, give

(3.7) [∇θ
x,∇θ

z] = [∇gµ,λ
x ,∇gµ,λ

z ] +
1

8µλ
x0 ∧ x.

On the one hand, straightforward computations using (3.5) show that [∇gµ,λ
x ,∇gµ,λ

z ](w) =
1
4λ

ad[x,x0] w, for every w ∈ g. On the other hand, making use the metric gµ,λ, we can
identify the skew-symmetric endomorphisms

(3.8) ad[x,x0] =
1

2µ
x ∧ x0.

Therefore, (3.7) becomes

[∇θ
x,∇θ

z] =
1

4λ
ad[x,x0]+

1

8µλ
x0 ∧ x =

1

8µλ
x ∧ x0 +

1

8µλ
x0 ∧ x = 0 = ∇θ

[x,z].

Now, given x, y ∈ su(2), since θ|su(2) = 0 and (3.5) holds, (3.6) and (3.8) imply

[∇θ
x,∇θ

y] =
1

4
ad[x,y]+θ ∧ [x, y] +

1

8µ
x ∧ y =

1

2
ad[x,y]+θ ∧ [x, y] = ∇θ

[x,y].

These last two equations show that ∇θ : g → gl(g) is a representation so (gµ,λ, θ) is a
conformally flat LCP structure on su(2)⊕ R by Proposition 2.2.

We will show that the above examples exhaust all possible conformally flat LCP struc-
tures on unimodular Lie algebras. To do so, we first introduce a technical result.

Lemma 3.6. Let (g, θ) be a conformally flat LCP structure on a Lie algebra g and let Rg

be the curvature tensor of the Levi-Civita connection ∇g. Then, the following equations
hold:

Rg
x,y = −|θ|2x ∧ y + θ(x)θ ∧ y − θ(y)θ ∧ x−∇g

xθ ∧ y +∇g
yθ ∧ x, ∀x, y ∈ g,(3.9)

|∇gθ|2 = g(Hg, θ).(3.10)
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Proof. Assume (g, θ) is a conformally flat structure on g and consider the representation
∇θ : g → gl(g) given in Proposition 2.2. By (2.5), we have

∇θ
x = θ(x) Idg +β(x), ∀x ∈ g,

where β : g → so(g) is defined by

β(x) := ∇g
x + θ ∧ x ∈ so(g).

It is easy to check that β is a representation of g because ∇θ is so and θ is closed.
Therefore, for every x, y ∈ g,

0 = [β(x), β(y)]−β([x, y]) = [∇g
x,∇g

y]+[∇g
x, θ∧y]+[θ∧x,∇g

y]+[θ∧x, θ∧y]−∇g
[x,y]−θ∧[x, y]

= Rg
x,y+∇g

xθ∧y+θ∧∇g
xy−∇g

yθ∧x−θ∧∇g
yx+ |θ|2x∧y−θ(x)θ∧y+θ(y)θ∧x−θ∧ [x, y]

= Rg
x,y +∇g

xθ ∧ y −∇g
yθ ∧ x+ |θ|2x ∧ y − θ(x)θ ∧ y + θ(y)θ ∧ x

which implies

Rg
x,y = −|θ|2x ∧ y + θ(x)θ ∧ y − θ(y)θ ∧ x−∇g

xθ ∧ y +∇g
yθ ∧ x, ∀x, y ∈ g,

giving the first equality in the statement.
With this expression for the curvature, we can thus compute the Ricci tensor of g,

obtaining

(3.11) Ricg x = |θ|2(n− 2)x− (n− 2)θ(x)θ♯ + (n− 2)∇g
xθ

♯ − xδgθ, ∀x ∈ g,

where δg denotes the codifferential of g.
Since θ is closed and left-invariant, ∆θ = 0, thus (3.11) applied to x := θ♯ together with

the Bochner formula for θ yields

(3.12) 0 = (∇g)∗∇gθ♯ + Ricg θ♯ = (∇g)∗∇gθ♯ + (n− 2)∇g

θ♯
θ♯ − θ♯δgθ.

We shall compute the last two terms of this expression. On the one hand, for every x ∈ g,

g(∇g

θ♯
θ♯, x) = g([x, θ♯], θ♯) = θ([x, θ♯]) = 0

because dθ = 0. On the other hand, if {ei}ni=1 is an orthonormal basis of g,

δgθ = −
n

∑

i=1

g(ei,∇g
ei
θ♯) = tr adθ♯ = g(Hg, θ).

Therefore, (3.12) becomes

(∇g)∗∇gθ = g(Hg, θ)θ.

Taking the inner product with θ we obtain

g(Hg, θ)|θ|2 = g((∇g)∗∇gθ, θ) =

n
∑

i=1

g(−∇g
ei
∇g

ei
θ +∇g

∇g
ei
ei
θ, θ) =

n
∑

i=1

|∇g
ei
θ|2 = |∇gθ|2,

because ∇g
x is skew-symmetric for any x ∈ g. This shows the second formula. �



THE STRUCTURE OF LOCALLY CONFORMALLY PRODUCT LIE ALGEBRAS 10

Proposition 3.7. Let (g, θ) be a conformally flat LCP structure on a unimodular Lie
algebra g. Then g is isomorphic to one of the Lie algebras:

R, R2, su(2)⊕ R,

and the LCP structure is as in Examples 3.4 or 3.5, respectively. In particular, in the last
case, the metric g|su(2) is a multiple of the Killing form.

Proof. Assume that (g, g, θ) is a conformally flat LCP Lie algebra and g is unimodular,
that is, Hg = 0. By (3.10) we obtain ∇gθ = 0, so (3.9) becomes

(3.13) Rg
x,y = −|θ|2x ∧ y + θ(x)θ ∧ y − θ(y)θ ∧ x, ∀x, y ∈ g.

Consider the codimension 1 subspace k := ker θ of g (which is an ideal due to dθ = 0).
This defines by left translations a totally geodesic distribution. Indeed,

θ(∇g
xy) = −(∇g

xθ)(y) = 0, ∀x, y ∈ k,

because ∇gθ = 0. Therefore, by (3.13), the curvature of (k, g|k) is Rg
x,y = −|θ|2x ∧ y, so

the corresponding simply connected Lie subgroup K with Lie algebra k has a metric of
constant positive sectional curvature |θ|2.

This implies that K is diffeomorphic to the sphere Sn−1, and thus Sn−1 has a Lie group
structure. Hence n− 1 is either 0, 1, or 3, and k = 0, k = R or k = su(2), respectively.

As g is of compact type (by Corollary 3.3), if n = dim g = 1, 2, the only possibilities
are g = R or g = R2. It is clear that the conformally flat structure is as in Example 3.4.

If dim g = 4, then k = su(2) and thus g = su(2) ⊕ R, with g|su(2) being of constant
sectional curvature. Lemma 3.9 below shows that g|su(2) is a multiple of the Killing form,
fact that we assume for the moment. In this case, g|su(2) = −µκ with µ := 1

8|θ|2
, since the

sectional curvature of g|su(2) is |θ|2.
Fix z an element spanning the center of g = su(2) ⊕ R, and write θ♯ = λz + x0 with

λ 6= 0 and x0 ∈ su(2). One can readily check that the metric g is gλ,µ and thus the
conformally flat structure is as in Example 3.5. �

Remark 3.8. Notice that all simply connected Lie groups corresponding to unimodular
Lie algebras admitting conformally flat LCP structures carry co-compact lattices.

We now prove the result claimed in the proof above.

Lemma 3.9. A left-invariant metric on SU(2) has constant sectional curvature if and
only if it is bi-invariant.

Proof. The converse statement being obvious, assume that that g is a scalar product
on su(2) such that the induced left-invariant metric g on SU(2) has constant sectional
curvature. Up to rescaling, we can assume that SU(2) is isometric to the round sphere
S3.

The right-invariant vector fields on SU(2) are Killing vector fields. This gives a Lie
algebra (anti-) morphism f : su(2) → isom(S3) ≃ su(2) ⊕ su(2) such that for every
non-zero x ∈ su(2), the Killing vector field on S3 determined by f(x) has no zeros.
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Recall that upon identification of su(2) with the Lie algebra of imaginary quaternions,
and of S3 with the sphere of unit quaternions, the Killing vector field on S3 determined
by an element (a, b) ∈ su(2)⊕ su(2) is given by

(3.14) ξ(x, y)v := x · v − v · y, ∀ v ∈ S3 ⊂ H,

where H denotes the algebra of quaternions and · denotes their product.
Now, let us write the Lie algebra morphism f as f = (f1, f2), for Lie algebra morphisms

fi : su(2) → su(2). We claim that one of f1 and f2 vanishes.
Assume for a contradiction that both f1 and f2 are non-zero. Since su(2) is simple,

fi are both automorphisms of su(2), so there exist a, b ∈ SU(2) ≃ S3 ⊂ H such that
f(x) = (a · x · a−1, b · x · b−1) for every x ∈ su(2). Then for every imaginary quaternion of
unit length x ∈ su(2) ∩ S3, the vector field ξ(f(x)) of S3 vanishes at v := a · x · b−1 ∈ S3

by (3.14). This is a contradiction, thus proving our claim.
It follows that there exists a 3-dimensional Lie algebra h ⊂ isom(SU(2), g) all of which

elements commute with the image of f , i.e. with the right-invariant vector fields. On
the other hand, every vector field on a connected Lie group commuting with the right-
invariant vector fields is left-invariant. For dimensional reasons we get that h is equal to
the Lie algebra of left-invariant vector fields on su(2), which are therefore Killing. This
shows that the metric g is bi-invariant. �

Notice that Lemma 3.9 also follows from [14, Lemma 2.7], by an argument using brute
force computations of the Ricci curvature of a left-invariant metric on SU(2) in an adapted
orthogonal frame.

The results above account to the following classification of conformally flat LCP struc-
tures on Lie algebras.

Theorem 3.10. Let g be a Lie algebra admitting a conformally flat LCP structure (g, θ).
Then g is isomorphic to a Lie algebra

k⋉Rn,

for some n ≥ 0, with k either Rp for p ∈ {1, 2} or su(2)⊕ R. Moreover, the conformally
flat structure in g is an extension as in Proposition 3.1 of the conformally flat structures
in Examples 3.4 and 3.5.

Proof. Let (g, θ) be a conformally flat LCP structure on g. By Proposition 3.2, g = k⋉ i,
with i := ker∇θ an abelian ideal and k := i⊥ of compact type and conformally flat. Recall
that θ|i = 0, so (3.1) and (2.6) imply

∇θ
x|i = adx |i = β(x) + θ(x) Idi, ∀x ∈ i⊥,

where β(x) := ∇g
x|i ∈ so(i). Since ∇θ is a representation, the map ρ : k → gl(i), ρ(x) :=

β(x) + θ(x) Idi is representation as well, and defines the action in the semidirect product
k⋉ i.

In addition, θ vanishes on i, so θ ∈ k∗ ⊂ (k ⋉ i)∗. Using Proposition 2.2, one can
easily check that this 1-form θ ∈ k∗ together with the metric g|k define a conformally flat
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structure on k. Therefore, by Proposition 3.7, the structure in (k, g|k) is the one given
either in Example 3.4 or 3.5, and thus the one in (g, g) is an extension of those by ρ
above, as described in Proposition 3.1. �

4. Proper LCP structures

Having settled the conformally flat case in the previous section, we now focus on proper
LCP structures. Let us first introduce the following important subclass of LCP structures.

Definition 4.1. An LCP structure (g, θ, u) on a Lie algebra g is called adapted if θ|u = 0.

Note that any adapted LCP structure is proper, since θ 6= 0.
Most of the results in this section only hold for adapted LCP structures. However, in

view of Theorem 4.2 below, this is not a restrictive assumption. Indeed, we are primarily
interested in compact quotients of Riemannian Lie groups carrying LCP structures, and
by [11], the Lie algebra of any Lie group admitting co-compact lattices is unimodular.

Theorem 4.2. Every proper LCP structure (g, θ, u) on a unimodular Lie algebra g is
adapted.

Proof. Let (g, θ, u) be a proper LCP structure on g. Then u is a subalgebra of g by
Proposition 2.2(1) and θ|u is a closed 1-form in u. Assume for a contradiction that it is
not adapted, i.e. θ|u 6= 0. We claim that in this case (g|u, θ|u) is a conformally flat LCP
structure on u.

To show this, it suffices to show that Proposition 2.2 holds for (u, g|u, θ|u, u). Notice that
for any x, y, v ∈ u, using (2.4) for (g, θ, u) together with the facts that u is a subalgebra,
and the metric and the 1-form in (u, g|u, θ|u, u) are just restrictions of the elements in g,
we obtain

g(∇θ
xy, z) =

1

2
(g([x, y], z)− g([x, z], y)− g([y, z], x))

+ θ(x)g(y, z) + θ(y)g(x, z)− θ(z)g(x, y)

=
1

2
(g|u([x, y], z)− g|u([x, z], y)− g|u([y, z], x))

+ θ|u(x)g(y, z) + θ|u(y)g(x, z)− θ|u(z)g(x, y) = g(∇θ|u
x y, z)

Recalling that u is ∇θ-parallel, we get from (2.4)

∇θ
xy = ∇θ|u

x y, ∀x, y ∈ u.

This implies that ∇θ|u : u → gl(u) is nothing but the restriction to u of the representation
∇θ : g → gl(u), so Condition (3) in Proposition 2.2 holds for (u, g|u, θ|u, u). Moreover,
Condition (1) and the left-hand-side of Condition (2) in the same proposition are trivially
satisfied, whilst the right-hand-side of the latter follows directly from the fact that (g, θ, u)
is an LCP structure on g, thus showing that (g|u, θ|u) is a conformally flat LCP structure
on u.
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By (2.8), we have Hu = −(n − q)θ|u, where n = dim g and q = dim u. In addition,
(3.10) applied to (u, g|u, θ|u, u) gives

|∇g|uθ|u|2 = g(Hu, θ|u) = −(n− q)|θ|u|2,
which is a contradiction since we assumed θ|u 6= 0 and n−q > 0 because the LCP structure
is proper. This shows that θ|u = 0, thus finishing the proof. �

Remark 4.3. The previous theorem generalizes [1, Lemma 5.2], where it was shown that
any LCP structure on a solvable unimodular Lie algebra is adapted.

The next example shows that the unimodularity assumption in Theorem 4.2 is neces-
sary.

Example 4.4. Let g = Rb ⋉ Rn be the semidirect product of abelian Lie algebra where
the action of b on Rn is adb := IdRn , and consider the inner product g on g obtained
by extending the standard metric on Rn orthogonally, and such that b is of unit norm.
Then, taking θ := g(b, ·) and using (2.4), we get that ∇θ

x = 0 for all x ∈ Rn and thus
(g, θ, u := Rb) is a non-adapted LCP structure on g which is not conformally flat either.
Notice that the Lie algebra g is not unimodular.

The following result generalizes Proposition 6.1 in [1]. For the reader’s convenience we
include its proof here, even though it is similar to the original one.

Corollary 4.5. Every proper LCP structure (g, θ, u) on an n-dimensional unimodular Lie
algebra g satisfies dim u ≤ n− 2.

Proof. The LCP structure is proper, so 1 ≤ dim u ≤ n − 1, whence n ≥ 2. Moreover,
(2.7) implies that

(4.1) adθ♯ |u = |θ|2 Idu+A

where A ∈ so(u) in view of (2.6).
Assume for a contradiction that dim u = n− 1. Then g = Rθ♯ ⊕ u and therefore

0 = tr(adθ♯) = tr(adθ♯ |u).
However, using (4.1) in the last equation we get

0 = (n− 1)|θ|2,
contradicting the fact that n ≥ 2 and θ 6= 0. �

Remark 4.6. In contrast to the conformally flat case (see Remark 3.8), there exist
unimodular Lie algebras carrying proper LCP structures, that do not admit co-compact
lattices. Indeed, this was already shown in [1] for solvable unimodular Lie algebras. In
general, the problem of finding such lattices on unimodular LCP Lie algebras is highly
non-trivial. Examples of non-solvable Lie groups carrying co-compact lattices and whose
Lie algebras admit LCP structures will be constructed in Section 5.
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The rest of the section is devoted to the study of adapted LCP Lie algebras, not nec-
essarily unimodular (even though by Theorem 4.2, every LCP structure on a unimodular
Lie algebra is adapted). We start with a necessary and sufficient condition for a proper
LCP structure to be adapted.

Proposition 4.7. A proper LCP structure (g, θ, u) on a Lie algebra g is adapted if and
only if u is an ideal. If this holds, then u is abelian and contained in g′, thus in particular
u is contained in the nilradical of g.

Proof. Let (g, θ, u) be a proper LCP structure on g. We shall first prove the equivalence
in the statement. Assume that u 6= g is an ideal and let x ∈ u⊥ be of unit norm. Then,
by (2.7) we get

0 = g([u, x], x) = θ(u), ∀ u ∈ u,

showing that the LCP structure is adapted.
For the converse, assume that (g, θ, u) verifies θ|u = 0. Notice that if (g, θ, u) is an LCP

structure on g, then for any λ > 0, (λg, θ, u) is LCP as well, and the first one is adapted
if and only if the latter is so. Hence, by rescaling the metric g, we assume that |θ| = 1
without loss of generality.

Consider the orthogonal decomposition g = u ⊕ Rθ♯ ⊕ p, where u ⊕ p is an ideal of g
because it contains g′ (due to dθ = 0). This, together with the fact that u⊥ = Rθ♯ ⊕ p is
a subalgebra, by Proposition 2.2, implies

[θ♯, p] ⊂ p,

and thus there exists A ∈ gl(p) such that

(4.2) [θ♯, x] = Ax, ∀x ∈ p.

Moreover, (2.7) gives for any u ∈ u

0 = g([u, θ♯], θ♯), and 0 = g([u, x+ θ♯], x+ θ♯) = g([u, θ♯], x), ∀ x ∈ p,

so that [θ♯, u] ⊂ u. Also from (2.7) we get

g([θ♯, u], u) = |u|2,

since |θ| = 1. The last two equations together imply

(4.3) [θ♯, u] = u+Bu, for some B ∈ so(u).

Moreover, since θ(u⊕ p) = 0, (2.7) gives

g([u, x], x) = 0 = g([x, u], u), ∀ u ∈ u, x ∈ p,

which implies, for every u ∈ u, x ∈ p,

(4.4) [x, u] = Bxu+ Cux, for some Bx ∈ so(u), Cu ∈ so(p).
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Using (4.2), (4.3) and (4.4) in the Jacobi identity for θ♯, u ∈ u, x ∈ p, we get

[[θ♯, x], u] = [θ♯, [x, u]]− [x, [θ♯, u]]

BAxu+ CuAx = (Idu+B)Bxu+ ACux− Bx(u+Bu)− CBu+ux

(CuA−ACu + CBu+u)x = (BBx − BxB −BAx)u.

where the left-hand side is in p whilst the right hand side is in u, so both must vanish. In
particular, this implies

(4.5) [A,Cu] = Cu + CBu, for all u ∈ u.

Let q ≥ 1 denote the dimension of u and let {ui}qi=1 be an orthonormal basis of u. Since
tr(Cu[A,Cu]) = 0 for all u ∈ u, by (4.5) we get

0 =

q
∑

i=1

tr(Cui
[A,Cui

]) =

q
∑

i=1

tr(C2
ui
) +

q
∑

i=1

tr(Cui
CBui

).

However, the last term vanishes. Indeed, since B is skew-symmetric,

q
∑

i=1

tr(Cui
CBui

) =

q
∑

i,j=1

g(Bui, uj) tr(Cui
Cuj

) = 0.

We thus conclude tr(C2
ui
) = 0 for all i = 1, . . . , q, but Cui

being skew-symmetric, we
actually get that they all must vanish. Hence, by (4.4), p preserves u, that is, [p, u] ⊂ u.
Using the fact that u is a subalgebra of g, together with [θ♯, u] ⊂ u which follows from
(4.3), shows that u is an ideal of g as claimed.

For the last part, using (4.3) and the Jacobi identity applied to u, v ∈ u and θ♯, we get
for every u, v ∈ u

[θ♯, [u, v]] = [[θ♯, u], v] + [u, [θ♯, v]],

whence B[u, v] = [Bu, v] + [u,Bv] + [u, v].

Since B is skew-symmetric, this equation gives

0 =

q
∑

i,j=1

g(B[ui, uj], [ui, uj])

=

q
∑

i,j=1

g([Bui, uj], [ui, uj]) +

q
∑

i,j=1

g([ui, Buj], [ui, uj]) +

q
∑

i,j=1

g([ui, uj], [ui, uj])

=

q
∑

i,j=1

|[ui, uj]|2,

where we used a change of order in the summation indexes in the second term. Therefore,
u is abelian. The fact that u ⊂ g′ follows directly from (4.3), since Idu +B is invertible
for every B ∈ so(u). �
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Corollary 4.8. Let (g, θ, u) be an adapted LCP structure on a Lie algebra g. For any
ideal r ⊂ g such that u ⊂ r and θ|r 6= 0, the triple (g|r, θ|r, u) is an adapted LCP structure
on r. This holds in particular when r is the radical of g.

Proof. Suppose that (g, θ, u) is an adapted LCP structure on g, so that Proposition 2.2
holds. Let r be an ideal satisfying the hypotheses.

Since r is a subalgebra and θ|g′ = 0, it is clear that θ|r′ = 0 and thus θ|r is closed in
r. Besides, the orthogonal complement of u in r with respect to g|r is (r ∩ u⊥). Since u⊥

and r are subalgebras, (r∩ u⊥) is a subalgebra as well; hence Proposition 2.2(1) holds for
(r, g|r, θ|r, u). It is clear that also Proposition 2.2(2) is valid for all x ∈ r, u ∈ u for the
same quadruple. In particular, u is parallel with respect to ∇θ|r .

Finally, note that for any x ∈ r, u, v ∈ u, (2.4) implies g(∇θ|r
x u, v) = g(∇θ

xu, v). There-
fore, ∇θ|r = ∇θ|r and thus ∇θ|r : r → gl(u) is a Lie algebra representation. By Proposition
2.2 we obtain that (g|r, θ|r, u) is an LCP structure on r as claimed; this structure is adapted
since the original one is adapted.

Finally, notice that if the Levi decomposition of g is g = s⊕ r, where r is the solvable
radical and s is semisimple, then u ⊂ r by Proposition 4.7. Also, since θ|g′ = 0, s ⊂ g′

and θ 6= 0, we get θ|r 6= 0. �

We are now in position to describe the structure of Lie algebras carrying adapted LCP
structures.

Theorem 4.9. Let (g, θ, u) be an adapted LCP structure on a Lie algebra g. Then u is
an abelian ideal contained in g′, u⊥ is a Lie subalgebra and the following relations hold
for every x ∈ g:

adx |u = ∇θ
x|u,(4.6)

θ(x) =
1

dim u
tr(adx |u).(4.7)

Note that by Theorem 4.2 this result holds, in particular, for every proper LCP structure
provided that g is unimodular.

Proof. By Proposition 2.2 we know that u⊥ and u are subalgebras of g, the latter being
also an abelian ideal contained in g′, by Proposition 4.7.

Consider now u, v ∈ u and x ∈ u⊥. Using (2.4), together with the facts that the
structure is adapted and u is a subalgebra which is u is ∇θ-invariant, we obtain

0 = g(∇θ
uv, x) =

1

2
(g([x, u], v) + g([x, v], u))− θ(x)g(u, v).

From this equality and (2.4) again, we get

(4.8) g(∇θ
xu, v) =

1

2
(g([x, u], v)− g([x, v], u)) + θ(x)g(u, v) = g([x, u], v),

which implies ∇θ
xu = [x, u] for all x ∈ u⊥, u ∈ u. When x, u ∈ u, on the one hand

[x, u] = 0 because u is abelian. On the other hand, g(∇θ
xy, z) = 0 for any z ∈ u⊥ because
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u is ∇θ-parallel, and (2.4) implies g(∇θ
xy, z) = 0 for all z ∈ u because u is an abelian ideal

and θ|u = 0. Therefore, [x, u] = ∇θ
xu for all x, u ∈ u as well. This proves (4.6).

Finally, (4.7) follows directly by taking the trace in (4.6) and using (2.6). �

Corollary 4.10. Let (g, θ, u) be an adapted LCP structure on a Lie algebra g. Then
g is isomorphic to a semidirect product g = h ⋉α Rq where h := u⊥, q := dim(u) and
α : h → gl(Rq) is a Lie algebra representation. Moreover, there exists a closed 1-form
0 6= ξ ∈ h∗ and an orthogonal Lie algebra representation β : h → so(Rq), such that
α(x) := ξ(x) Id+β(x), for all x ∈ h.

Proof. By Theorem 4.9, u is a q-dimensional abelian ideal of g, which we identify with Rq,
and h := u⊥ is a Lie subalgebra, so g is isomorphic to a semidirect product g = h⋉α Rq

for the Lie algebra representation α := ∇θ : h → gl(Rq). Let us define ξ := θ|h ∈ h∗

and β(x) := α(x) − θ(x) Idu for every x ∈ h. Since θ vanishes on g′, ξ vanishes on h′.
Moreover, β is a Lie algebra representation: for every x, y ∈ h we have

[β(x), β(y)] = [α(x), α(y)] = α([x, y]) = β([x, y]),

(using again the fact that θ|h′ = 0). Finally, for every x ∈ h we have by (4.6) that
β(x) = α(x)− θ(x) Idu = ∇θ

x − θ(x) Idu belongs to so(Rq) by (2.6), so β is an orthogonal
Lie algebra representation. �

We will now prove the converse of Corollary 4.10.
Consider a metric Lie algebra (h, h), a non-zero closed 1-form ξ ∈ h∗ and an orthogonal

Lie algebra representation β : h → so(Rq) for some q ≥ 1, where Rq is endowed with the
canonical inner product 〈·, ·〉Rq . Define α : h → gl(Rq) by α(x) = ξ(x) Id+β(x), for all
x ∈ h, which is a Lie algebra representation as before.

We then define the semidirect product g := h ⋉α Rq, endowed with the inner product
g := h + 〈·, ·〉Rq , together with the 1-form θ extending ξ by zero on Rq, and the ideal
u := Rq.

Proposition 4.11. The triple (g, θ, u) defines an adapted LCP structure on g.
Moreover, g is solvable if and only if h is solvable, and g is unimodular if and only if

ξ = −1
q
Hh.

Proof. Notice that θ is non-zero since ξ 6= 0, and closed since θ|g′ = 0. Indeed, g′ ⊂ h′+u,
and θ|h′ = ξ|h′ = 0, whereas θ|u = 0 by definition.

It is easy to check that (1) and (2) in Proposition 2.2 are satisfied. In addition, by
(2.4), one readily obtains that for any u, v ∈ u, g(∇θ

xu, v) = g(α(x)u, v) if x ∈ u⊥ = h

whilst ∇θ
xu = 0 if x ∈ u. Hence (3) in Proposition 2.2 also holds.

For the last statements, note that by construction g′ ⊂ h′ + u and [g′, g′] ⊂ [h′, h′].
Hence, if h is solvable, then g is so. Conversely, if g is solvable, then h, since it is a
subalgebra of g, it is solvable as well.

Finally, the fact that u is an abelian ideal implies that tr adu = 0 for all u ∈ u. In
addition, for x ∈ h,

tr adx = tr(adx |h) + tr(adx |Rq) = Hh(x) + tr(ξ(x) Idu+β(x)) = Hh(x) + qξ(x).
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This shows the last assertion. �

The above proposition is a generalization of [1, Prop. 4.3]; here we no longer require h

to be non-unimodular, nor the representation β to vanish on h′ (but we need the weaker
assumption h′ ( h in order to ensure the existence of ξ). However, in practice we will
always choose h non-unimodular and ξ equal to −1

q
Hh, since we are mainly interested in

constructing unimodular LCP Lie algebras.

Definition 4.12. The unimodular metric Lie algebra (h ⋉α Rq, h + 〈·, ·〉) constructed in
Proposition 4.11 by means of ξ := −1

q
Hh will be denoted by L(h, h, β). We will refer to it

as the LCP extension of (h, h) with respect to β.

By Corollary 4.10 and Proposition 4.11 we see that a unimodular metric Lie algebra has
an adapted LCP structure if and only if it is an LCP extension of some non-unimodular
metric Lie algebra with respect to some orthogonal representation of the latter.

5. LCP manifolds which are not solvmanifolds

In the previous paper [1], the authors together with A. Andrada, studied LCP structures
on solvable unimodular Lie algebras, with focus on those whose corresponding simply
connected Lie groups admit co-compact lattices. This section aims to provide similar
examples on non-solvable Lie algebras.

By [1, Prop. 4.1], the direct product of an adapted LCP Lie algebra with an arbitrary
metric Lie algebra carries again LCP structures. It is thus trivial to obtain in this way
non-solvable LCP Lie algebras whose corresponding simply connected Lie groups admit
co-compact lattices, starting from solvable ones. However, this examples are not very
interesting from our point of view, so our aim will be to construct indecomposable non-
solvable LCP Lie algebras (i.e. which cannot be written as the direct sum of two proper
ideals).

The first example is a Lie algebra having compact simple Levi factor. A more involved
example comes next, where the simple Levi factor is sl(d,R), thus non-compact. These two
give rise to the first examples, know to us of, of indecomposable compact LCP manifolds
which are not solvmanifolds.

5.1. An example with simple Levi factor of compact type. Let k = Rb ⋉ R3 be
the semidirect product of abelian Lie algebras, where b acts on R3 by − Id3. Then the
linear map ρ : so(3) → gl(k), such that for every A ∈ so(3), ρ(A) vanishes on Rb and acts
as A on R3, is a Lie algebra representation. Hence h := so(3)⋉ρ k is a Lie algebra. If h is
a metric such that Rb, R3 and so(3) are orthogonal, then Hh = h(−3b, ·), showing that h
is non-unimodular.

Let (g, g) := L(h, h, β) be the LCP extension as in Definition 4.12, with β := 0, and
having flat space u of dimension 3. Then g = (so(3) ⋉ρ k) ⋉α u is unimodular and non
solvable.

We claim that g is indecomposable. Indeed, assume that g can be written as a direct
sum of ideals g = g1 ⊕ g2. The Levi decomposition of g is constructed from the Levi
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decomposition of gi, i = 1, 2, so up to an automorphism of g, we can assume so(3) ⊂ g1.
Since

[so(3),R3] = ρ(so(3))(R3) = R3

and g1 is an ideal, we have that the factor R3 inside k is contained in g1 as well.
Let now x = A + λb + v + u be an element of g2 with A ∈ so(3), λ ∈ R, v ∈ R3 ⊂ k,

u ∈ u. Then, as [g1, g2] = 0, for any B ∈ so(3) we have 0 = [x,B] = [A,B] − Bv, which
implies A = 0 and v = 0. Similarly, for every w ∈ R3 ⊂ k we have 0 = [x, w] = −λw
because b acts as − Id3 on R3. Hence, λ = 0 and thus g2 ⊂ u. This, together with the
fact that so(3) ⊕ R3 ⊂ g1, implies that there exists y ∈ g1 of the form y = γb + w with
γ 6= 0 and w ∈ u. Therefore, for all z ∈ g2,

0 = [y, z] = −γz,

showing that g2 = 0. Thus g is indecomposable as Lie algebra.
Notice that the radical r := k ⋉ u of g is unimodular and almost abelian, that is, it

admits a codimension 1 abelian ideal.
Let R be the connected and simply connected solvable Lie group with Lie algebra r.

Proposition 5.1. The connected and simply connected Lie group with Lie algebra g is
G = SU(2) ⋉ R and admits a co-compact lattice Γ. Therefore, Γ\G is a compact LCP
manifold.

Proof. Since r is almost abelian, we can use Bock’s method [4] to construct a co-compact
lattice in R. The Lie algebra r can be written as R⋉ R6, where the action of R on R6 is
given by the matrix

A := diag(1,−1, 1,−1, 1,−1).

Given m ∈ N, m ≥ 3, set tm := ln (
m+

√
(m2−4)

2
) so that etm + e−tm = m. One can easily

check that etmA is conjugate to the block matrix

diag(Em, Em, Em), where Em =

(

0 −1
1 m

)

∈ SL(2,Z).

If C ∈ GL(2,R) satisfies Em = C−1etmAC, then Γ := tmZ ⋉ CZ6 is a co-compact lattice
in R.

It remains to notice that Γ is a discrete subgroup of G (contained in R), which is
co-compact since Γ\G is diffeomorphic to SU(2)× Γ\R. �

5.2. An example with simple Levi factor of non-compact type. For d ≥ 2, set n :=
d2 and consider the representation ρ : SL(d,R) → GL(Rn) given by right multiplication.
That is, if X ∈ Rn (identified with a d × d real matrix) then ρ(M)X = XM for all
M ∈ SL(d,R).

Let A be the 2×2 diagonal matrix A := diag(1,−1). We can thus define τ1 : SL(d,R)×
R → GL(Rn+1) and τ2 : SL(d,R)× R → GL(R2) by

τ1(M, t) = diag(ρ(M), Id1), τ2(M, t) = etA, ∀M ∈ SL(d,R), t ∈ R,
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where the first map is block diagonal using the inclusion GL(Rn) ⊂ GL(Rn+1), and Ids

denotes the s× s identity matrix. It is straightforward to check that both are Lie group
representations, thus giving rise to the representation

τ := τ1 ⊗ τ2 : SL(d,R)× R → GL(Rn+1 ⊗ R2).

Let G be the semidirect product G := (SL(d,R)× R)⋉τ (Rn+1 ⊗ R2). We claim that
the Lie algebra g of G has an LCP structure. By construction, g = (sl(d,R) ⊕ Rb) ⋉dτ

(Rn+1 ⊗ R2), where the Lie algebra representation of sl(d,R) ⊕ Rb on Rn+1 ⊗ R2 is the
differential of τ , namely,

(5.1) dτ(N + tb) = diag(dρ(N), 0)⊗ Id2+t Idn+1⊗A, ∀N ∈ sl(d,R), t ∈ R.

Choose an inner product g on g making the factors sl(d,R), Rb, Rn+1⊗R2 orthogonal,
b of norm 1 and such that, when restricted to Rn+1 ⊗ R2, it is the tensor product of the
canonical inner product on each factor. Let {ei}n+1

i=1 and {v1, v2} be the canonical bases
of Rn+1 and R2, respectively, and define u := Ren+1 ⊗ v1.

By (5.1) we get that for all N ∈ sl(d,R) and t ∈ R,

dτ(N + tb)(en+1 ⊗ v1) = 0⊗ v1 + ten+1 ⊗ Av1 = ten+1 ⊗ v1.

Hence u is an ideal of g and adx |u = θ(x) Idu for all x ∈ g, where θ := b♭. In addition, (5.1)
implies that u⊥ is a subalgebra. This shows that g is an LCP extension as in Proposition
4.11. Namely, g = L(u⊥, g|u⊥, β), with β := 0, and thus it carries an LCP structure.

Proposition 5.2. The connected and simply connected Lie group with Lie algebra g is

G̃ = ( ˜SL(d,R)× R)⋉τ (Rn+1 ⊗ R2)) and admits a co-compact lattice Γ̃. Therefore, Γ̃\G̃
is a compact LCP manifold.

Proof. It suffices to show that the connected Lie group G = (SL(d,R)×R)⋉τ (Rn+1⊗R2)
admits a co-compact lattice Γ. Indeed, if f : G̃ → G is the covering map, Γ̃ := f−1(Γ) is

a discrete co-compact subgroup of G̃ and the LCP structure defined on g can be induced
to G̃. We thus get that Γ̃\G̃ is a compact LCP manifold.

To construct a co-compact lattice in G, let D be a division algebra over Q of dimension
n = d2 such that D ⊗Q R is isomorphic to gl(d,R). Set a basis Z of D such that the
product in D has integer coefficients. The set Γ0 of elements in D⊗QR ≃ gl(d,R) having
integer coefficients in the basis {v ⊗ 1 : v ∈ Z} and of determinant 1, as elements in
gl(d,R), is a co-compact lattice in SL(d,R) (see [3, Example 2.1.4] and [15, Chapter 2]).
One can easily check that ρ(γ0)(Zn) ⊂ Zn for all γ0 ∈ Γ0, for ρ : SL(d,R) → GL(Rn)
defined above.

For each m ≥ 3, take tm ∈ R as in Subsection 5.2 so that CetmAC−1 ∈ SL(2,R), for
some C ∈ GL(2,R).

Note that Γ0×tmZ and Zn+1⊗CZ2 are co-compact lattices in SL(d,R)×R and Rn+1⊗R2,
respectively. In addition, for any γ0 ∈ Γ0, r ∈ Z, τ(γ0, rtm) preserves Zn+1⊗CZ2. Indeed,
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given mj , pk ∈ Z, for j = 1, . . . , n + 1, k = 1, 2 we have

τ(γ0, tm r)

(

(m1, . . . , mn+1)⊗ C

(

p1
p2

))

= (ρ(γ0)







m1
...

mn






, mn+1)⊗ ertmAC

(

p1
p2

)

,

which is an element in Zn+1⊗CZ2 because ρ(γ0)(Zn) ⊂ Zn and ertmAC = CEr
m. Therefore

Γ := (Γ0 × tmZ)⋉τ (Zn+1 ⊗ CZ2)

is a discrete co-compact subgroup of G. In fact, Γ\G is a fiber bundle over the compact
base (Γ0 × tmZ)\(SL(d,R)× R) with compact fiber (Zn+1 ⊗ CZ2)\(Rn+1 ⊗ R2). �

We finish the example by giving further structural features of g and G.
One should notice that the radical of g is almost abelian. To make this clear, consider

the basis B := {e1⊗ v1, . . . , en⊗ v1, e1⊗ v2, . . . , en⊗ v2, en+1⊗ v1, en+1⊗ v2} of Rn+1⊗R2.
In this basis, the adjoint maps given by (5.1) are block-diagonal as follows:

σ(N) := adN = diag(dρ(N), dρ(N), 0, 0), adb = diag(Idn,− Idn, 1,−1), ∀N ∈ sl(d,R).

In particular, one can write g as the double semidirect product

(5.2) g = sl(d,R)⋉σ (Rb⋉adb
(Rn+1 ⊗ R2)).

From this decomposition, it is easy to see that r := Rb ⋉adb
(Rn+1 ⊗ R2) is the radical

of g, which is almost abelian. The simply connected Lie group R with Lie algebra r is
isomorphic R ⋉ (Rn+1 ⊗ R2). The subgroup R ∩ Γ = tmZ ⋉ (Zn+1 ⊗ Z2) is a discrete
subgroup obtained on R by Bock’s method [4].

Finally, we shall prove that g is indecomposable. In fact, assume g = g1⊕g2 as a direct
sum of ideals. Without loss of generality, we assume that sl(d,R) ⊂ g1. If Rn denotes the
first n-coordinates in Rn+1, then (5.1) implies

[sl(d,R),Rn ⊗ R2] = dτ(sl(d,R))(Rn ⊗ R2) = Rn ⊗ R2,

since ρ is the right-multiplication by matrices. Hence Rn ⊗ R2 ⊂ g1 as well. Since g2 is
contained in the commutator of sl(d,R)⋉ (Rn ⊗ R2) in g which is equal to Ren+1 ⊗ R2,
there exists y ∈ g1 of the form y = γb + w with γ 6= 0 and w ∈ Ren+1 ⊗ R2. Therefore,
for all z ∈ g2,

0 = [y, z] = γAz.

As A = diag(1,−1) is invertible, this shows that g2 = 0 and thus g is indecomposable.

6. The set of Lee forms of LCP structures

In this last section we change our viewpoint and investigate the set of all possible closed
non-zero 1-forms on a Lie algebra that can occur as Lee forms of an LCP structure. We
start with the following observation.

Lemma 6.1. A unimodular Lie algebra g of dimension n ≥ 3 cannot admit both an
adapted LCP structure and a conformally flat LCP structure.
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Proof. By Proposition 3.7, if g has a conformally flat LCP structure, then g = su(2)⊕R.
Assume that there is an adapted LCP structure on su(2) ⊕ R. By Theorem 4.9, u is a
non-trivial abelian ideal of g contained in g′ = su(2). However, this is not possible since
dim u ≤ n− 2 by Corollary 4.5 and su(2) is simple. �

Theorem 6.2. On a unimodular Lie algebra g there is a finite number of closed 1-forms
which can occur as Lee forms of proper LCP structures.

Proof. Let g be an n-dimensional unimodular Lie algebra and assume it admits a proper
LCP structure. Then all LCP structures on g are adapted by Theorem 4.2 and Lemma
6.1. Since the Lee form of an LCP structure is non-zero and vanishes on g′, we have
that the annihilator of g′, (g′)◦ ⊂ g∗, is non-zero. Let γ1, . . . , γs be a basis of (g′)◦ and
let b1, . . . , bs ∈ g be such that γi(bj) = δij . For each i = 1, . . . , s, let {λi

j}kij=1 the set of
eigenvalues of adbi and set E the set of all real numbers obtained as the sum of at most

n eigenvalues {λj
i : i = 1, . . . , s, j = 1, . . . , ki}. Clearly, the set E is finite.

Let (g, θ, u) be an LCP structure on g, and denote by q := dim(u) ≥ 1. We can write
the Lee form as θ =

∑s
i=1 tiγi for some ti ∈ R. By (4.6) and (2.6) one also has that for

every i = 1, . . . , s:

adbi |u = θ(bi) Idu+Bi = ti Idu+Bi

for some Bi ∈ so(u). This implies ti =
1
q
tr(adbi |u) = 1

q
ri where ri ∈ E . Therefore,

θ ∈
{

1

q
(

s
∑

i=1

riγi) : 0 ≤ q ≤ n− 2, ri ∈ E
}

,

which is a finite set. �

In contrast, we have:

Proposition 6.3. Let g be a unimodular Lie algebra admitting a conformally flat LCP
structure. Then, every closed non-zero 1-form on g is the Lee form of a conformally flat
LCP structure on g.

Proof. By Proposition 3.7, we know that g is either Rp, with p ∈ {1, 2}, or g = su(2)⊕R. It
was shown in Example 3.4 that any non-zero 1-form Rp, for p = 1, 2, defines a conformally
flat LCP structure on g. In the remaining case, let z be a generator of the center of g,
so that g = su(2) ⊕ Rz. Given a non-zero closed 1-form θ ∈ g∗, θ|su(2) = 0 and thus
θ(z) 6= 0. Set λ := 1

8θ(z)
. Then θ is the Lee form given in Example 3.5 for µ = 1, λ and

x0 = 0 ∈ su(2). �

Our last result is that the flat space u of an adapted LCP structure actually determines
the Lee form. More precisely:

Proposition 6.4. On a Lie algebra g, for every subspace 0 6= u ( g, there exists at
most one closed 1-form θ with the property that there exists some metric g on g such that
(g, θ, u) is an adapted LCP structure on g.
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Proof. Let u be a proper subspace of g and assume that (g, g, θ, u) is an adapted LCP
structure. Then, by Theorem 4.9, θ is defined by (4.7). In particular, since this equation
is independent of g, the 1-form θ is the same for any other possible metric on g giving
rise to an adapted LCP structure with flat space u. �
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