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Phase transitions can play an important role in the cosmological constant problem, allowing the
underlying vacuum energy, and therefore the value of the cosmological constant, to change. Deep
within the core of neutron stars, the local pressure may be sufficiently high to trigger the QCD
phase transition, thus generating a shift in the value of the cosmological constant. The gravitational
effects of such a transition should then be imprinted on the properties of the star. Working in the
framework of General Relativity, we provide a new model of the stellar interior, allowing for a QCD
and a vacuum energy phase transition. We determine the impact of a vacuum energy jump on
mass-radius relations, tidal deformability-radius relations, I-Love-Q relations and on the combined
tidal deformability measured in neutron star binaries.

I. INTRODUCTION

Does the vacuum energy gravitate? Within the frame-
work of General Relativity, vacuum energy is expected to
gravitate like a cosmological constant, with an equation
of state (EOS) ωΛ = −1 giving rise to an accelerated
cosmological expansion on large scales [1]. Furthermore,
observations of distant supernova [2] and the cosmic mi-
crowave background radiation [3], indicate that our uni-
verse is undergoing a phase of accelerated expansion, con-
sistent with an underlying cosmological constant of en-
ergy density ρΛ ∼ (meV)4. Unfortunately, this observa-
tion is wildly out of sync with our theoretical estimates
based on naturalness. Indeed, when we apply standard
quantum field theory techniques, we find that radiative
corrections to the vacuum energy are extremely sensitive
to ultra-violet physics, scaling like the fourth power of the
field theory cut-off. For a TeV scale cut-off, the expected
value of the cosmological constant is at least sixty orders
of magnitude greater than the observed value. This is a
conundrum known as the cosmological constant problem,
widely regarded as one of the most important problems
in fundamental physics (for reviews, see [4–7]).

Theoretical considerations can help guide us in finding
the solution to the cosmological constant problem, often
in the form of so-called no-go theorems (see, for exam-
ple, [4, 8]). However, there is no proposed solution that
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enjoys universal support, although a range of interesting
ideas span the literature including dynamical neutralisa-
tion mechanisms [9–11], modifications of gravity (both
local [12] and global [13]), and, of course, anthropic con-
siderations [14], to name just a few. The merits of one
model over another are often measured on highly subjec-
tive aesthetic grounds, alongside orthogonal phenomeno-
logical tests. Unfortunately, direct experimental probes
of the solution to the cosmological constant problem have
not been extensively explored.

An important aspect of the cosmological constant
problem is the role of phase transitions, where the un-
derlying vacuum energy, and therefore the cosmological
constant, can change. These could include the QCD and
the electroweak phase transitions which are expected to
have occurred in the early universe. This makes the fine
tuning problem even more severe as we require the final
value of the cosmological constant to be tiny compared
to the scale of the transitions.

However, phase transitions may also offer us an oppor-
tunity to probe the gravitational effect of vacuum energy
directly, offering a tantalising window into the cosmolog-
ical constant problem. Indeed, deep within the core of
neutron stars, the local pressure may be sufficiently high
to trigger the QCD phase transition. In the standard sce-
nario, this would be expected to generate a shift in the
underlying cosmological constant of order λ4

QCD where
λQCD ∼ 200 MeV is the QCD scale. The gravitational
effects of such a transition should be imprinted on the
properties of the neutron star, including its mass-radius
relations and the tidal deformability [15–17]. For this rea-
son, the possibility of using neutron stars to probe the
cosmological constant problem was initiated in [18, 19]
(see [20] for earlier related ideas).
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In this paper, we begin a thorough exploration of neu-
tron stars as a novel probe of the cosmological constant
problem. Working in the framework of General Relativ-
ity, we examine the impact of a vacuum energy phase
transition on the properties of the star. We model the
interior of the star at low density using a tabulated equa-
tion of state (EOS) (specifically SLy [21] and AP4 [22]).
When the local density exceeds twice the nuclear satu-
ration density, we model the QCD phase using a speed
of sound parametrisation advocated in [23]. This ensures
a continuous subluminal speed of sound and allows us
to scan over a large number of semi-realistic profiles in
the core of the star, while reducing correlations between
effects coming from the QCD and vacuum energy tran-
sitions. When the interior pressure exceeds the QCD
scale, we include a final transition, allowing the vacuum
energy to jump by a constant amount. Although this
jump is expected to be positive, going as λ4

QCD, we allow
for a range of positive and negative values in order to
assess the impact of vacuum energy on the properties of
the star. This is not just a mathematical curiosity - one
could imagine a hitherto unknown particle physics mech-
anism than screens some or all of the underlying change
in vacuum energy. It is important to ask if neutron stars
have the potential to probe whether or not such screening
occurs.

Our analysis differs from the original work [18, 19] in
several important ways. As we have already stated, we
use realistic models of dense matter based on nuclear
calculations instead of piecewise polytropes for the low
density EOS, and include an explicit QCD phase prior to
the vacuum energy transition modelled using the speed
of sound parametrisation. The latter also allows us to
fix the EOS of the baseline fluid independently of the
vacuum energy jump. This is in contrast to [19] where the
energy density of the fluid excitation is forced to increase
linearly with the scale of the jump in vacuum energy,
tying it directly to the EOS in the innermost layer. Our
approach does not have this restriction and we can probe
the cosmological constant as an independent parameter.
We also extend the analysis to include stellar rotation.

It turns out that vacuum energy phase transitions deep
inside the core of the star do impact the mass-radius re-
lations: when the vacuum energy contribution is posi-
tive, the maximum mass is generically lowered; when the
vacuum energy is negative, the maximum mass is gener-
ically raised. This differs from [19] where the maximum
mass is lowered in all cases. This is because we allow the
total energy density to fall inside the core when the vac-
uum energy changes by a negative amount, in contrast
to [19], where the total energy density is always assumed
to increase. We have also observed that this behaviour
is qualitatively the same for rotating stars.

Interestingly, a large negative value of the vacuum en-
ergy jump in the core impacts on the tidal deformability-
radius relations, hinting at a new possible family of EOSs,
with different properties. Overall, the presence of both
the QCD and the vacuum energy phase transitions intro-

duces modifications to the combined tidal deformability-
mass relations for neutron stars binary with respect to
the vanilla EOSs. Crucially, our results are still in agree-
ment with current constraints from gravitational wave
observations [24].
Finally, we investigate the I-Love-Q universal relations

confirming that they still hold for both slowly and fast
rotating stars with ∼ 1% accuracy.
The rest of this paper is organised as follows: in sec-

tion II we describe the standard set-up for both static
and rotating neutron stars, including relevant formulae
for the tidal deformability, moment of inertia and other
important quantities. In section III, we describe our EOS
modelling in some detail, including the transitions to a
QCD phase as well as the vacuum energy transition. We
explain the differences and similarities with other ap-
proaches, in particular [19]. In section IV, we run through
our numerical implementation and present our results in
detail in section V. Finally, in section VI, we conclude.

II. SETUP

A. Static Neutron Stars

We first discuss the case of a static, spherically sym-
metric star, described by the metric

ds2 = g(0)µν dx
µdxν = −eν(r)dt2 + eµ(r)dr2 + r2dΩ2 . (1)

We assume matter to be described as a perfect fluid with
a stress-energy tensor given by

T (0)
µν = (ϵ+ p)uµuν + p g(0)µν , (2)

where uµ = (−eν/2, 0, 0, 0) is the fluid’s four velocity, p is
the pressure and ϵ is the energy density. The latter are
related to each other by a barotropic EOS, ϵ = ϵ(p). De-
tails on the specific form of the EOS we use to model the
neutron star structure are provided in Section III. The
metric functions ν and µ, and the pressure p are deter-
mined as solutions of the Tolman-Oppenheimer-Volkoff
(TOV) system of equations [25, 26]

m′(r) = 4πr2ϵ(r) , (3)

p′(r) = − p(r) + ϵ(r)

r[r − 2m(r)]
G[m(r) + 4πr3p(r)], (4)

ν′(r) = − 2p′(r)

p(r) + ϵ(r)
, (5)

where primes denote differentiation with respect to the
radial coordinate r. In the rest of this paper, we will
consider vacuum configurations outside the star, where
Tµν = 0 and the spacetime is asymptotically flat. Equa-
tions (3)-(5) can be solved by imposing suitable boundary
conditions at the center of the star (r = r0) and integrat-
ing forward to the surface (r = R) where the pressure
vanishes and m(R) = M , with M and R being the neu-
tron star’s gravitational mass and radius, respectively.
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1. Tidal deformations

In this section we summarize the basic ingredients re-
quired to compute relativistic tidal deformations of com-
pact objects, focusing on the dominant, l = 2, quadrupo-
lar contribution (see [27, 28] for detailed reviews).

We consider a neutron star immersed in an external
static and quadrupolar tidal field Eij . At the leading
order, the quadrupole moment, Qij , induced on the star
is linearly proportional to Eij . The coupling between such
quantities is given by the dimensionful tidal deformability
λ

Qij = −λEij = −2

3
k2R

5Eij , (6)

where k2 is the dimensionless apsidal Love number [29–
33]

To compute k2 (or equivalently λ) we consider linear
perturbations of the background solution (1)

gµν = g(0)µν + hµν , (7)

where hµν depends on (r, θ, ϕ). The symmetry of g
(0)
µν al-

lows to expand the perturbations in spherical harmonics
Ylm(θ, ϕ), decoupling them into axial and polar modes,
according to their transformation rules under parity.1

The quadrupolar contribution we consider requires cal-
culations of the polar sector only. Without loss of gener-
ality, we fix m = 0, due to the axial symmetry of the tidal
field, such that the (l = 2) metric perturbations read

hµν =eν(r)H(r)Y20(θ, ϕ)dt
2 + eµ(r)H(r)Y20(θ, ϕ)dr

2

+ r2K(r)Y20(θ, ϕ)dΩ
2 . (8)

In the same spirit we introduce linear perturbations of
the stress-energy tensor

Tµν = T (0)
µν + δTµν . (9)

Expanding ϵ, p and the fluid velocity around their back-
ground values, we get

δT 0
0 = −δϵY20(θ, ϕ) , δT i

i = δpY20(θ, ϕ) . (10)

The Einstein field equations allow us to express K(r) as
a function of H(r), K ′(r) = H ′ +H(r)ν′(r), casting the
perturbations in terms of a single second order differential
equation

H ′′(r)− 2

r
eµ

[
2πGr2(ϵ− p)− 1

]
H ′(r)

− 2eµ
{

3

r2
− 2πG[5ϵ+ 9p+ (ϵ+ p)f ]

+ 2G2eµ
(
m(r)

r2
+ 4πrp

)2 }
H(r) = 0 , (11)

1 For spherically symmetric backgrounds, axial and polar sectors
disentangle and can be treated separately.

where f = dϵ/dp.
Equation (11) can be further reduced to a coupled first

order system of ODEs, by introducing β(r) = dH/dr.
We integrate this system from the stellar center, with
boundary conditions

H(r0) ∼ a0r
2
0 , β(r0) = 2a0r0 , (12)

where a0 is a numerical constant2, up to the surface
where H(r) is matched to the vacuum solution, and
Tµν = 0. Outside the star H(r) can be expressed an-
alytically in terms of the associated Legendre functions
Q22 and P22 [30, 34, 35]

H(r ≥ R) = c1P22 (r/M − 1) + c2Q22 (r/M − 1) , (13)

where c1,2 are two constants of integration found through
the matching. Finally, we plug Eq. (13) into the metric,
and expand the gtt component at spatial infinity, which
can be written as the sum of a decaying (Q2

2(r/M − 1) ∼
r−3 ) and a growing (P 2

2 (r/M − 1) ∼ r2) mode. To
extract the star multipole moments we match this ex-
pression with the asymptotic form of gtt

3

− 1 + gtt
2

= −M

r
− 3

2

Qij

r3
ninj+ ...+

Eij
2
r2ninj+ ... ,

(14)

where ni = xi/r [36]. This procedure allows us to iden-
tify the growing (tidal field) and decaying (quadrupole
deformation) solutions which can be related to the two
integration constants (i.e. with the value of H(R)). We
can finally express the Love number as a function of H(r)
and its first derivative at the surface

k2 =
8C5

5
(1− 2C)2(2 + 2C(y − 1)− y)

×
{
2C

[
6− 3y + 3C(5y − 8)

]
+ 4C3

[
13− 11y + C(3y − 2) + 2C2(1 + y)

]
+ 3(1− 2C)2

[
2− y + 2C(y − 1)

]
ln(1− 2C)

}−1

, (15)

where C = M/R is the stellar compactness and y =
RH ′(R)/H(R).
In Section V, when discussing the neutron star prop-

erties, we will often show results in terms of the dimen-
sionless tidal deformability

λ̄ =
2

3

k2
C5

=
λ

M5
, (16)

as is commonly done in the literature.

2 The value of this constant is irrelevant as it cancels out in the
final calculation of k2.

3 We write the metric, and hence gtt, in the so-called ACMC co-
ordinates [36].
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B. Slowly Rotating Neutron Stars

We construct slowly rotating neutron stars in the
Hartle-Thorne approach [37, 38]. We consider a station-
ary and axisymmetric metric that include up to quadratic
corrections in the star rotation

ds2 =− eν̄(r̄)
[
1 + 2h̄2(r̄)P2(cos θ)

]
dt2

+ eλ̄(r̄)
[
1 +

2m̄2(r̄)P2(cos θ)

r − 2m̄(r̄)

]
dr̄2

+ r̄2
[
1 + 2K̄2(r̄)P2(cos θ)

]
×
{
dθ2 + sin2θ {dϕ− [Ω∗ − ω̄1(r̄)P

′
1(cosθ)] dt}

2
}

,

(17)

where m̄(r̄) = (1−e−λ̄(r̄))r̄/2, Ω∗ is the constant angular
velocity of the star, Pl(cosθ) are the Legendre polynomi-
als of l -th order and P ′

1 = dP1/d(cosθ). Linear contribu-
tions in the spin arise from ω̄1, while second order terms
are determined by (m̄2, K̄2, h̄2).

For the perturbative scheme to hold, we transform the
radial coordinate by [37, 39, 40]

r̄(r, θ) = r + η2ξ2(r)P2(cos θ) , (18)

where ξ2(r) is chosen such that the energy density in the
new coordinates is identical to the unperturbed one, that
is

ϵ[r̄(r, θ, ϕ)] = ϵ(r) = ϵ(0)(r). (19)

All functions in the new coordinate system will be iden-
tified by non-barred quantities, e.g. ν̄(r̄) → ν(r).
The four-velocity of the fluid, assuming the stress-

energy tensor (2), is now given by

uµ = (u0, 0, 0, ηΩ∗u
0) . (20)

At linear order in the rotation, the function ω1 is deter-
mined by the (t, ϕ) component of the Einstein equations,
which yields

d2ω1

dr2
+4

1− πr2(ϵ+ p)eλ

r

dω1

dr
−16π(ϵ+p)eλω1 = 0. (21)

The interior solution of Eq. (21) can be solved by im-
posing suitable boundary conditions on ω1 at the centre
of the star and integrating up to the surface. One can
then retrieve the exterior solution by integrating Eq. (21)
in the absence of matter (i.e. ϵ = 0 and p = 0), mod-
ulo an integration constant. The latter can be fixed by
matching the exterior and interior solution at the r = R.
Outside the star ω1 is given by

ωext
1 = Ω∗ −

2S

r3
. (22)

where S can be identified with the total angular momen-
tum of the star. The moment of inertia I can then be
computed as

I ≡ S

Ω∗
. (23)

At the second order in the rotation, the field’s equations
for the metric functions (m2,K2, h2) are given by

m2 =− re−λh2 +
1

6
r4e−(ν+λ)

{
re−λ

(
dω1

dr

)2

+ 16πrω2
1(ϵ+ p)

}
, (24)

dK2

dr
=− dh2

dr
+

r − 3m− 4πpr3

r2
eλh2 +

r −m+ 4πpr3

r3
e2λm2 , (25)

dh2

dr
=− r −m+ 4πpr3

r
eλ

dK2

dr
+

3− 4π(ϵ+ p)r2

r
eλh2 +

2

r
eλK2 +

1 + 8πpr2

r2
e2λm2 +

r3

12
e−ν

(
dω1

dr

)2

− 4π(ϵ+ p)r4ω2
1

3r
e−ν+λ , (26)

while the θ-component of ∇µTµν = 0 yields

ξ2 = −r2e−λ(3h2 + e−νr2ω2
1)

3(m+ 4πpr3)
. (27)

Once again, to solve Eqs. (24)-(27) we need to study the
interior and the exterior problem individually, and match
the two solutions at the stellar surface [39] (the values
of the metric functions in vacuum can be obtained ana-
lytically, requiring asymptotic flatness at spatial infinity,

and are shown in Appendix B). Finally, the spin-induced
quadrupole moment Q can be determined from the coeffi-
cient proportional to P2(cosθ)/r

3 in the exterior solution
for the gtt metric component, and is given by

Q = −S2

M
− 8

5
AM3 , (28)

where A is an integration constant obtained through the
matching procedure.
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C. Fast Rotating Neutron Stars

To construct fast rotating neutron stars solutions we
follow closely the method developed in Ref. [41], assum-
ing uniform rotation. We employ a stationary and ax-
isymmetric metric ansatz in quasi-isotropic coordinates

ds2 =− eγ+ρdt2 + eγ−ρr2 sin2 θ (dϕ− ωdt)
2

+ e2α
(
dr2 + r2dθ2

)
,

(29)

where the potentials (γ, ρ, ω, α) depend only on the co-
ordinates r and θ. We assume once again that matter is
described by a perfect fluid with the same stress-energy
tensor given in Eq. (2). The four-velocity is now ex-
pressed as

uµ =
e−(γ+ρ)/2

√
1− v2

(1, 0, 0,Ω) , (30)

where Ω is the angular velocity of matter measured from
infinity and v = (Ω− ω) r sin θe−ρ is the proper velocity
with respect to the zero angular momentum observer. In
this setup the Einstein’s field equations take the form [41,
42]

∇2
[
ρeγ/2

]
= Sρ(r, θ) , (31)

∇2
[
r sin θ cosϕωe(γ−2ρ)/2

]
= r sin θ cosϕSω(r, θ) , (32)

(
∂2
ϖ + ∂2

z

) [
ϖγeγ/2

]
= ϖSγ(r, θ) , (33)

∂θα = Sα (r, θ) , (34)

where ∇2 is the Laplacian operator in 3D spherical coor-
dinates, ϖ = r sin θ, z = r cos θ and the source terms Sρ,
Sω, Sγ and Sα are shown in Appendix C. Note that the
differential operator appearing in Eq. (33) is corresponds
to the 2D Laplacian in Cartesian coordinates (ϖ, z).
The elliptic character of the field equations allows us

to recast Eqs. (31)-(32) in integral form

ρ = −eγ/2

4π

∫ ∞

0

dr′
∫ π

0

dθ′ sin θ′
∫ 2π

0

dϕ′r′2
Sρ (r

′, θ′)

|r− r′|
,

(35)

ω =− e(2ρ−γ)/2

4πr sin θ cosϕ

∫ ∞

0

dr′
∫ π

0

dθ′ sin θ′∫ 2π

0

dϕ′r′3 cosϕ′Sω (r′, θ′)

|r− r′|
,

(36)

γ =
e−γ/2

2πr sin θ

∫ ∞

0

dr′
∫ 2π

0

dθ′r′2 sin θ′Sγ (r
′, θ′) log |r−r′|.

(37)

The integrals above can be efficiently evaluated using
the standard expansions of the Green’s functions in an-
gular harmonics. These are given in Appendix C. From
the metric functions we compute the moment of inertia
I and the spin induced quadrupole moment Q. The lat-
ter is extracted from the asymptotic expansion of the gtt
component, following the method described in [43]. The
moment of inertia is determined as I = J/Ω, where J is
the neutron star’s angular momentum [44].

III. EQUATION OF STATE MODELS

Given the large uncertainties in modelling the be-
haviour of nuclear matter above the saturation density
ρ0 ≃ 2.7 × 1014 g/cm3, we assume that the neutron star
structure is described by an EOS composed of three re-
gions, described by different approaches.

In the low-density part, up to a threshold density
ρtr = 2ρ0, we adopt a nucleonic tabulated EOS (region
I). For ρ > ρtr, within the high-density regime, the nu-
clear matter undergoes a QCD phase transition, and we
employ a phenomenological EOS (region II). Finally, in
the inner stellar core, for values of the pressure larger
than (200MeV)4, we assume that a vacuum energy phase
transition occurs and we use, again, a phenomenological
EOS (region III).

A. Low-density equation of state

For the low density part (ρ ≤ ρtr) we choose two mod-
els commonly used in literature, namely the SLy [21] and
the AP4 [22] EOS. Such models are obtained through dif-
ferent methodologies and calculation schemes. Both of
them provide soft nuclear matter, and are consistent with
current astrophysical observations, either in the electro-
magnetic or the gravitational wave band [24, 45–49].

The SLy EOS is based on a mean field theory approach,
in which nucleons interact with an effective Skyrme po-
tential [50, 51], while the AP4 EOS is constructed in
the context of many body theory, and includes the two-
and three-body nucleon interactions based on the Ar-
gonne v18 and the Urbana IX potentials [22]. Both EOSs
predict nuclear matter which include neutrons, protons,
electrons and muons in beta equilibrium.

Note that our treatment differs from that used in [19],
where the low-density regime has been modelled through
phenomenological piecewise polytropic EOSs. We do this
in order to reduce correlations between effects coming
from the QCD and vacuum energy phase transitions, and
those arising from the wide parameter space allowed by
piecewise EOSs.
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B. Modeling the QCD transition

For ρ > ρtr, we extend the low-density EOS using an
agnostic speed-of-sound model [23, 52]. As shown in [23],
this approach extends the commonly used piecewise poly-
tropic parametrisations [53–57], with the advantage of
keeping cs continuous across the star. In this approach
we construct a linear approximation of the speed of sound
cs(ρ),

c2s =
∂p(ϵ)

∂ϵ
, (38)

randomly sampling six reference points (ρ, cs) within ρ ∈
(ρtr, 12 ρ0) and cs ∈ (0, 1), and connecting them by linear
segments. We assume nuclear matter to respect causality,
i.e. we discard models with cs > 1, avoiding unphysical
EOSs.

We determine the EOS with the following procedure.
We start from the values of the energy, pressure and cs at
ρtr obtained by continuity from the low-density regime.
Then, we construct iteratively the energy-pressure rela-
tion by choosing a mass-density step ∆ρ, and computing

ρi+1 =ρi +∆ρ , (39)

ϵi+1 =ϵi +∆ϵ = ϵi +∆ρ

(
ϵi + pi
ρi

)
, (40)

pi+1 =pi + c2s∆ϵ , (41)

where i = 0 identifies quantities at the transition density,
and to derive the second equation we have exploited the
thermodynamic relation p = ρ ∂ϵ/∂ρ − ϵ, valid at zero
temperature.

This piece of EOS modelling a QCD phase in the core
of the star is absent in Ref. [19], where the excitation
of the baseline fluid energy density is tied directly to the
vacuum energy jump. Our choice allows us to introduce a
new matter phase in the innermost layer of the star, while
also fixing the EOS of the baseline fluid independently of
the vacuum energy shift.

C. Vacuum energy phase transition in the core

As a last step, we implement the vacuum energy shift
in the core of the star. We assume that this phase transi-
tion is triggered whenever a certain threshold in pressure
pc is crossed, which we choose to be proportional to the
QCD scale, that is pc = (200MeV)4. As a consequence,
only neutron stars that are sufficiently dense will develop
a jump in vacuum energy.

As we have mentioned in Section I, this shift in en-
ergy can be interpreted as a new effective cosmological
constant term Λ for the new exotic phase. In this region,
the total pressure, energy density and mass density of the
star will then be a sum of the fluid and the cosmological
constant contributions. Additionally, the Israel junction

conditions [58] requires that the (total) pressure is con-
tinuous, leading to a jump in (total) energy density and
(total) mass density. We then have

pt =

{
pfl pt < pc
pfl − Λ pt ≥ pc

(42)

ϵt =

{
ϵfl pt < pc
ϵfl + Λ pt ≥ pc

(43)

ρt =

{
ρfl pt < pc

ρin exp
(∫ ϵt

ϵ∗
dϵ̃t

ϵ̃t+pt

)
pt ≥ pc

(44)

where a subscript ‘t’ indicates total quantities, a sub-
script ‘fl’ indicates quantities related to the baseline fluid.
Here we have derived the expression for the total mass
density after the transition by employing the thermody-
namic law d(ϵ/ρ) = −p d(1/ρ). Finally, ρin is given by

ρin = ρout

(
ϵin + pc
ϵout + pc

)
, (45)

where the label ‘in’ (‘out’) indicates total quantities at
the junction pc before (after) the Λ phase transition. We
stress that, for the total pressure, it must hold that pin =
pout = pc. In order to achieve this, the fluid pressure will
experience a discontinuity jump proportional to Λ. We
then retrieve the following relations for the total energy
density

ϵout = ϵfl(pc) , (46)

ϵin = ϵfl(pc + Λ) + Λ , (47)

where ϵfl = ϵfl(pfl) is the baseline EOS we derived in the
previous sections. Using Eqs. (42)-(44), we can construct
our final tabulated EOSs.
Prior to the vacuum energy transition, the gluon con-

densate is thought to contribute negatively to the overall
vacuum energy by an amount −0.0034 (GeV)4 [59]. This
is the standard value usually quoted in the literature,
despite some mild controversy [60, 61]. The controversy
stems from the fact that the corresponding operator is
divergent in perturbation theory and so this is really a
subtracted result. There is a smaller contribution from
light quark masses that is rigorously calculable, going as
−F 2

πm
2
π, where Fπ = 92 MeV is the pion decay constant

and mπ = 135 MeV is the pion mass [62]. Regardless of
the precise details, it is reasonable to expect the vacuum
energy to increase by (O(100)MeV)4 as we transition to-
wards the inner core of the neutron star.4

In this work, we choose Λ to be in the range(
− (194MeV)4, (194MeV)4

)
,

including Λ = 0 (that is, if no phase transition develops
in the core). Of course, the discussion of the previous

4 We thank John Donoghue for educating us on these points.
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paragraph suggests that Λ is expected to be positive and
(O(100)MeV)4 in a standard scenario. Here we allow
for more possibilities, in order to thoroughly explore the
space of Λ and its impact on the properties of the star.
We are also open to the possibility that there is some
unknown physics at work, potentially screening some or
all of the corresponding cosmological constant. Note that
the range of values that we can pick for Λ is bounded from
below, since at the junction we have pfl = pc + Λ, with
pc = (200MeV)4. For Λ ≤ −pc, the fluid pressure will be
zero or negative, which is clearly not a physical scenario.

As discussed in Section I, our model describing the
effect of the vacuum energy is inherently different from
the approach used in Ref. [19]. In this previous work,
the fluid EOS was modeled differently, being described
by piecewise polytropes, and it did not include an in-
termediate QCD state of matter. Crucially, it was also
assumed that the mass density is not modified by a Λ
contribution, forcing the jump in total energy density to
be positive and proportional to Λ, after consideration on

the convexity of free energy of the fluid
(

∂2Ffl

∂V 2

)
T, N

> 0.

With our approach, we fix the EOS using the speed
of sound parametrisation, then allow for a variety of dif-
ferent cosmological constants, both positive and nega-
tive. In order for the relevant continuity equations to
hold at the transition, we see that the mass density must
be modified by the cosmological constant contribution.
Depending on whether the mass density increases or de-
creases, there can be a jump in energy density of either
sign, set by the continuity relations. Indeed, we can see
this directly from Eq. (45), which gives

∆ϵ

ρin/ρout − 1
= (ϵout + pc), (48)

where ∆ϵ = ϵin − ϵout. The quantity on the right-hand
side is positive, assuming the fluid outside the junction
satisfies the null energy condition. Hence we find that
the sign of ∆ϵ depends on ∆ρ = ρin − ρout, that is

∆ϵ > 0 ↔ ∆ρ > 0. (49)

Furthermore, we show the conditions that arise from the
the convexity of the free energy in Appendix A.

IV. NUMERICAL IMPLEMENTATION

The calculations required to build our EOS following
the procedure described in section III have been per-
formed using a Julia [63] notebook, which we make pub-
licly available at Ref. [64]. Note that the EOSs we con-
struct following Eqs. (42)-(44) are limited by the maxi-
mum and minimum pressure and energy density provided
in the table which represent our baseline nuclear model.

When modelling the QCD part of the EOS, we create
two different datasets composed of 102 and 103 EOSs,
each one given by a 6 random cs segments. To distinguish

between each specific QCD modification, we introduce
a bookkeeping parameter ‘z’, that identifies a specific
choice of 6 random segments in region II. Each of these
new EOSs is matched in the lower density part with ei-
ther SLy or AP4, leading hence to 2×102 and 2×103 base-
line EOSs. Finally, the high density region of the EOSs
is connected to a vacuum energy transition for 10 differ-
ent values of Λ in the range

(
−(194MeV)4, (194MeV)4

)
.

With this procedure we obtain two ensembles with 2×103

and 2× 104 EOSs.
For static stars, we first integrate the TOV equa-

tions (3)-(5), together with the tidal deformability equa-
tion (11) using a 4th order Runge-Kutta method. The
Julia notebook we developed for this task is publicly
available at Ref. [64]. We start our integration from
r0 ∼ 10−5 km up to distances rmax ∼ 300 km. For ev-
ery EOS we integrate the system of equations from a
central pressure p0 up to 10−12p0, which we consider as
vacuum condition to identify the stellar radius, where
p(R) = 0. The value of the central pressure p0 varies
from 1.38 × 1034 g cm−1s−2, up to the highest available
pressure in the table, typically around 1036 g cm−1s−2.
Varying p0 we can then construct different stellar con-
figurations corresponding to a given EOS, i.e. to build
its mass-radius curve. We require the curves obtained
with this procedure to be in agreement with the heaviest
neutron star observed so far, PSR J0952-0607 [65], which
has a mass Mmax = (2.35± 0.17)M⊙. Therefore, we dis-
card EOSs which predict a maximum mass smaller than
Mmax.
For fast rotating stars, we use the publicly available

RNS code [66], which allows to construct rapidly rotating
neutron star solutions in General Relativity for a given a
tabulated EOS. The code uses the formalism described in
Sec. II C and the method developed in [41] to solve itera-
tively the integral equations (35)-(37), together Eq. (34).
We refer the reader to [42] for a detailed description of
such iterative scheme. For slowly rotating stars, we have
written a FORTRAN code, available at [67].

V. RESULTS

A. Analysis of dataset

In this section, we present a first analysis on the EOSs
dataset. As we discussed in section IV, we perform a
first selection on the EOSs based on the maximum mass
they can yield. This in fact drastically reduces the num-
ber of EOSs for each dataset. For the smaller dataset, of
the EOSs built starting from the AP4, only 9% survived,
while for those constructed from the SLy, 9.7% passed the
selection, for a total of a 9.3% of the full 2 × 103 EOSs
dataset. For the larger dataset we find similar results, of
the total EOSs only 11.21% passed the mass test (10.3%
for the AP4 and 12.1% for the SLy). The reason for
this is that the new part of the EOS describing the QCD
phase transition built by random segments often forces
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FIG. 1: The left (right) panel describes the smaller (larger) dataset. Red (blue) dots corresponds to EOSs built starting from
the SLy (AP4). We see that for positive Λ the number of EOSs decreases fast. For negative values of cosmological constant,
the number either remains constant for Λ ≳ −(120MeV)4 or drastically increase for Λ ≲ −(150MeV)4.

the maximum mass to be considerably smaller than what
the standard AP4 or SLy yields. Hence, this strict selec-
tion seems to be related to our choice for describing the
new QCD matter phase, rather than a feature of imple-
menting a vacuum energy shift. As a matter of fact,
introducing a sufficiently negative cosmological constant
contribution in the core can save these kind of EOSs, as
we will show. This is because the EOS becomes stiffer for
a negative cosmological constant, as it contributes posi-
tively to the pressure and so matter is less compact and
the star can support larger masses.

Let us now focus on the ‘admissible’ EOSs. In Fig. 1 we
show the number of EOSs that passes the mass test ver-
sus the value of Λ. The left (right) panel shows the results
for the smaller (larger) dataset. For Λ > 0, the number
of ‘admissible’ EOSs tends to either remain constant or
decrease with increasing Λ for both EOSs built starting
from the AP4 and the SLy. Note that for large positive
values of vacuum energy jump, e.g., Λ = (194MeV)4,
only a very small fraction of EOS survives the maximum
mass test for both dataset. As we will see in the next sec-
tion, this is due to the fact that positive values of shift
in vacuum energy lower the maximum mass, the larger
Λ the bigger the decrease. For Λ < 0, the situation is
more interesting. There are two distinct behaviour; for
Λ ≳ −(120MeV)4 the number of admissible EOS tends
to remain constant, whereas there is a sudden peak for
very small value of Λ , e.g., Λ = −(194MeV)4. We can
better understand this behaviour by looking at Fig. 2,
where we schematically report which configurations are
admissible for the smaller dataset. Note that we have
defined a label ‘z’ as a bookkeeping parameter, corre-
sponding to a specific choice of 6 random segments in
the extension to high-densities. A red (blue) block cor-
responds to EOS constructed from the SLy (AP4). The
vacuum energy jump in the core creates two families of
EOSs: on one side we find EOSs that allow for a wide

FIG. 2: Summary of all possible configurations for the
smaller dataset. The label ‘z’ is a bookkeeping parameter,
corresponding to a specific choice of 6 random segments in the
extension to high-densities. A red (blue) block correspond to
an admissible EOS constructed from the SLy (AP4). We can
identify two different EOSs families: EOSs that allow for a
wide range of Λ, and EOSs that can exist only for very nega-
tive value of vacuum energy jump.

range of cosmological constant values, including Λ = 0,
on the other one we obtain EOSs that can exist only if a
very negative jump in vacuum energy is introduced. We
further investigate this mechanism in the next section.

B. M-R curve

We now consider the effects of Λ on the mass versus
radius curve. We first focus on a specific baseline EOS,
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FIG. 3: Mass-radius curves for static stars for a specific high-density EOS modifications for different value of vacuum energy.
In the left (right) panel we show the results for the AP4 (SLy) as low-density description. A black line corresponds to the
standard AP4 or SLy EOS. The two phase transitions, QCD and vacuum energy, bifurcation points are described by a red and
black cross respectively. A dashed line corresponds to unstable configurations.

corresponding to label z = 45 in Fig. 2.5 Note that this
baseline EOS belongs to the first family we discussed in
section VA, i.e. it allows for a wide range of Λ. The
results are summarized in Fig. 3, where we compare the
curves of the modified EOSs with those obtained with
standard AP4 and SLy (black lines). The figure shows
a first transition from the standard EOSs to the high
density modification and a second one from the jump
in vacuum energy, corresponding to a red and a black
cross respectively. A dashed line corresponds to unstable
configurations that violate the condition ∂M/∂p0 > 0,
where p0 is the central pressure. We first note that all
the new EOSs are more stiff than the standard ones, i.e.
given the same mass they allow for bigger radii. Fur-
thermore, a negative (positive) Λ in the core increases
(decreases) the maximum mass that neutron stars can
reach. This feature is a first difference to the results
obtained in Ref. [19], where all values of Λ yielded a de-
crease in maximum mass. This feature in Ref. [19] is a
consequence of the fixed positive jump in energy density
when the transition kicks in. By allowing a negative ∆ϵ,
we also allow neutron stars to sustain higher maximum
masses. Note that when the Λ = (194MeV)4 transition is
triggered the M-R curve immediately becomes unstable.
We do not show it here, but this is true for all the EOSs
we generated (built either from the SLy or the AP4) that
admit such a large value of vacuum energy shift.

Let us now focus on the second family of EOSs, those
that are allowed only for large negative values of Λ. We
show the results in Fig. 4 for a specific modified EOS
with the AP4 describing low-density matter, correspond-

5 We once again stress that the labels are simply bookkeeping pa-
rameters, corresponding to a specific choice of 6 random segments
in the extension to higher densities.

ing to label z = 12 in Fig. 2. Other choices of EOSs
lead to agreeing conclusions. The figure compares the
mass-radius curve for Λ = −(194MeV)4 with the stan-
dard AP4 and the baseline EOS, corresponding to Λ = 0.
The latter yields a maximum mass which is too low to
be in agreement with current observations. However, im-
plementing a large negative jump in vacuum energy in
the core produce a sufficiently high maximum mass, thus
‘saving’ the configuration.
The behaviour observed for rotating neutron stars is

qualitatively similar, as it is shown in Fig. 5 for the spe-
cific baseline EOS corresponding to the label z = 45.
The main difference observed in the mass-radius curves
between static and rotating stars is that the curves for
rotating stars are shifted to the right (i.e., for the same
mass they have larger radii), and allow for more massive
configurations. Concerning the different vacuum energy
values in the core, the conclusions of the static case hold;
all new EOSs are more stiff than the standard ones and
a negative (positive) Λ in the core increases (decreases)
the maximum mass that a neutron star can reach.

C. Tidal deformability

Let us now consider the effects on the tidal deformabil-
ity. We first focus on the correlation between the dimen-
sionless tidal deformability λ̄ and radius R. Let us start
by discussing the case where only the QCD transition
takes place. Hence, we focus on neutron star configura-
tions with the fixed mass M = 1.4M⊙, for which none
of the modified EOSs have already developed the vac-
uum energy phase transition. The results are displayed
in Fig. 6. The figure shows the tidal deformability λ̄ as
a function of the radius of the star R for each configu-
ration on the smaller dataset. We see a tight correlation



10

FIG. 4: Mass-radius curve for static stars for a fixed high
energy EOS modifications, with low-density described by the
AP4, that allows for Λ = −(194MeV)4. A black line corre-
sponds to the standard AP4. A dashed line corresponds to
unstable configurations.

between λ̄ and R for M = 1.4M⊙. For the AP4 ensem-
ble all the tidal deformabilities follow the empirical func-
tion λ̄(R) = 5.26× 10−7(R/km)8.37, whereas for the SLy
they follow λ̄(R) = 3.44 × 10−7(R/km)8.49. Note that
these fits are slightly different from previous results [57],
where it was found that λ̄ follows the empirical func-
tion λ̄(R) = 2.88× 10−6(R/km)7.5, which we report as a
green line in Fig. 6. We suspect this is due to a different
description for the low-density part of the EOS. The re-
sults in Fig. 6 are in agreement with current gravitational
waves observations from GW170817 [68]. In Ref. [68], the
function λ̄(M) was constrained by linearly expanding it
around M = 1.4M⊙ (as in Refs. [69, 70]), which gives
λ̄(1.4M⊙) ≲ 800 for a low-spin prior. We do not report
it here, but this also holds for the larger dataset.

To study neutron stars configurations affected by a
vacuum energy phase transition, we focus on stars with
higher central pressure, reaching higher masses. We then
consider neutron stars with a fixed mass of M = 2.18M⊙.
We show the results for the larger dataset in Fig. 7. In
the top (bottom) panel we show the results for EOSs with
the low-density region described by the AP4 (SLy), while
also highlighting the dependence on the vacuum energy
shift Λ with the use of a colour map. In both cases there
seem to be two distinct behaviours.

Let us focus on the AP4 case. The figure shows that
the lower (red) curve, described by the empirical func-
tion λ̄(R) = 5.54 × 10−9(R/km)9.12, is followed by neu-
tron stars configurations independently of the values of
Λ, apart from the case where Λ = −(194MeV)4. In
the latter instance, the data follow a different pattern.
Employing a power-law fit, we find that the majority
of the data follow the empirical function (in black) de-
scribed by λ̄(R) = 7.22 × 10−7(R/km)7.32, with some
anomalous data points yielding much larger values of
λ̄. This confirms how these two are different families

of EOSs, and they seem to develop different proper-
ties. For the case of the SLy the two curves are re-
spectively λ̄(R) = 3.15 × 10−9(R/km)9.30 and λ̄(R) =
4.40× 10−6(R/km)6.52.
We now focus on observables from gravitational waves

observation during the merger of a neutron stars binary.
To leading order in the dimensionless tidal deformabil-
ities of each companion, the gravitational wave phase
is determined by the so-called “combined dimensionless
tidal deformability”, defined as [24, 68, 71, 72]

λ̃ =
16

13

[
(M1 + 12M2)M

4
1 λ̄1

+ (M2 + 12M1)M
4
2 λ̄2

]
/(M1 +M2)

5, (50)

where a subscript 1 (2) corresponds to the primary
(secondary) component of the binary. From the event
GW170817, the current constraint on the combined di-
mensionless tidal deformability is λ̃ = 300+500

−190, assuming
a low-spin prior [24]. In Fig. 8, we show the dependence

of λ̃ on the mass of the primary M1 for a specific baseline
EOS, corresponding to label z = 45 in Fig. 2, constructed
from both the AP4 (left panel) and the SLy (right panel)
as low-density EOSs and for different choices of vacuum

energy shift Λ. We choose a chirp mass M = (M1 M2)
3/5

(M1+M2)1/5

corresponding to that of the event GW170817, that is
M = 1.188. We compare the result with the standard
AP4 and SLy (black curve). We first notice that already
the QCD transition in the EOS introduces large devia-
tions with respect to the standard EOS (AP4 or SLy).
Once the vacuum energy shift is also triggered, large de-
viations from the baseline EOS appear for large values of
Λ. Note that, for all cases, the results are in agreement
with the current bound set from the event GW170817
(λ̃ = 300+500

−190). The same conclusions hold when we con-
sider a higher chirp mass. We show this in Fig. 9, where
we consider the same choice of EOSs for a chirp mass of
M = 1.65, similarly to what was done in Ref. [19]. In

Appendix D we show the relative shift of λ̃ for the case
of EOSs built from the AP4.

D. I-Love-Q relations

In Refs. [39, 73] it was first pointed out that suitable
dimensionless combinations of the moment of inertia I,
the tidal Love number λ and the spin-induced quadrupole
moment Q satisfy universal relations, the so-called I-
Love-Q relations, i.e. they do not depend on the EOS
with an accuracy of a few percent [74] (other approxi-
mate universal relations have been found between differ-
rent stellar observables, see [75] for a review). Here, we
investigate if these relations still hold when introducing
a new phase transition to the EOS.
We first consider the case of slowly rotating stars. We

focus on the specific baseline EOS corresponding to label
z = 45 in Fig. 2, but the results generally hold for all
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FIG. 5: Mass-radius curves for both static and maximally rotating neutron stars for a specific high-density EOS modification
for different values of vacuum energy. In the left (right) panel we show the results for the AP4 (SLy) as low-density description.
A black line corresponds to the standard AP4 or SLy EOS. A dashed line corresponds to unstable configurations.

FIG. 6: λ̄ vs R for stars with M = 1.4M⊙ for all admissible
configurations in the smaller dataset. For this value of mass,
the vacuum energy contributions do not come into play. Blue
(red) dots correspond to EOSs built from the AP4 (SLy). We
also show the respective fits. The green line is the empirical
function obtained by Annala et al. [57].

possible configurations 6. In Fig. 10, we show the I vs
Q relation, where the quantities have been normalized
to M3 and M3χ2 respectively, where χ = S/M2 is the
dimensionless spin parameter. The left (right) panel cor-
responds to EOSs with the AP4 (SLy) as the low-density
description, and we consider all possible values of vac-
uum energy jump admitted by the configuration. Sim-
ilarly, we show the I vs λ and Q vs λ relations, where
the tidal deformability has been normalized to M5, in
Figs. 11 and 12 respectively. In all cases, the deviations

6 The results hold for EOSs belonging to both families we identified
in the previous sections.

introduced by the new EOS prescription are barely per-
ceptible. To better prove this point, we focus on the
SLy case, and in Fig. 13 we plot the fractional error
|I − ISLy|/(ISLy) and |Q−QSLy|/(QSLy) versus the tidal
deformability, where a subscript SLy denote a quantity
for the standard SLy EOS. We show the two cases of the
most positive and most negative vacuum energy shifts
allowed, that is Λ = (194MeV)4 and Λ = −(120MeV)4,
which introduce the largest corrections. Note that the
curve dropping to zero is just a consequence of employing
the absolute value of the difference ∆I and ∆Q, which
can change sign. For large values of the tidal deformabil-
ity the deviations with respect to the standard SLy are
around 0.01% or less. For smaller values of normalized
λ, the corrections increase and can reach up to 0.1% in
the case of very positive vacuum energy shift. These esti-
mates are in agreement with current results on I-Love-Q
relations [76], and show that these universal relations still
hold when introducing a vacuum energy transition in the
core of a star.

We now move on to consider fast rotating stars. Once
again, we focus on the specific baseline EOS correspond-
ing to label z = 45 in Fig. 2, but the results generally
hold. In Fig. 14 we plot the normalized moment of in-
ertia I/M3 as a function of the normalized quadrupole
moment Q/M3, for all values of Λ allowed, for both AP4
(left) and SLy (right) low-density description. As in the
case for slowly rotating stars, we observe that deviations
between the different values of Λ are barely perceptible
(generically less than ∼ 1%) and only perceptible with
respect to the vanilla EOSs without the QCD phase tran-
sition.

Based on these results, we can conclude that the I-
Love-Q relations still hold when considering more exotic
description in the core of the star, and are insensitive to
the presence (or absence) of any new physics screening
the cosmological constant in the particle physics sector.
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FIG. 7: λ̄ vs R for stars with M = 2.18M⊙ for all admissi-
ble configurations on the larger dataset. Top (bottom) panel
corresponds to EOSs built from the AP4 (SLy). The Λ de-
pendence is highlighted by a colour map.

VI. CONCLUSIONS

We have explored neutron stars as new probes for grav-
itational effects of the vacuum energy. Working in the
context of General Relativity, we have modelled the in-
terior of the star by employing an EOS composed of
three regions, described by different approaches. At
low density we used nucleonic tabulated EOSs (SLy and
AP4); in the high-density regime, when the local density
exceeds twice the nuclear saturation density, we mod-
eled the QCD phase using an agnostic speed-of-sound
parametrization; finally, when the pressure exceeds the
QCD scale, we introduced a vacuum energy phase tran-
sition, allowing for both positive and negative values of
its shift.

We have discovered that a vacuum energy phase tran-
sition in the core of the star impacts its mass-radius rela-
tions: a positive jump lowers the maximum mass, while
a negative shift allows to reach for higher masses. This
feature is different from the results previously obtained
in [19], where the maximum mass decreased for all pos-

sible values of vacuum energy phase transition. This is
because we allow the total energy density to decrease
in the core when the vacuum energy phase transition is
triggered. In contrast, in [19], the total energy density is
always assumed to increase. We have also observed that
the behaviour for rotating stars is qualitatively the same,
the only difference being that same masses can allow for
bigger radii, as expected when rotation kicks in.

Interestingly, we have discovered that the presence of
the vacuum energy splits our EOSs into two families; on
one side we found EOSs that permit a wide range of
values for the cosmological constant, including Λ = 0,
on the other we obtained EOSs that are allowed only if
a negative jump in vacuum energy is introduced. This
is because implementing a large negative shift in vac-
uum energy in the core produces a sufficiently high max-
imum mass, thus ‘saving’ the configuration which other-
wise would have been in disagreement with current ob-
servations [65].

We have also investigated the effects of the new exotic
EOSs on the tidal deformability. We have shown that
EOSs belonging to the second family mentioned above
exhibit a different tidal deformability-radius relation with
respect to the first group of EOSs. This seems to confirm
how these are different families of EOS, developing dif-
ferent properties. Focusing on observables from gravita-
tional waves observation, we have demonstrated that the
presence of both the QCD and the vacuum energy phase
transition impacts on the combined tidal deformability
for neutron stars binaries. Nonetheless, our results are
still in agreement with current gravitational waves obser-
vation, that is λ̃ ≤ 800 for a chirp mass of M = 1.188
for all cases we considered.

Finally, we have shown that the I-Love-Q universal
relations still holds when considering these new exotic
EOSs. We have investigated both the case of slowly and
fast rotating neutron stars, finding that the relations hold
with a ∼ 1% accuracy.

We plan to assess the detectability of the QCD and
of the vacuum energy phase transition exploiting obser-
vations of binary neutron stars, in a follow-up work. In
particular, we expect that gravitational wave observa-
tions from next-generation ground based detectors [77],
as well as from electromagnetic facilities [78], will put
tighter constraints on Love numbers and on the stellar
radii, allowing to identify the particle content of the neu-
tron star dense matter [79].

In this analysis, our focus has been on identifying sig-
natures of a vacuum energy phase transition in the core
of the star within the framework of General Relativity.
Based on a canonical understanding of particle physics,
such transitions are expected to occur whenever the pres-
sure in the core reaches sufficiently large values. In this
paper, we have modelled the possibility that some new
physics alters the scale of that transition in some way,
perhaps rendering it absent, screening the cosmological
constant altogether, or pushing it in some unexpected
direction. As we have taken gravity to be consistently
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FIG. 8: Deviation of combined dimensionless tidal deformability as a function of the mass of the primary in the binary,
for a specific high-density EOS modification. In the left (right) panel we show the results for the AP4 (SLy) as low-density
description. We consider different values of vacuum energy shift Λ, which we compare to the vanilla EOSs (black lines). The
choice of chirp mass is M = 1.188, corresponding to that of GW170817.

FIG. 9: Deviation of combined dimensionless tidal deformability as a function of the mass of the primary in the binary,
for a specific high-density EOS modification. In the left (right) panel we show the results for the AP4 (SLy) as low-density
description. We consider different values of vacuum energy shift Λ, which we compare to the vanilla EOSs (black lines). The
choice of chirp mass is M = 1.65.

described by General Relativity, the assumption is that
this new physics is non-gravitational. Of course, it could
be that the screening of the cosmological constant is ac-
tually a gravitational phenomenon. How do we tell the
difference? The key is to repeat our analysis for suit-
able modified theories of gravity and compare, focusing
on I-Love-Q and mass-radius relations.

To make direct contact with the cosmological constant
problem, we should focus on modified gravity models that
exhibit some degree of self-tuning. This allows us to di-
rectly compare the following two scenarios: General Rel-
ativity with the vacuum energy phase transition absent
due to some non-gravitational screening mechanism; and
a self tuning theory, with a vacuum energy phase present
present, but its effect screened by some gravitational dy-

namics. Of course, the challenge is to find a suitable self
tuning model. As a toy model of self-tuning, the Fab
Four [12, 80, 81] could be a good place to start, although
it is known that they are challenged by multi-messenger
gravitational wave data [82–85], (see also, [86–91]).

ACKNOWLEDGMENTS

We thank Ingo Tews, Miguel Bezares and Filippo
Anzuini for useful discussions. GV received support from
the Czech Grant Agency (GAĈR) under grant number
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Appendix A: Convexity of the free energy

We show here the conditions for the convexity of the

free energy for the fluid, i.e.
(

∂2Ffl

∂V 2

)
T, N

> 0, after the

vacuum energy phase transition.

The Helmholtz free energy of the fluid is defined by
Ffl = Ufl − TS, where Ufl is the internal energy of the
fluid, T is the absolute temperature and S is the entropy.
Let T and N, the number of particles, be fixed, we then
have

dFfl = dUfl − dTS − TdS = TdS − pfldV − TdS. (A1)

Using Eq. (A1), we find

∂Ffl

∂V

∣∣∣∣
T, N

= −pfl → ∂2Ffl

∂V 2

∣∣∣∣
T, N

= − ∂pfl
∂V

∣∣∣∣
T, N

, (A2)

and the convexity of the free energy requires ∂pfl/∂V < 0,
or alternatively one finds ∂pfl/∂ρ > 0. Hence, the fluid
pressure must increase (decrease) with the mass density.
Note that, at the phase transition junction, the pressure
of the fluid undergoes a jump proportional to Λ since one
has

∆p = pin − pout = pc + Λ− pc = Λ. (A3)

Now, we are faced with two possible scenarios. If
the transition generates a positive cosmological constant
Λ > 0, the fluid pressure in the interior must also in-
crease. This in turns requires a positive jump in the
total mass density and, consequently, total energy den-
sity from Eq. (49). If the transition generates a negative
cosmological constant Λ < 0, the fluid pressure will then
decrease, leading to a drop in total mass density and also
total energy density.

Appendix B: Exterior solution for slowly rotating
stars at second order

The exterior solutions to the system of Eqs. (24)-(27)
obtained by imposing asymptotic flatness at spatial in-
finity are given by [37]
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wheref(r) = (1 − 2M/r), Q1
2 and Q2

2 are the associated
Legendre function of the second kind and A is an integra-
tion constant to be determined by the matching of the
interior solution to the exterior one at the surface.

Appendix C: Source terms for rotating stars

The source terms appearing in Eqs. (31), (32), (33)
and (34) are given by
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FIG. 13: Fractional error in Q and I vs λ for a specific high-density EOS modification, for slowly rotating neutron stars. The
low-density description is taken to be the SLy EOS. We show the two cases of the most positive and most negative vacuum
energy shifts allowed, i.e. Λ = (194MeV)4 and Λ = −(120MeV)4. The moment of inertia and the spin induced quadrupole
moment have been appropriately normalized to M3 and M3χ2 respectively.

FIG. 14: Q vs I for a specific high-density EOS modification, for maximally rotating neutron stars. The left (right) panel
corresponds to the AP4 (SLy) as low-density description. We show the results for different values of vacuum energy shift, where
differences are barely perceptible.
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where we have used µ = cos θ as an independent variable to avoid the apparent singularity of cot θ at the pole.
The expansions of the Green’s functions in angular harmonics are given by
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log |r− r′| = −
∞∑

n=1

1

n

rn<
rn>

[cosnθ cosnθ′ + sinnθ sinnθ′] + log(r>), (C6)

where r< = min(r, r′), and r> = max(r, r′), and Pn and Pm
n denote the Legendre and associated Legendre polynomials,

respectively.

Appendix D: Relative shift in combined
dimensionless tidal deformability

Here we show the results for the relative shift in com-
bined dimensionless tidal deformability λ̃ for the EOSs

built from the standard AP4 considered in section VC.
We show the results when comparing the baseline EOS
corresponding to label z = 45 in Fig. 2 with different val-
ues of Λ with the baseline EOS with no vacuum energy
contribution (with Λ = 0).
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