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ABSTRACT. In this article, we study the finite distance problem with respect to the period-map
metric on the moduli of non-Kähler Calabi–Yau ∂ ∂̄ -threefolds via Hodge theory. We extended
C.-L. Wang’s finite distance criterion for one-parameter degenerations to the present setting. As
a byproduct, we also obtained a sufficient condition for a non-Kähler Calabi–Yau to support the
∂ ∂̄ -lemma which generalizes the results by Friedman and Li. We also proved that the non-Kähler
Calabi–Yau threefolds constructed by Hashimoto and Sano support the ∂ ∂̄ -lemma.
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0. INTRODUCTION

0.1. Motivations. Let Y be a three-dimensional Calabi–Yau (CY) manifold (for instance a
quintic threefold in P4) and C1, . . . ,Cr be disjoint smooth rational curves in Y whose normal
bundle NCi/Y is isomorphic to O(−1)⊕O(−1). One can construct a contraction π : Y → X̄ where
X̄ is a singular threefold having r ordinary double points (ODPs) p1, . . . , pr whose pre-images
under π are C1, . . . ,Cr. If one further assumes that [C1], . . . , [Cr] span H2(X ;C) and there are
m1, . . . ,mr ∈Q such that

(0.1)
r

∑
i=1

mi[Ci] = 0 ∈ H2(X ;C) with mi ̸= 0 for all i,

the result of Friedman [Fri86] implies that X̄ is smoothable. Let X be a smoothing. We thus
obtain a conifold transition X ↗ Y ; a complex degeneration X ⇝ X̄ followed by a resolution
Y → X̄ . One checks that b2(X) = 0 and in particular, X is non-Kähler. The construction was
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firstly described by H. Clemens around 1985. Based on this, M. Reid speculated that there could
be a single irreducible moduli space of possibly non-Kähler CY threefolds such that any CY
threefold can be connected to another member in this moduli through conifold transitions; this is
also known as Reid’s fantasy [Rei87]. Here, by a non-Kähler CY manifold we mean a compact
complex manifold with trivial canonical bundle. From this perspective, one inevitably bumps into
non-Kähler CY manifolds and it is of importance to investigate their moduli spaces.

In the Kähler regime, Yau’s theorem [Yau78], among other things, produces a canonical metric
on the moduli space of polarized CY manifolds, called the Weil–Petersson (WP) metric. To
explore the structure of moduli spaces, one may study the WP geometry on them. It is known that
the WP metric is incomplete in general as Candelas et al. found a nodal CY threefold having finite
WP distance [CGH90]. Later, C.-L. Wang gave a Hodge-theoretic criterion for finite distance
fibers in the case of one-parameter degenerations [Wan97, Wan03] and proposed a finite distance
conjecture for higher-dimensional bases. The author subsequently verified Wang’s conjecture up
to a codimension two subset in the moduli space [Lee18].

Due to the absence of Kähler metrics, the standard tools such as Hodge theory do not apply
when we study the moduli spaces of non-Kähler CY manifolds. Nevertheless, R. Friedman
[Fri19] and C. Li [Li2202] showed that the smoothing X described in the previous paragraph
supports the ∂ ∂̄ -lemma, which allows us to define Hodge decomposition on their cohomology
groups. Besides, it is proven by J. Fu, J. Li, and S.-T. Yau that such an X carries a balanced metric
[FLY12]. Recall that a hermitian metric on a compact complex manifold of complex dimension n
is called a balanced metric if its metric two form ω satisfying the equation dωn−1 = 0. Based on
Fu–Li–Yau’s balanced structure, T. Collins, S. Picard, and S.-T. Yau showed that the holomorphic
tangent bundle of X admits a Hermitian–Yang–Mills connection [CPY24]. T. Collins, S. Gukov,
S. Picard, and S.-T. Yau also constructed special Lagrangian spheres in X [CGPY23].

Non-Kähler CY ∂ ∂̄ -manifolds have been extensively studied in the literature. Let W be a CY
∂ ∂̄ -manifold of complex dimension n. D. Popovici proved that both the unobstructedness theorem
and local Torelli theorem hold for W [Pop19]. Moreover, if the second Hodge–Riemann bilinear
relation holds on Hn(W ;C) =⊕p+q=nHp,q(W ), we can then pullback the corresponding Fubini–
Study metric on PHn(W ;C) to the moduli space S via the local Torelli immersion S → PHn(W ;C).
Note that we do not need any metrics to define the pairing on the middle cohomology group.
In this manner, we obtain the so-called period-map metric on S (cf. [Pop19]). Taking balanced
metrics into account, D. Popovici also introduced several variants of Weil–Petersson metrics on
the moduli of compact CY ∂ ∂̄ -manifolds and studied the relationship among them [Pop19].

0.2. Statements of the main results. The aim of this note is to study the finite distance problem
with respect to the period-map metric for one-parameter degenerations.

Let f : X → ∆ be a one-parameter degeneration of ∂ ∂̄ -manifolds of complex dimension n.
We may assume that f is a semi-stable family by a finite base change and blow-ups; these
operations do not affect the finite distance property. Put E := f−1(0) and let E1, . . . ,Em be
irreducible components of E. Suppose that any intersection of Ei’s supports the ∂ ∂̄ -lemma. In
which case, following Steenbrink [Ste75], one can define the limiting mixed Hodge structure
(F•

lim,W(M)•,Hn(X ;C)) where X is a general fiber. Let T be the monodromy operator on
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Hn(X ;C) for f and N := logT be the nilpotent operator. Then N is of type (−1,−1) with respect
to the limiting mixed Hodge structure. Under another mild assumption

Hypothesis A. The nilpotent operator N induces an isomorphism between relevant quotients of
the monodromy weight filtration, namely

Nk : GrW(M)
n+k Hn(X ;C)→ GrW(M)

n−k Hn(X ;C)

is an isomorphism for each 0 ≤ k ≤ n.

we will prove

Theorem 0.1 (= Theorem 2.3). Assume Hypothesis A. Then 0 ∈ ∆ has infinite distance with
respect to the period-map metric if NFn

lim ̸= 0.

Note that the statement above indeed consists of two parts. First, since we do not know whether
or not the second Hodge–Riemann bilinear relation holds on Hn−1,1(X), we need to show that
the period-map metric is an honest metric. Fortunately, this can be done when NFn

lim ̸= 0. After
resolving this issue, we then compute the distance and prove that 0 ∈ ∆ has infinite distance
following C.-L. Wang’s approach [Wan97].

The other case NFn
lim = 0 is somewhat subtler. Consider a more stringent assumption.

Hypothesis B. There exists a cohomology class in H2(E;R) whose restriction to Ei of E provides
a Kähler class for Ei.

This tacitly asserts that each component of E is Kähler and in particular, it implies that any
arbitrary intersections of Ei’s are Kähler and hence the ∂ ∂̄ -lemma holds on them.

Recall that a CY ∂ ∂̄ -manifold X is strict, if Hd(X ;OX) = 0 for 0 < d < n. We then have the
following result for NFn

lim = 0.

Theorem 0.2 (= Proposition 3.1). Under Hypothesis B, if the general fiber X of f is a strict
smooth CY ∂ ∂̄ -threefold and NF3

lim = 0, then the second Hodge–Riemann bilinear relation holds
on H2,1(X). Consequently, the period-map metric is truly a metric.

To prove the theorem, we shall follow C. Li’s approach in [Li2202]. Let us consider Deligne’s
splitting Ip,q for Steenbrink’s limiting mixed Hodge structure on H3(X ;C). Firstly, we construct a
basis for each Ip,q and hence obtain a basis for F2

lim. Secondly, we extend the proceeding basis to
become a local frame for Deligne’s canonical extension. Finally we untwist the local frame to get
a (multi-valued) frame for F2

t where F2 is the holomorphic bundle over ∆∗ whose fiber over t is
the vector space H3,0(Xt)⊕H2,1(Xt). We then check the positivity using the multi-valued frame.

Corollary 0.3 (= Theorem 2.5). In the situation of Theorem 0.2, 0 ∈ ∆ has finite distance with
respect to the period-map metric.

As an application, we can use the multi-valued frame to obtain the following proposition,
which slightly generalizes the results of R. Friedman [Fri19] and C. Li [Li2202].

Proposition 0.4 (= Corollary 3.6). Let g : X → ∆ be a semi-stable degeneration. We assume that
the general fiber X of g has complex dimension 3 and satisfies the following conditions.

• The central fiber of f is at a finite distance with respect to the perid-map metric;
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• Hi(X ;OX) = H0(X ;Ω
j
X) = 0 for 1 ≤ i, j ≤ 2.

Then under Hypothesis A, the ∂ ∂̄ -lemma holds on X.

Hashimoto and Sano constructed smooth non-Kähler CY threefolds with arbitrarily large b2

[HS23]. We may also apply the techniques here to show that

Proposition 0.5 (= Theorem 4.4 and Theorem 4.5). Let X be the smooth non-Kähler CY threefold
constructed in [HS23]. Then X is a ∂ ∂̄ -manifold. Moreover, the second Hodge–Riemann bilinear
relation holds on H2,1(X).

Remark 0.1. Some results presented in this manuscript were also obtained by K.-W. Chen
independently [Che24], where the Hodge structure on the smoothings is carefully studied.

Acknowledgment. The author would like to thank Professor Chin-Lung Wang for his interest
as well as many valuable conversations with the author on this project. He would like to thank
Professor Shing-Tung Yau for his interest and comments on the manuscript. The author also
wants to thank Chung-Ming Pan for inspiring discussions. Part of the results presented here was
announced in the workshop “East Asian Symplectic Conference 2023” in October, 2023. In a
communication with C.-L. Wang, the author was informed that K.-W. Chen has also obtained
similar results in this direction independently. The author would also like to thank him for
suggestions to improve the presentation.

1. PRELIMINARIES

Notation. Let X be a compact complex manifold. For a sheaf F on X , the notation Hk(X ;F )

stands for the usual sheaf cohomology on X . For a bounded complex of C-sheaves F • on X , we
denote by Hk(X ;F •) the kth hypercohomology group.

1.1. The ∂ ∂̄ -lemma. We begin with the statement of ∂ ∂̄ -lemma. Let X be a compact complex
manifold and Ω

p
X be the sheaf of holomorphic p-forms on X . There is a complex of sheaves Ω•

X

(1.1) 0 Ω0
X Ω1

X · · · Ωn
X 0, n = dimX ,

∂ ∂ ∂

which is quasi-isomorphic to the constant sheaf CX on X . The hypercohomology of Ω•
X computes

the usual cohomology (singular cohomology) of X .
The truncated complexes

Fp
Ω

•
X := [0 → ··· → 0 → Ω

p
X → ·· · → Ω

n
X → 0]

with Ωn
X at the nth place defines a decreasing filtration on (1.1) on the level of complexes and they

induce a decreasing filtration F• on the cohomology group Hk(X ;C); specifically FpHk(X ;C) is
defined to be the image of the canonical map

Hk(X ;Fp
Ω

•
X)→ Hk(X ;Ω

•
X) = Hk(X ;C)

induced from FpΩ•
X → Ω•

X .

Definition 1.1. We say that the ∂ ∂̄ -lemma holds on X or call X a ∂ ∂̄ -manifold if for all p,q and
for all d-closed (p,q)-form η ∈ Ap,q(X), the following statement holds:

(∗) η is d-exact, ∂ -exact, or ∂̄ -exact ⇔ η = ∂ ∂̄ξ for some ξ ∈ Ap−1,q−1(X).
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Remark 1.2. It is known that the ∂ ∂̄ -lemma is equivalent to the following statement. Let
η ∈ Ak(X) be a both ∂ -closed and ∂̄ -closed k-form. Then

η is d-exact ⇔ η = ∂ ∂̄ξ for some ξ ∈ Ak−2(X).

It is well-known ([DGMS77, Equation (5.21)] and [Del71, Equation (4.3.1)]) that the following
two statements are equivalent.

(i) (a) The Hodge-to-de Rham spectral sequence (a.k.a. the Frölicher spectral sequence) on X
degenerates at E1;

(b) for all k, if F• denotes the corresponding filtration on Hk(X ;C), then F• and F̄• are
k-opposed; namely Fp ⊕ F̄k+1−p = Hk(X ;C).

(ii) The ∂ ∂̄ -lemma holds on X .
For a compact complex manifold, consider the short exact sequence

0 → Fp+1
Ω

•
X → Fp

Ω
•
X → Fp

Ω
•
X/Fp+1

Ω
•
X
∼= Ω

p
X [−p]→ 0.(1.2)

Taking hypercohomology, we obtain a long exact sequence

· · · → Hk(X ;Fp+1
Ω

•
X)→ Hk(X ;Fp

Ω
•
X)→ Hk−p(X ;Ω

p
X)→ Hk+1(X ;Fp+1

Ω
•
X)→ ·· · .

If X is a ∂ ∂̄ -manifold, there exists a canonical injection

Hp,q(X) := Hq(X ;Ω
p
X)→ Hp+q(X ;C)

from the Dolbeault cohomology to the de Rham cohomology. For a Dolbeault class [θ ]∈ Hp,q(X),
we choose a ∂̄ -closed representative θ ∈ Ap,q(X). Now ∂θ ∈ Ap+1,q(X) is d-closed and clearly
∂ -exact. By assumption, there exists v ∈ Ap,q−1(X) such that ∂θ = ∂ ∂̄v. So θ − ∂̄v is a d-closed
representative of [θ ].

To prove the injectivity, let [θ ] ∈ Hp,q(X) such that θ − ∂̄v is also d-exact. By assumption
again, there exists u ∈ Ap−1,q−1(X) such that

θ − ∂̄v = ∂ ∂̄u.

Thus θ = ∂̄ (v+∂u) is ∂̄ -exact and hence [θ ] = 0 ∈ Hp,q(X). It is also clear that

Hp,q(X) = Hq,p(X)

when we regard them as subspaces in Hp+q(X ;C). In particular, Hk(X ;C) carries a weight k
Hodge structure.

1.2. Calabi–Yau ∂ ∂̄ -manifolds.

Definition 1.3. Let X be a compact complex manifold of dimension n. We say that X is a
Calabi–Yau (CY) ∂ ∂̄ -manifold if X is a ∂ ∂̄ -manifold whose canonical bundle Ωn

X is trivial.

Many theorems stated for CY manifolds (compact Kähler manifolds with trivial canonical
bundle) also hold for CY ∂ ∂̄ -manifold. For instance, we have the unobstructedness theorem, the
Bogomolov–Tian–Todorov theorem for CY ∂ ∂̄ -manifolds.

Theorem 1.1 ([Pop19, Theorem 1.2]). Let X be a compact CY ∂ ∂̄ -manifold. Then X has
unobstructed deformation, i.e. the Kuranishi space of X is smooth.

We also have the following local Torelli theorem.
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Theorem 1.2 ([Pop19, Theorem 5.4]). Let X be a compact CY ∂ ∂̄ -manifold of complex dimension
n and let π : X → S be its Kuranishi family. Then the associated period map

P : S → D ⊂ PHn(X ;C), s 7→ Hn,0(Xs;C)

is a local holomorphic immersion.

Let us recall a definition for the later use.

Definition 1.4. Let (X ,ω) be a balanced CY ∂ ∂̄ -manifold. Given a Dolbeault cohomology
class [θ ] ∈ Hp,q(X), let θ ∈ Ap,q(X)be a ∆′′

ω -representative and vmin ∈ Ap,q−1(X) such that vmin

is the solution to ∂θ = ∂ ∂̄v with minimum L2 norm with respect to ω . The d-closed form
θmin := θ + ∂̄vmin is called the ω-minimal d-closed representative of [θ ].

1.3. Deligne’s canonical extension. Let V → ∆∗ be a holomorphic vector bundle with a flat
connection ∇ whose monodromy T is unipotent. Denote by

N := logT = log(I − (I −T )) =−
∞

∑
k=1

(I −T )k

k
.

the associated nilpotent operator so that T = eN . Denote by

π : h→ ∆
∗, z 7→ t = e2π

√
−1z,

the universal cover. Then the pullback π∗V becomes a trivial vector bundle. Let {v1, . . . ,vm}
be a flat trivialization for π∗V . For a flat section v of π∗V , we see that it satisfies the relation
v(z+1) = T v(z). Therefore the twisted section

u := e−zNv

is invariant under the translation z 7→ z+1, for

u(z+1) = e−(z+1)Nv(z+1) = e−zNe−NT v(z) = e−zNv(z) = u(z).

It follows that u becomes a (non-flat) section of V on ∆∗. In this manner, we obtain a twisted
section {u1, . . . ,um} for j∗V where j : ∆∗ → ∆ is the open inclusion. We can thus extend V to a
holomorphic vector bundle V̄ on ∆ via the frame {u1, . . . ,um}. We compute

∇t∂t uk =
1

2π
√
−1

∇∂zuk =
−Nuk

2π
√
−1

.

We obtain a logarithmic connection ∇̄ on V̄ with residue −N/2π
√
−1 along t = 0, i.e.

∇ = d− N
2π

√
−1

⊗ dt
t
.

In which case, the connection ∇ is extended to be a connection ∇̄ on V̄ with a logarithmic pole
along t = 0. The extension (V̄, ∇̄) is called Deligne’s canonical extension.
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1.4. Mixed Hodge structures and Deligne’s splitting. Let HR be a finite-dimensional real
vector space. Put H := HR⊗RC. Recall that a (real) mixed Hodge structure (R-mixed Hodge
structure) on HR consists of a pair of finite filtrations

· · · ⊂Wk−1 ⊂Wk ⊂Wk+1 ⊂ ·· ·

· · · ⊃ F p−1 ⊃ F p ⊃ F p+1 ⊃ ·· ·

such that

(i) W is defined over R;
(ii) for l ∈ Z, the filtration F• induces a Hodge structure of weight l on the graded piece GrW

l H.

The increasing filtration W• is called the weight filtration whereas the decreasing filtration F• is
referred as the Hodge filtration.

Recall that for a given R-mixed Hodge structure (H,W•,F•), a weak spliiting of (H,W•,F•) is
a decomposition of the vector space

(1.3) H =
⊕
p,q

Jp,q

such that

(1.4) WC
k =

⊕
p+q≤k

Jp,q and F p =
⊕
r≥p

Jr,q
C .

Notice that in (1.4) the notation WC
k stands for Wk ⊗RC.

By a theorem of Deligne, any R-mixed Hodge structure always admits such a splitting. This
is called the Deligne’s splitting. In fact, given a R-mixed Hodge stuctrue (H,W•,F•), Delinge’s
splitting is defined by

(1.5) Ip,q := F p ∩WC
p+q ∩

(
Fq ∩WC

p+q + ∑
j≥2

Fq− j+1 ∩WC
p+q− j

)
.

One checks that they satisfy (1.4) and also the property

(1.6) Ip,q = Iq,p mod
⊕

r<p, s<q
Ir,s.

For a proof, one can consult [CKS86, (2.13) Theorem].

1.5. Steenbrink’s limiting mixed Hodge structure. We begin with the following setup.

• Let f : X → ∆ be a semi-stable model, i.e. X is a complex manifold, f is smooth over the
punctured disk ∆∗, and the central fiber f−1(0) is a simple normal crossing divisor.

• Let E1, . . . ,Em be the irreducible components of E := f−1(0).
• For any subset I ⊂ {1, . . . ,m}, we put

EI :=
⋂
i∈I

Ei and E(k) :=
∏

|I|=k
EI.

We have proper maps ιk : E(k)→ E for k ≥ 1. We shall also set E(0) = E.
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• For each I = {i1 < .. . < ir} and 1 ≤ j ≤ r, put I j := I \{i j}; the subset of I with jth element
being omitted. Denote by ιI,I j : EI → EI j the inclusion map. We have the restriction map
ι∗I,I j

: Hk(EI j ;C) → Hk(EI;C) and the Gysin map (ιI,I j)! : Hk(EI;Z) → Hk+2(EI j ;C). Let
ιr, j :=⊕|I|=rιI,I j and put

ψr :=
r⊕

j=1

(−1) j−1
ι
∗
r, j and φr :=−

r⊕
j=1

(−1) j−1(ιr, j)!.

They are refereed as an alternating restriction map and an alternating Gysin map. We shall
skip the subscript r when no confussion occurs.

• Let it : Xt →X be the inclusion of a fiber Xt . The total space X is homotopic to E by a
deformation retraction r : X → E. Denote by rt = r ◦ it : Xt → E. The complex (Rrt)∗i∗t ZX
is called the complex of nearby cocycles.

The hypercohomology of the complex (Rrt)∗i∗t ZX computes the cohomology of the nearby fiber.
In fact, we have

Hq((Rrt)∗i∗t ZX ) = Hq(i∗t ZX ) = Hq(i∗t ZX ) = Hq(Xt).

Nevertheless, we shall recall a concrete recipe to calculate the cohomology of the nearby fiber.
Let π : h→ ∆∗ be the universal cover. The fiber product X∞ :=X ×∆∗ h is called the canonical

fiber. Note that X∞ is homotopic to any smooth fiber of f .
Look at the commutative diagram

X∞ X ∗ X E

h ∆∗ ∆ {0}.

p

F

k

j

f
i

π

κ

We can form the complex i∗(Rk)∗k∗ZX which computes the cohomology of the nearby fiber.

Definition 1.5. Let K • ∈ D+(X ,A) be a bounded below complex of sheaves of A-modules on
X . We define the nearby cocycle, denoted by Φ f K •, to be the complex

Φ f K
• := i∗(Rk)∗k∗K • ∈ D+(E,A).

There is a canonical morphism

i∗K • → Φ f K
•.

Let φ f K • be the mapping cone the the morphism above. We obtain a triangle

i∗K • → Φ f K
• → φ f K

• +1−→

and φ f K • is the complex of vanishing cocycles.
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To define a mixed Hodge structure on Φ fCX , we consider the relative logarithmic de Rham
complex Ω•

X/∆
(logE). Explicitly, it is defined as the cokernel of the morphism

Ω
•−1
X (logE) Ω•

X (logE).
∧ f ∗(dt/t)

Let I ⊂ OX be the ideal sheaf defining E. One can check that IΩ•
X/∆

(logE) is stable under the
differential. We thus obtain a complex Ω•

X/∆
(logE)⊗OE .

Theorem 1.3. There exists a quasi-isomorphism in D+(CE)

Φ fCX ≃ Ω
•
X/∆

(logE)⊗OE .

Our goal is to define a mixed Hodge structure on Φ fCX via Ω•
X/∆

(logE)⊗OE at the level of
complexes. We need two pieces of information: (a) the Hodge filtration F• and (b) the weight
filtration W•. For this purpose, we shall henceforth assume that EI supports the ∂ ∂̄ -lemma for
each subset I.

1.5.1. The Hodge filtration. This part is easy; we may use the stupid filtration F• on the complex
Ω•

X/∆
(logE)⊗OE , i.e.

F k := Ω
•≥k
X/∆

(logE)⊗OE .

By the ∂ ∂̄ -lemma, this puts a Hodge filtration on the hypercohomology.

1.5.2. The monodromy weight filtration. There is a natual filtration W• on Ω•
X (logE)

Wp(Ω
•
X/∆

(logE)⊗OE) := The image of WpΩ
•
X (logE)

under the canonical projection Ω•
X (logE)→ Ω•

X/∆
(logE)⊗OE .

Consider the double complex (D•,•,D1,D2) with

Dp,q : = Ω
p+q+1
X (logE)⊗OE/Wp(Ω

p+q+1
X (logE)⊗OE)(

∼= Ω
p+q+1
X (logE)/Wp(Ω

p+q+1
X (logE)) whenever p ≥ 0

)
for p,q ≥ 0 with differentials{

D1 : Dp,q →Dp+1,q via ω 7→ (dt/t)∧ω

D2 : Dp,q →Dp,q+1 via ω 7→ dω.

Define µ : Ω
q
X/∆

(logE)⊗OE →D0,q via

ω 7→ (−1)q dt
t
∧ω mod W0Ω

q+1
X (logE).

With this definition, we see that µ induces a morphism of complexes

Ω
•
X/∆

(logE)⊗OE → Tot(D•,•).

Let us define an increasing filtration W• on D•,• by

WrDp,q := the image of Wr+p+1(Ω
p+q+1
X (logE)⊗OE) in Dp,q.
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Also, let us define the Hodge filtration on Dp,q via

F k(Tot(D•,•)) :=
⊕

p

⊕
q≥k

Dp,q.

Theorem 1.4. µ is a quasi-isomorphism between bi-filtered complexes

(Ω•
X/∆

(logE)⊗OE ,W•,F•) and (Tot(D•,•),W•,F•).

Definition 1.6 (The monodromy weight filtration). We define another increasing filtration W(M)•
on the complex Dp,q via

W(M)rDp,q := the image of Wr+2p+1(Ω
p+q+1
X (logE)⊗OE) in Dp,q.

The filtration W(M)• is called the monodromy weight filtration.

Remark 1.7. As we shall see, the punchline is that D1 becomes the zero map in the associated
graded module with respect to W(M)•.

Note that W(M)rDp,q = 0 whenever r+2p+1 ≤ p, i.e. r ≤−1− p. Similarly, we have

GrW(M)
r (Dp,q) = GrWr+2p+1Ω

p+q+1
X (logE)∼= (ιr+2p+1)∗Ω

q−p−r
E(r+2p+1)

and the last isomorphism holds when r+2p ≥ 0. In particular, this implies

GrW(M)
r (Dp,q) = 0

whenever r ≥ q− p+1 ≥−2p or r ≤−p−1. Because of this shift, the morphism D1 becomes
zero on the associated graded complex. The (p,q) term in the associated graded complex
GrW(M)

r (Tot(D•,•)) becomes⊕
−p≤r≤q−p

GrWr+2p+1Ω
p+q+1
X (logE)∼=

⊕
−p≤r≤q−p

(ιr+2p+1)∗Ω
p+q
E(r+2p+1)[−r−2p]

and the cohomology of (GrW(M)
r (Tot(D•,•)),D1 +D2 = D2) is CE(r+2p+1)[−r−2p], which com-

putes the cohomology of the smooth variety E(r+2p+1) up to a shift. We remind the reader
that the summation is taken over all non-negative integers p and q satisfying −p ≤ r ≤ q− p. It
is now obvious that we can define the Hodge structure using the usual Hodge filtration on smooth
varieties.

Example 1.8 (Conifold transitions). Let X ↗ Y be a conifold transition between Calabi–Yau
threefolds, i.e. X and Y are smooth Calabi–Yau threefolds and there exist a complex degeneration
X ⇝ X̄ to a conifold threefold and a small resolution Y → X̄ . Let {p1, . . . , pk} be the set of
singular points in X̄ and C1, . . . ,Ck be the rational curves in Y lying over p1, . . . , pk.

By Friedman’s result, the smoothing corresponds to a non-trivial relation

k

∑
i=1

mi[Ci] = 0 ∈ H2(Y,C) with mi ̸= 0 for all i.

Let π : X ′ → ∆ be the complex degeneration. To obtain a semi-stable model, we first perform
a degree two base change and then blow up all the singularities on the central fiber. Denote by
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f : X → ∆ the resulting semi-stable family.

X X ′

∆ ∆.

f π

The central fiber f−1(0) = Ỹ
⋃
∪r

i=1Qi is a simple normal crossing divisor. Here

Ỹ = Bl⊔r
i=1CiY and Qi ⊂ P4 is a smooth quadric hypersurface.

Moreover, the exceptional divisor Ei = Ỹ ∩Qi is isomorphic to a quadric in P3.
We can compute the graded complex GrW(M)

r Dp,q in this case. We have

E(1) = Ỹ
∏

⊔r
i=1Qi, E(2) =

r∏

i=1
Ei, and E(k) = /0 for k ≥ 3.

We wish to compute the group GrW(M)
4 H3(X ,C) which is the cohomology of the complex

E−2,4
1 = H2(GrW(M)

2 )→ E−1,4
1 = H3(GrW(M)

1 )→ E0,4
1 = H4(GrW(M)

0 ).

A similar calculation shows that

GrW(M)
1

∼= CE(2)[−1], and GrW(M)
0

∼= CE(1)

and the sequence is transformed into

0 → H2(E(2),C) =
r⊕

i=1

H2(Ei,C)→ H4(E(1),C) = H4(Ỹ ,C)⊕
r⊕

i=1

H4(Qi,C).

This is dual to the sequence in [LLW18, Equation (1.4)].

Theorem 1.5. The triple (Tot(D•,•),W(M)•,F•) forms a mixed Hodge structure. Consequently,
by Theorem 1.4, this puts a mixed Hodge structure on Ω•

X/∆
(logE)⊗OE ∼ Φ fCX .

Corollary 1.6. The cohomology of the derived pushforward

R f∗Ω
•
X/∆

(logE)

is a locally free sheaf.

Corollary 1.7. The sheaf
Rq f∗Ω

p
X/∆

(logE)

is locally free. Consequently, R f∗F k gives a locally free extension of the Hodge bundles.

2. THE PERIOD-MAP METRIC ON THE MODULI OF CY ∂ ∂̄ -MANIFOLDS

2.1. Weil–Petersson metric and the period-map metric. For a compact Kähler CY manifold
(X ,ω) of complex dimension n, it is known that its Kuranishi space S is smooth. Let X → S
be a local universal deformation of X with a fixed Kähler class [ω] ∈ H2(X ;Z). There exists a
canonical metric on S, called the Weil–Petersson metric. Indeed, Yau’s theorem [Yau78] provides
us with a Ricci flat metric gs on Xs whose Kähler class equals [ω]. Let ρ : TsS → H1(Xs,TXs)
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be the Kodaira–Spencer map at s ∈ S. Identify H1(Xs,TXs) with H0,1(TXs) (the TXs-valued
harmonic (0,1)-forms w.r.t. gs). For λ ,θ ∈ TsS, one can check that the pairing

Gs(λ ,θ) :=
∫
Xs

⟨ρ(λ ),ρ(θ)⟩s

is positive definite and hence defines a metric on S. Here ⟨−,−⟩s is the product on H0,1(TXs)

induced by gs. The metric G is called the Weil–Petersson metric; this is a Kähler metric on S.
Denote by Q : Hn(X ;C)×Hn(X ;C)→ C the topological pairing

Q([α], [β ]) = (−1)n(n−1)/2
∫

X
α ∧β .(2.1)

From Hodge theory, the sesquilinear form

H(u,v) := Q(Cu, v̄)(2.2)

defines a positive definite hermitian pairing on Hn
prim(X ;C). Here C is the Weil operator:

Cu =
√
−1

p−q
u for u ∈ Hp,q(X).

As observed by Bogomolov and Tian, the Kähler potential of G is given by the formula

− log Q̃(Ωs,Ω̄s) =− log
√
−1

n
(∫

Xs

Ωs ∧ Ω̄s

)
and the Kähler form for G can be calculated by

−
√
−1
2

∂ ∂̄ log Q̃(Ωs,Ω̄s) =

√
−1
2 ∑

i, j
−∂ti∂t j̄

log Q̃(Ωs,Ω̄s)dti ∧dt̄ j.

In other words, the Weil–Petersson metric is nothing but the pullback of the Fubini–Study
metric induced by H via the local Torelli immersion

S → PHn
prim(X ;C).

Remark 2.1. The local universal complex deformation of X is isomorphic to an open set U in
H1(X ;T X). Put

H1(X ;T X)[ω] := {[θ ] ∈ H1(X ;T X) | [θ⌟ω] = 0 in H0,2(X)}

and set U[ω] :=U ∩H1(X ;T X)[ω]. Then U[ω] consists of local deformations of X preserving the
polarization [ω] ∈ H2(X ;Z).

If X is a strict Calabi–Yau, i.e. Hd(X ;OX) = 0 for 0 < d < n, then we particularly have

H1(X ;T X)[ω] = H1(X ;T X)

when n ≥ 3. Moreover, we have H1(X ;T X)∼= H1(X ;Ω
n−1
X ) = H1

prim(X ;Ω
n−1
X ), because

([θ ]⌟ Ω)∧ω =±Ω∧ ([θ ]⌟ ω) = 0.

Said differently, the sesquilinear pairing H in (2.2) defines a hermitian metric on Hn(X ;C). In
this case, thanks to the formula for the Kähler potential, the Weil–Petersson metric is independent
of the choice of the polarization [ω].
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For a non-Kähler CY ∂ ∂̄ -manifold X , we do not have the notion of primitive cohomology
and even in the strict case, we do not know whether or not the second Hodge–Riemann bilinear
relation holds on Hn−1,1(X). However, we can still consider the “potential function”

−∂ ∂̄ log Q̃(Ωs,Ω̄s)

and consider the associated two form

−
√
−1
2

∂ ∂̄ log Q̃(Ωs,Ω̄s) =

√
−1
2 ∑

i, j
−∂ti∂t̄ j log Q̃(Ωs,Ω̄s)dti ∧dt̄ j.(2.3)

If the matrix (−∂ti∂t̄ j log Q̃(Ωs,Ω̄s))
n
i, j=1 on the right hand side of (2.3) happens to be semi-

positive definite, then we obtain a (pseudo) metric near s ∈ S. In this case, following [Pop19], we
will call it the period-map metric.

The purpose of this section is to study the positivity of the matrix (−∂ti∂t̄ j log Q̃(Ωs,Ω̄s))
n
i, j=1

and also give a criterion about when the second Hodge–Riemann bilinear relation holds on
Hn−1,1(X) and study the finite distance problem on the moduli space. We will be mainly interested
in the case when X arises as a small smoothing of a simple normal crossing variety, i.e. X is a
general fiber of a semi-stable one-parameter degeneration X → ∆ over a small disc.

For a compact CY ∂ ∂̄ -manifold (X ,ω), due to the presence of balanced metrics, one can define
a Weil–Petersson metric on the local universal deformation S of (X ,ω) polarized by a fixed class
[ωn−1]. Given two Dolbeault cohomology classes

[θ ], [η ] ∈ H1(X ;T X)[ωn−1] := {[θ ] ∈ H1(X ;T X) | [θ⌟ωn−1] = 0 in Hn−2,n(X)},

following [Pop19, §5.2], one can define an inner product

GWP([θ ], [η ]) :=
⟨⟨θ⌟ Ω,η⌟ Ω⟩⟩ω

Q̃(Ω,Ω̄)

where the representatives θ and η are choosen such that θ⌟ Ω and η⌟ Ω are both ω-minimal and
d-closed under the Calabi–Yau isomorphism

⌟ Ω : H1(X ;T X)
≃−→ Hn−1,1(X)

and ⟨⟨−,−⟩⟩ω is the L2 inner product induced by ω . This induces a metric on S; it is called a
Weil–Petersson metric in [Pop19].

From now on, we assume Hypothesis A is valid; that is, the nilpotent operator N induces an
isomorphism between relevant quotients of the monodromy weight filtration:

Nk : GrW(M)
n+k Hn(X ;C)→ GrW(M)

n−k Hn(X ;C)

is an isomorphism for each 0 ≤ k ≤ n.
We also remark that the Hypothesis A implies that the monodromy filtration W(M) on Hn(X ;C)

is identical to the filtration induced by the nilpotent operator N.
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2.2. An infinite distance criterion via Hodge theory. Let f : X → ∆ be a one-parameter
degeneration of CY ∂ ∂̄ -manifolds. We also assume that f is a semi-stable model and every
irreducible component in E = f−1(0) is a ∂ ∂̄ -manifold. There exists a holomorphic function a(t)
such that the multi-valued function (considered as a function on ∆∗)

Ωz := ezNa(t)

is a local section of the bundle Fn over ∆∗. The metric two-form for the period-map “metric” is
given by the formula

−
√
−1
2

∂ ∂̄ log Q̃(ezNa(t),ezNa(t)).

Here Q̃(−,−) := (
√
−1)nQ(−,−) and Q(−,−) is the topological pairing (cf. (2.1)) on the

relevant fiber. Moreover, since Q(T α,T β ) = Q(α,β ), the nilpotent operator N is an infinitesimal
isometry with respect to Q, i.e. Q(Nα,β )+Q(α,Nβ ) = 0. In particular, since

0 = Q(Fn
t ,F1

t ) = Q(e−zNFn
t ,e

−zNF1
t ),

by taking the limit Imz → ∞, we have Q(Fn
lim,F1

lim) = 0. Since X is Calabi–Yau, we have
dimFn

lim = 1. The non-degeneracy of Q(−,−) implies that Q(Fn
lim,Fn

lim) ̸= 0.
Following [Wan97], we now introduce a special class of functions on the universal cover

h → ∆∗, z 7→ t = e2π
√
−1z. Let us write z = x+

√
−1y. Then t = e2π

√
−1x−2πy. The function t

has the property that its derivatives has exponential decay as y → ∞. More specifically, for each
(r,s) ∈ (Z≥0)

2

|∂ r
x ∂

s
y (t)| ≤C(r,s) · e−πy

for some positive constant C(r,s) and y ≫ 0.

Notation. We use the symbol h to denote the class of smooth functions on h having the property
as above, i.e. all of its derivatives has exponential decay as y → ∞. The notation f ∈ h means f is
such a function. It is clear that h is closed under addition and multiplication.

Consider the power series expansion

a(t) = a0 +a1t + · · · .

Let d = min{k ∈ N | Nk+1a0 = 0}.

Lemma 2.1. We have

Q̃(ezNa(t),ezNa(t)) = p(y)+h

where p(y) is a polynomial of degree d and h ∈ h. Moreover, the leading coefficient of p(y) is
given by Q̃(a0,Nd ā0) ̸= 0.

Proof. Note that

Q̃(ezNa(t),ezNa(t)) = Q̃(e(z−z̄)Na(t),a(t)) = Q̃(e2
√
−1yNa(t),a(t)).
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Now the function

ymt l t̄k = yme2π
√
−1lze−2π

√
−1kz̄

= yme2π
√
−1lx−2πnye−2π

√
−1kx−2πky

belongs to h for any m ≥ 0 as long as (l,k) ̸= (0,0). Therefore, using the power series expansion,
we obtain

Q̃(e2
√
−1yNa(t),a(t)) = Q̃(e2

√
−1yNa0,a0)+h = p(y)+h

as desired. The polynomial p(y) has degree d and the leading coefficient is clearly equal to
Q̃(a0,Nd ā0); this is non-zero since a0 ∈ Fn

lim, Nd ā0 /∈ F1
lim, and dimF0

lim/F1
lim = 1. □

Proposition 2.2. If d > 0, we have

−∂z∂z̄ log Q̃(ezNa(t),ezNa(t)) =
d
y2 +h.

In particular, this implies that the period-map “metric” is really a metric for y ≫ 0.

Proof. Let us write

Q̃(ezNa(t),ezNa(t)) = p(y)+h.

Then for any non-negative integer d, we have

−∂z∂z̄ log Q̃(ezNa(t),ezNa(t)) =−
(

∂ 2

∂x2 +
∂ 2

∂y2

)
log(p(y)+h)

=
d
y2 +h.

Here we slighly abuse the notation; we use the same h to denote different functions in h. Since h
decays exponentially as y → ∞, we conclude that for d > 0

d
y2 +h > 0, for y ≫ 0.

This shows that −∂z∂z̄ log Q̃(ezNa(t),ezNa(t)) is positive when y ≫ 0. □

Because of the proposition, it makes sense to talk about the distance near 0 ∈ ∆. In fact, in the
present situation, we have

Theorem 2.3. If d > 0, then 0 ∈ ∆ has infinite distance w.r.t. the period-map metric.

Proof. By the proceeding proposition, for any curve γ in h towards ∞, we see that

ℓ(γ)≥
∫

∞

y=c

√
d − ε

y2 dy =
∫

∞

y=c

√
d − r
y

dy = ∞.

□

Theorem 2.4. For a one-parameter degeneration X → ∆ of compact CY ∂ ∂̄ -manifolds, if d > 0,
then 0 ∈ ∆ has infinite distance w.r.t. GWP.

Proof. This follows from the proceeding theorem and the comparison [Pop19, Corollary 5.11].
□
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2.3. A finite distance criterion via Hodge theory and polarization. For d = 0. Then we have
Na0 = 0 and Q̃(ezNa(t),ezNa(t)) ∈ h. Therefore,

∂z∂z̄ log Q̃(ezNa(t),ezNa(t)) ∈ h.

However, we do not know whether or not this is truly a metric, that is, if

−∂z∂z̄ log Q̃(ezNa(t),ezNa(t))

is positive (even non-negative). From the calculation in [Pop19, §5.3], we learn that

−∂z∂z̄ log Q̃(ezNa(t),ezNa(t))> 0 ⇐⇒−Q̃(θ⌟ Ωz,θ⌟ Ωz)> 0.(2.4)

Here θ is a representative of the Dolbeault cohomology class [θ ] ∈ H0,1(Xt ,TXt) associated to
the deformation of Xt in the given family f : X → ∆ such that the interior product θ⌟ Ωz is a
d-closed (n− 1,1)-form. The right hand side in (2.4) is valid if the second Hodge–Riemann
bilinear relation on Hn−1,1(Xt ;C) holds. Assuming this, we immediately have the following.

Theorem 2.5. If d = 0, then 0 ∈ ∆ has finite distance with respect to the period-map metric.

Proof. It suffices to find a curve having finite distance. One can use the curve γ(t) := (c, t +R) in
h for a fixed constant c and R > 0. Indeed, we can compute

ℓ(γ) =
∫

∞

y=R

√
−∂z∂z̄ log Q̃(ezNa(t),ezNa(t)) |dz|

=
∫

∞

y=R

√
−∂z∂z̄ log Q̃(ezNa(t),ezNa(t)) dy

≤
∫

∞

y=R
εe−δy/2 dy < ∞.

Hence 0 ∈ ∆ has finite distance with respect to the period-map metric. □

In the next section, we shall focus on the situation n = 3 and discuss when the second Hodge–
Riemann bilinear relation holds on H2,1(Xt ;C) for finite distance degenerations.

3. THE SECOND HODGE–RIEMANN BILINEAR RELATION FOR FINITE DISTANCE

DEGENERATIONS

In this section, Hypothesis A remains assumed. In what follows, we restrict ourselves to the
threefold case, i.e. n = 3. Put X = Xt . We also assume that X is CY in the strict sense, i.e.

H1(X ;OX) = H2(X ;OX) = 0.

This implies H1(X ;C)∼= H5(X ;C) = 0. For instance, these conditions are fulfilled if X is simply
connected. The strictness also implies H2(X ;C) = H1,1(X) and the sequence

E0,1
1 = H1(E(1);C)→ E1,1

1 = H1(E(2);C)→ E2,1
1 = H1(E(3);C)(3.1)

is exact at the middle.
We remark that for H3(X ;C) and any r, the quotient GrW(M)

3+r H3(X ;C) is equal to the cohomol-
ogy of the complex

E−r−1,3+r
1 = H2(GrW(M)

r+1 )→ E−r,3+r
1 = H3(GrW(M)

r )→ E−r+1,3+r
1 = H4(GrW(M)

r−1 )(3.2)
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where the corresponding morphisms are both alternating Gysin maps, both alternating restriction
maps, or an alternating Gysin map composed with an alternating restriction map.

To discuss positivity, we recall a result of Fujisawa. In [Fuj14, §7], Fujisawa defined for a log
deformation E →∗ a trace morphism

Tr: H2n(E;KC)→ C

and introduced a pairing on Hq(E;KC)⊗H2n−q(E;KC) by means of a weak cohomological mixed
Hodge complex K on E. Here n is the complex dimension of E. The hypercohomology of KC
also computes the cohomology of the nearby fiber. However, unlike the relative logarithmic de
Rham complex, the complex K carries a natural multiplicative structure and hence together with
the trace morphism, it induces a pairing between their cohomology groups.

Specializing to q = n and noting that Hn(E;KC)∼= Hn(X ;C), we obtain a pairing

⟨−,−⟩ : Hn(X ;C)⊗Hn(X ;C)→ C.

The upshot is that the pairing descends to a pairing between quotients

⟨−,−⟩ : GrW(M)
n+r Hn(X ;C)⊗GrW(M)

n−r Hn(X ;C)→ C

and it is given by a sum (up to a factor) of the usual cohomological pairing on E(k)’s. For the
later use, let us give the precise formula for the case n = 3 and r = 0,1 and the explanation will
be given later in a moment.

3.1. For r = 0, the above sequence (3.2) becomes

H1(E(2);C) a−→ H3(E(1);C)⊕H1(E(3);C) b−→ H3(E(2);C)(3.3)

whose cohomology gives GrW(M)
3 H3(X ;C). For [α,β ] and [γ,δ ] ∈ GrW(M)

3 H3(X ;C), the pairing
is defined as

(3.4) ⟨[α,β ], [γ,δ ]⟩= (2π
√
−1)3

(
(−1)3

(2π
√
−1)3

∫
E(1)

α ∪ γ +
(−1)3

(2π
√
−1)

∫
E(3)

β ∪δ

)
where (•,•) is a representative of [•,•] inside ker(b). Observe that the pairing is well-defined.
If (α,β ) ∈ Im(a), then (α,β ) = (φ(x),ψ(x)) for some x ∈ H1(E(2);C). (See §1.5 for the
notations.) On one hand, we calculate∫

E(1)
α ∪ γ =

∫
E(1)

φ(x)∪ γ =−(2π
√
−1)

∫
E(2)

x∪ψ(γ).

On the other hand, we have∫
E(3)

β ∪δ =
∫

E(3)
ψ(x)∪δ =− 1

2π
√
−1

∫
E(2)

x∪φ(δ ).

The equation (3.4) becomes

(2π
√
−1)3

(
− (−1)3

(2π
√
−1)2

∫
E(2)

x∪ψ(γ)− (−1)3

(2π
√
−1)2

∫
E(3)

x∪φ(δ )

)
= 0

since ψ(γ)+φ(δ ) = 0. The remaining cases can be checked in a similar fashion.
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3.2. For r = 1, the quotient GrW(M)
4 H3(X ;C) is given by the cohomology of

H0(E(3);C)→ H2(E(2);C)⊕H0(E(4);C)→ H4(E(1);C)⊕H2(E(3);C)

while for r =−1, the quotient GrW(M)
2 H3(X ;C) is given by the cohomology of

H2(E(1);C)⊕H0(E(3);C)→ H2(E(2);C)⊕H0(E(4);C)→ H2(E(3);C).

For [α,β ] ∈ GrW(M)
4 H3(X ;C) and [γ,δ ] ∈ GrW(M)

2 H3(X ;C) the pairing is given by

(3.5) ⟨[α,β ], [γ,δ ]⟩= (2π
√
−1)3

(
(−1)3

(2π
√
−1)2

∫
E(2)

α ∪ γ +
(−1)3

(2π
√
−1)0

∫
E(4)

β ∪δ

)
where (•,•) is a lifting of [•,•] in the corresponding vector spaces. One can check again that this
is well-defined.

Now recall that the family is a finite distance degeneration, i.e. Na0 = 0. This in turns implies
N2 = 0 on H3(X ;C) and consequently GrW(M)

1 H3(X ;C) = 0; namely the following sequence is
exact

E1,1
1 = H1(E(2);C)→ E2,1

1 = H1(E(3);C)→ E3,1
1 = H1(E(4);C) = 0.(3.6)

Recall that a one-parameter semi-stable degeneration f : X → ∆ satisfying Hypothesis B is
called a one-parameter Kähler degeneration in [PS08]. We remark that Hypothesis B also implies
Hypothesis A by [PS08, Theorem 11.40].

Let us explain how the pairings (3.4) and (3.5) are related to the topological pairing on X .
Under Hypothesis B, we have the Clemens–Schmid exact sequence (cf. [PS08, Corollary 11.44])

· · · → H2n+2−m(E;C)→ Hm(E;C) i−→ Hm(X ;C) N−→ Hm(X ;C)→ H2n−m(E;C)→ ··· .

We can put a mixed Hodge structure on Hk(E;C) via the Mayer–Vietoris resolution and we shall
denote by W the corresponding weight filtration. This is an exact sequence of mixed Hodge
structures whose morphisms are of type (n+1,n+1), (0,0), (−1,−1), and (−n,−n) respectively.
The map N is the nilpotent operator while i is the map induced from the inclusion X ⊂X and the
deformation retraction E →X .

Specializing to n = m = 3, we obtain

0 → H5(E;C)→ H3(E;C) i−→ H3(X ;C) N−→ H3(X ;C)→ H3(E;C)→ ··· .

Look at the graded piece

0 → GrW
−5H5(E;C)→ GrW

3 H3(E;C)→ GrW(M)
3 H3(X ;C) N−→ 0.

Here the last 0 comes from the assumption that X → ∆ has finite distance. Consider the commu-
tative diagram

H3(E(1);C) H3(E(2);C)

H1(E(2);C) H3(E(1);C)⊕H1(E(3);C) H3(E(2);C).

φ

a b
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We then obtain a map

ker(φ)→ ker(b)→ ker(b)/ im(a)

which gives the surjection in the Clemens–Schmid exact sequence

GrW
3 H3(E;C)→ GrW(M)

3 H3(X ;C).

We have a pairing (3.4) on ker(b). From the proceeding discussion, for any [αi,βi] ∈ ker(b),
we can find an element ξi ∈ ker(φ) such that [ξi,0] = [αi,βi] by the surjectivity. It follows that

⟨[α1,β1], [α2,β2]⟩= ⟨[ξ1,0], [ξ2,0]⟩= (−1)3
∫

E(1)
ξ1 ∪ξ2 = (−1)3

∫
E

ξ1 ∪ξ2.(3.7)

In the last integral, we think of ξi as an element in H3(E;C) and use the fact that H6(E;Z) =
H6(E(1);Z). Together with the deformation retraction X ⊃ E and noticing that X and E are
homologuous, the last integral can be identified with the topological pairing on X , i.e.,

(−1)3
∫

E
ξ1 ∪ξ2 = (−1)3

∫
X

i(ξ1)∪ i(ξ2),

and this gives (3.4) up to twist.
Similarly, we have an isomorphism

GrW
2 H3(E;C)→ GrW(M)

2 H3(X ;C)

from the Clemens–Schmid exact sequence; this is deduced from the commutative diagram

H2(E(1);C) H2(E(2);C) H2(E(3);C)

H2(E(1);C)⊕H0(E(3);C) H2(E(2);C)⊕H0(E(4);C) H2(E(3);C).

φ

c d

We can construct a long exact sequence involving the map φ in the top row as follows. Consider
the short exact sequence

0 → A•(E(2))[−1]→ A•(E(1))⊕A•−1(E(2))→ A•(E(1))→ 0

where the second map is given by η → (0,η) while the third one is the projection. The differential
D on the complex A•(E(1))⊕A•−1(E(2)) is given by the formula

D(ω,η) := (dω,φ(ω)−dη).

One checks D2 = 0. The cohomology group is denoted by Hk(E(1);E(2)). We have an induced
long exact sequence

· · · → Hk−1(E(2))→ Hk(E(1);E(2))→ Hk(E(1)) ε−→ Hk(E(2))→ ···

whose connecting homomorphism ε is equal to φ . We have an injection

GrW
2 H3(E;C) ↪→ H2(E(2))/ im(φ) ↪→ H3(E(1);E(2)).

A diagram chasing shows that under the inclusion, we have

GrW(M)
2 H3(X ;C)∼= GrW

2 H3(E;C) ↪→ H3
c(U ;C)
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where U = E \Esing. Consider the dual diagram

H2(E(3);C) H2(E(2);C) H2(E(1);C)

H0(E(3);C) H2(E(2);C) H4(E(1);C)

H0(E(3);C) H2(E(2);C)⊕H0(E(4);C) H4(E(1);C)⊕H2(E(3);C).

Ψ′ Ψ

∼= ∼=
ψ

∼=

Write Ψ = (Ψ1, . . . ,Ψm). If (σI) ∈ H2(E(2);C) belongs to ker(Ψ), then Ψ j(σI) is a coboundary,
i.e. there exists a 3-chain Γ j such that ∂Γ j = Ψ j(σI). Let us denote by S the collection of chains
constructed as above, i.e.

S = {Γ := (Γ1, . . . ,Γm) | Γi ∈ H3(Ei,∪ j ̸=iEi j;C), ∂Γi = Ψi(σI) for all (σI) ∈ ker(Ψ)}.

Note that for each Γ ∈ S the chains Γi’s can be glued into a 3-cycle in E along their boundaries.
Recall that

Ψ =
2⊕

j=1

(−1) j−1(ι2, j)∗ : Hq(E(2);C)→ Hq(E(1);C)

is defined on the level of chains. Combined with Lefschetz duality, it gives rise to a map

ker(Ψ)→S ⊆
m⊕

i=1

H3(Ei,∪ j ̸=iEi j;C)⊆ H3(U ;C)

an induces an injection

GrW(M)
2 H3(X ;C)∼= ker(Ψ)/ im(Ψ′)→S.

Consequently, the induced pairing

⟨−,−⟩ : GrW(M)
4 H3(X ;C)×GrW(M)

2 H3(X ;C)→ C

can be computed via the usual pairing between relative cohomology and relative homology, or
the uaual Poincaré pairing H3(U)×H3

c(U)→ H6
c(U)∼= H0(U)∼=C on U . Here the isomorphism

H6
c(U)∼= C comes from integration over U . This gives (3.5) up to twist.

Remark 3.1. We remark that the hermitian pairing
√
−1⟨u,Nstv̄⟩

is negative definite on GrW(M)
4 H3(X ;C), as one can easily derive from the formula (3.5). Here

Nst is the nilpotent operator from Steenbrink’s theory; it can be regarded as the induced map from
the canonical map

Dp,q →Dp+1,q−1 via ω 7→ ω.

We note that N =−Nst. In fact, recall that the trivialization of X∞ → h induces a diffeomorphism

X∞,0
≃−→X∞,1
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and hence a monodromy operator Tst : Hk(X∞,1;C)→ Hk(X∞,0;C). We have T = (T−1
st )∗ where

T is the monodromy operator described in §1.3. Consequently, we infer that the hermitian pairing
√
−1⟨u,Nv̄⟩

becomes positive definite.

Proposition 3.1. Assuming the Hypothesis B, then the quotient GrW(M)
3 H3(X ;C) is equipped

with a polarized Hodge structure.

Proof. Since H5(X ;C) = 0, we have GrW(M)
5 H5(X ;C) = 0, i.e. the sequence

H3(E(2);C)→ H5(E(1);C)→ 0

is exact at the middle.
Let ωI be the Kähler form on EI coming from the restriction of the universal class in H2(E;R)

under Hypothesis B. Consider the commutative diagram

(3.8)

H1(E(2);C) H3(E(1);C)⊕H1(E(3);C)

H3(E(2);C) H5(E(1);C).

a

L

In this diagram,

• the top row is from the spectral sequence computing GrW(M)
3 H3(X ;C);

• the bottom row is from the spectral sequence computing GrW(M)
5 H5(X ;C);

• the vertical maps are give by a product of Lefschetz operators using ωI .

From the discussion above, the bottom arrow is surjective. Moreover, the left vertical arrow is an
isomorphism. Thus

L|Im(a) : Im(a)→ H5(E(1);C)

is also a surjection. In particular, if

[γ,δ ] ∈ GrW(M)
3 H3(X ;C)

and (γ,δ ) ∈ H3(E(1);C)⊕H1(E(3);C) is any representative, we can use elements in Im(a) to
modify (γ,δ ) such that L(γ,δ ) = 0, i.e.

γ ∈ H3
prim(E(1);C).

Therefore the quotient GrW(M)
3 H3(X ;C) carries a polarized Hodge structure. □

The associated sesquilinear pairing ⟨Cu, v̄⟩ (here C is the Weil operator) between the quotients
GrW(M)

4 H3(X ;C) and GrW(M)
2 H3(X ;C) is positive definite as long as the surface E(2) is compact

Kähler and the statement

(∗) “[α,β ] ∈ GrW(M)
4 H3(X ;C) ⇒ α ∈ H2

prim(E(2);C)”

holds. Fortunately, we have
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Proposition 3.2. Under the Hypothesis B, if

[α,β ] ∈ GrW(M)
4 H3(X ;C)

then there exists a representative (α,β ) such that α ∈ H2
prim(E(2);C).

Proof. Since H5(X ;C) = 0, we have GrW(M)
4 H5(X ;C) = 0, i.e. the sequence

H4(E(1);C)⊕H2(E(3);C)→ H4(E(2);C)→ 0

is exact at the middle.
Let ωI be the Kähler form on EI coming from the restriction of the universal class in H2(E;R)

under Hypothesis B. Consider the commutative diagram

(3.9)

H2(E(1);C)⊕H0(E(3);C) H2(E(2);C)⊕H0(E(4);C)

H4(E(1);C)⊕H2(E(3);C) H4(E(2);C).

a

L

In this diagram,

• the top row is from the spectral sequence computing GrW(M)
2 H3(X ;C);

• the bottom row is from the spectral sequence computing GrW(M)
4 H5(X ;C);

• the vertical maps are give by a product of Lefschetz operators using ωI .

From the discussion above, the bottom arrow is surjective. Moreover, the left vertical arrow is an
isomorphism. Thus

L|Im(a) : Im(a)→ H4(E(2);C)

is also a surjection. In particular, if

[γ,δ ] ∈ GrW(M)
2 H3(X ;C)

and (γ,δ ) ∈ H2(E(2);C)⊕H0(E(4);C) is any representative, we can use elements in Im(a) to
modify (γ,δ ) such that L(γ,δ ) = 0, i.e.

γ ∈ H2
prim(E(2);C).

Next, under the Hypothesis A, that is, the identity map

H0(E(3);C) H2(E(2);C)⊕H0(E(4);C) H4(E(1);C)⊕H2(E(3);C)

H2(E(1);C)⊕H0(E(3);C) H2(E(2);C)⊕H0(E(4);C) H2(E(3);C)

c d

id

a b

induces an isomorphism between ker(d)/ im(c) and ker(b)/ im(a), it follows that im(a)⊆ im(c).
For [α,β ] ∈ GrW(M)

4 H3(X ;C), if (α,β ) ∈ H2(E(2);C)⊕H0(E(4);C) is a representative, we can
use elements in im(a)⊆ im(c) to adjust (α,β ) so that α ∈ H2

prim(E(2);C) as desired. □

Now we can state our main result in this section.



FINITE DISTANCE PROBLEM ON THE MODULI OF NON-KÄHLER CALABI–YAU ∂ ∂̄ -THREEFOLDS 23

FIGURE 1. The limiting mixed Hodge diamond for the middle cohomology
group H3(X ;C) and the bases for the corresponding subspaces Ip,q.

Theorem 3.3. Let X → ∆ be a finite distance and semi-stable degeneration of smooth CY ∂ ∂̄ -
threefolds. Let E be the central fiber and X be a general fiber sufficiently close to E. Under
Hypothesis B, the Hodge structure on H3(X ;C) is polarized.

The rest of this section is devoted to demonstrate Theorem 3.3. We shall closely follow Li’s
idea in [Li2202]. Consider Deligne’s splitting Ip,q for Steenbrink’s limiting mixed Hodge structure
on H3(X ;C) (cf. Theorem 1.5). Firstly, we construct a basis for each Ip,q and hence obtain a
basis for F2

lim. Secondly, we extend the proceeding basis to become a local frame for Deligne’s
canonical extension. Finally we untwist the local frame by ezN to get a (multi-valued) frame for
F2

t . We then check the positivity using the multi-valued frame.

3.3. A construction of the basis for the canonical extension. Let the notations be as before.
We construct a basis for F2

lim as follows. Recall that we have

(3.10) W3 =W2 ⊕

(
3⊕

p=0

Ip,3−p

)
.

Notice that both W2 and
⊕3

p=0 Ip,3−p are complex vector spaces with real stucture coming from
the complex conjugation on H. Indeed, by

(3.11) Ip,q = Iq,p mod
⊕

0≤r<p, 0≤s<q

Ir,s,

it follows that W2 = I1,1 = I1,1 =W2 and V =V for V :=
⊕3

p=0 Ip,3−p. Consequently, we can pick a
real basis {α1, . . . ,αm} for W2 and {β1, . . . ,βh+1,βh+2, . . . ,β2h+2} for V . Now consider I1,1⊕ I2,2.
This is again a complex vector space with real structure by (1.6) and therefore it also admits a
real basis. We may extend the basis {α, . . . ,αm} to become a real basis {α1, . . . ,αm,γ1, . . . ,γm}
for I1,1 ⊕ I2,2. Also, there are complex numbers xkl ∈ C with 1 ≤ k, l ≤ m such that

(3.12) δk := γk −
m

∑
l=1

xklαl ∈ I2,2.

Under the Hypothesis A, we may further assume that N(δk) = N(γk) = αk.

Notation. Let us fix the notation for the later use.

• Let {u1, . . . ,uh+1} be a basis for I3,0 ⊕ I2,1. We can write up = ∑
2h+2
i=1 bi

pβi.
• Let {v1 = δ1, . . . ,vm = δm} be a basis for I2,2.
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Since e−zNF2 is a holomorphic subbundle in Deligne’s canonical extension, we may extend

(3.13) {u1, . . . ,uh+1,v1, . . . ,vm}

to become a local frame for e−zNF2 over ∆. Explicitly, we can write

up(t) =
m

∑
i=1

Ai
p(t)αi +

2h+2

∑
i=1

Bi
p(t)βi +

m

∑
i=1

Ci
p(t)δi,

vq(t) =
m

∑
i=1

Di
q(t)αi +

2h+2

∑
i=1

E i
q(t)βi +

m

∑
i=1

F i
q(t)δi.

(3.14)

In the above expression, all the coefficients are holomorphic.
In terms of the real basis {α, . . . ,αm,β1, . . . ,β2h+2,γ1, . . . ,γm}, we can write

up(t) =
m

∑
i=1

(
Ai

p(t)−
m

∑
k=1

Ck
p(t)xki

)
αi +

2h+2

∑
i=1

Bi
p(t)βi +

m

∑
i=1

Ci
p(t)γi,

vq(t) =
m

∑
i=1

(
Di

q(t)−
m

∑
k=1

Fk
q (t)xki

)
αi +

2h+2

∑
i=1

E i
q(t)βi +

m

∑
i=1

F i
q(t)γi.

(3.15)

Also, these functions Ai
p(t), . . . ,F

i
q(t) satisfy the properties

(1) Ai
p(t)→ 0 and Ci

p(t)→ 0 as t → 0;
(2) Bi

p(t)→ bi
p as t → 0;

(3) Di
q(t)→ 0 and E i

q(t)→ 0 as t → 0;
(4) F i

q(t)→ δ i
q, the Kronecker delta, as t → 0;

Let h→ ∆∗ via z 7→ t = exp(2π
√
−1z) be the universal cover. It is not hard to see that

Lemma 3.4. We have Ai
p,C

i
p,D

i
q,E

i
q ∈ h. Moreover, F i

q ∈ h if i ̸= q.

To obtain a frame of F2
t for |t| ≪ 1, we need to “untwist” the frame {up(t),vr(t) | p =

1, . . . ,h+1 and r = 1, . . . ,m} and consider the multi-valued sections

u′p(t) := up(t)+ zNup(t),

v′r(t) := vr(t)+ zNvr(t).
(3.16)

Then {u′1(t), . . . ,u
′
h+1(t),v

′
1(t), . . . ,v

′
m(t)} is a (multi-valued) frame for F2

t . Explicitly,

u′p(z) =
m

∑
i=1

(
Ai

p(t)−
m

∑
k=1

Ck
p(t)xki + zCi

p(t)

)
αi +

2h+2

∑
i=1

Bi
p(t)βi +

m

∑
i=1

Ci
p(t)γi

v′r(z) =
m

∑
i=1

(
Di

r(t)−
m

∑
k=1

Fk
r (t)xki + zF i

r (t)

)
αi +

2h+2

∑
i=1

E i
r(t)βi +

m

∑
i=1

F i
r (t)γi.

(3.17)

We may and will further assume that z lies in a bounded vertical strip, i.e. Re(z) ∈ [0,1].
Now we are ready to prove Theorem 3.3.
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Proof of Theorem 3.3. For CY ∂ ∂̄ -threefolds, H3,0(X) is always polarized by the sesquilinear
pairing Q̃(•,•). Thus it suffices to check the second Hodge–Riemann bilinear relation on H2,1(X);
in other words, we have to check

⟨
√
−1u, ū⟩ :=−

√
−1
∫

X
u∪ ū ≥ 0 for u ∈ H2,1(X)

and the equality holds if and only if u = 0.
Given a degeneration X → ∆ as above, we constructed a basis for Ft with t ̸= 0. Thus it suffices

to show that the hermitian matrix with respect to the basis {u′i(z),v
′
j(z)} is positive definite, i.e. the

matrix [
M(u′p(z), ū

′
q(z)) M(u′p(z), v̄

′
s(z))

M(v′r(z), ū
′
q(z)) M(v′r(z), v̄

′
s(z))

]
(3.18)

is positive definite for Imz ≫ 0. Here 1 ≤ p,q ≤ h+1, 1 ≤ r,s ≤ m, and

M(u,v) := ⟨
√
−1u,v⟩=−

√
−1
∫

X
u∪ v.

Now under our hypothesis, we know that the limit

a∞
p,q̄ := lim

Imz→∞
M(u′p(z), ū

′
q(z))

exists for all 1 ≤ p,q ≤ h+ 1. Moreover, the matrix (a∞
p,q̄)1≤p,q≤h+1 is positive definite since

GrW(M)
3 H3(X ;C) carries a polarized Hodge structure. Consequently, the matrix

(apq̄(z) = M(u′p(z), ū
′
q(z)))1≤p,q≤h+1

is positive definite when Im(z)≫ 0. On the other hand, we have

Q(αr,αs) = Q(αi,β j) = 0 for any r,s, i, j.

Also, since δk = γk −∑
m
l=1 xklαl , from Q(δr,Nδs) = Q(δr,αs) = Q(γr,αs) and

Q(γr,αs) = Q(γr,Nγs) =−Q(Nγs,γr) = Q(−Nγs,γr) = Q(γs,Nγr) = Q(γs,αr),

we see that the real symmetric matrix (qrs = Q(δr,αs))1≤r,s≤m is positive definite, because the
sesquilinear form Q(u,Nv̄) (where u,v ∈ GrW(M)

4 H3(X ;C)) is positive definite.
We compute

M(v′r(z), v̄
′
s(z)) = 2Im(z)qrs +Prs̄ +Hrs̄(z)

for some constant Prs̄ and some function Hrs̄(z) ∈ h. It follows that the matrix

(drs̄(z) = M(v′r(z), v̄
′
s(z)) = 2Im(z)(qrs)+(Prs̄)+(Hrs̄(z))

is also positive definite when Im(z)≫ 0.
Put bps̄(z) = M(u′p(z), v̄

′
s(z)) and crq̄(z) = M(v′r(z), ū

′
q(z)). Then

(3.18) =
[

A(z) B(z)
C(z) D(z)

]
∼
[

A(z)−C(z)D(z)−1B(z) 0(h+1)×m
0m×(h+1) D(z)

]
.

Let us investigate the inverse D(z)−1. Write

D(z) = 2Im(z)
(

Q+
P+H(z)
2Im(z)

)
with Q = (qrs̄).
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Since Q is invertible and (2Im(z))−1(P+H(z))→ 0 as Im(z)→ ∞, we conclude that

D(z)−1 =
1

2Im(z)

(
Q−1 +G(z)

)
for some matrix G(z) with G(z)→ 0m×m as Im(z)→ ∞. Notice that the entries in C(z) and D(z)
are all bounded. We infer that

A(z)−C(z)D(z)−1B(z)→ (a∞
pq̄) as Im(z)→ ∞.

In particular, A(z)−C(z)D(z)−1B(z) is positive definite for Im(z)≫ 0. This shows that[
M(u′p(z), ū

′
q(z)) M(u′p(z), v̄

′
s(z))

M(v′r(z), ū
′
q(z)) M(v′r(z), v̄

′
s(z))

]
is positive definite whenever Im(z)≫ 0. The proof is completed. □

3.4. The ∂ ∂̄ -lemma for finite distance degenerations. We have constructed a basis for F2
t with

t ̸= 0 in (3.17). It turns out that we are able to use this basis to prove that the ∂ ∂̄ -lemma holds for
small smoothings.

Let f : X → ∆ be a semi-stable degeneration and E := f−1(0) be the central fiber as before.

Proposition 3.5. Assuming Hypothesis A, then F2
t ∩F2

t = (0) for t small.

Proof. To prove that F2
t ∩F2

t = (0), it now suffices to show that

(3.19)
h+1∧
i=1

u′i(t)∧u′i(t)∧
m∧

i=1

v′i(t)∧ v′i(t) ̸= 0

where u′i(t) and v′j(t) are given in (3.17). More accurately, using the fact N(αi) = N(βi) = 0 and
N(δi) = N(γi) = αi, we get

u′p(t) =
m

∑
i=1

(
Ai

p(t)−
m

∑
k=1

Ck
p(t)xki + zCi

p(t)

)
αi +

2h+2

∑
i=1

Bi
p(t)βi +

m

∑
i=1

Ci
p(t)γi

v′q(t) =
m

∑
i=1

(
Di

q(t)−
m

∑
k=1

Fk
q (t)xki + zF i

q(t)

)
αi +

2h+2

∑
i=1

E i
q(t)βi +

m

∑
i=1

F i
q(t)γi.

Using Lemma 3.4, we conclude

(3.20)
h+1∧
i=1

u′i(t)∧u′i(t) = c ·β1 ∧·· ·∧β2h+2 +∑
J

φ
J(z)ωJ.

In the above displayed equation, c is a non-zero constant, ωJ is a 2h+2 form and φ J ∈ h. The
constant c is non-zero follows from the fact that {u1, . . . ,uh+1} is a basis for I3,0 ⊕ I2,1 and
I0,3 = I3,0 and I1,2 = I2,1.

Observe that by the construction of our basis we have for each p and i

(3.21) F i
q(t) = δ

i
q +Gi

q(t)
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for some holomorphic function Gi
p(t) with Gi

p ∈ h. Now we can re-write

v′q(t) = (z− xqq)αq +
m

∑
i=1

φ
i
q(z)αi +

2h+2

∑
i=1

E i
q(t)βi +

m

∑
i=1

ψ
i
q(z)γi + γq

for some functions φ i
q(z),ψ

i
q(z) ∈ h. Therefore, we have for each q

v′q(t)∧ v′q(t) = (z− z̄− xqq + x̄qq)αq ∧ γq +∑
J

φ
J
q (z)ωJ.(3.22)

Here ωJ are two forms other than αq ∧ γq and φ J
q ∈ h.

Taking (3.22) and (3.20) into accounts, we see that
h+1∧
i=1

u′i(t)∧u′i(t)∧
m∧

i=1

v′i(t)∧ v′i(t)

=

(
m

∏
i=1

(2
√
−1Im(z)−2

√
−1Im(xii))+φ(z)

)
m∧

i=1

αi ∧
2h+2∧
i=1

βi ∧
m∧

i=1

γi

(3.23)

with φ ∈ h and hence we conclude that it is non-zero as long as Im(z)≫ 0. □

Corollary 3.6. Let f : X → ∆ be as above. We assume that the general fiber X has complex
dimension 3 and satisfies the following conditions.

• The central fiber of f is at a finite distance with respect to the perid-map metric;
• Hi(X ;OX) = H0(X ;Ω

j
X) = 0 for 1 ≤ i, j ≤ 2.

Then the ∂ ∂̄ -lemma holds on X.

Proof. This follows immediately from [Fri19, Corollary 1.6]. Indeed, the Hodge-de Rham spectral
sequence degenerates at E1 in the present situation (cf. [PS08, Corollary 11.24]). □

4. PROOF OF THE ∂ ∂̄ -LEMMA FOR HASHIMOTO–SANO’S EXAMPLES

We can use the basis similar to (3.17) to prove that the smooth non-Kähler Calabi–Yau
threefolds constructed by Hashimoto and Sano also support the ∂ ∂̄ -lemma. We will explain the
details in this section.

Let us review the construction of non-Kähler Calabi–Yau threefolds given in [HS23] and record
the data needed later. Given a positive integer a > 0, Hashimoto and Sano constructed a smooth
non-Kähler Calabi–Yau threefold X(a) as a smoothing of a certain simple normal crossing variety
X0(a). Let us now review their construction and recall some necessary details. Fix a positive
integer a. Let X2 := P1 ×P1 ×P1 and S be a very general hypersurface of degree (2,2,2) in X2.
Then S is a smooth K3 surface with Picard number 3. Indeed,

(4.1) Pic(S)∼= Zh1 ⊕Zh2 ⊕Zh3

where hi is the pullback of the line bundle OP1(1) via the projection to the ith factor.
Let S → P1 be the projection to the first factor and let C1, . . . ,Ca be distinct smooth fibers,

i.e. Ck ∈ |OS(1,0,0)|. Finally, let X1 be a blow-up of P1 ×P1 ×P1 along the curves C1, . . . ,Ca

and C, where C is a smooth curve in the linear system

(4.2) |OS(16a2 −a+4,4−8a,4+8a)|.
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Note that the blow-up morphism µ : X1 → P1 ×P1 ×P1 induces an isomorphic between S and its
proper transform, which will be denoted by S1.

The projection πi j : S → P1 ×P1 to the ith and jth factors is a double cover and induces an
order two automorphism ιi j on S. Denote by ι := ι12 ◦ ι13 and ιa be its ath power. Put

(4.3) ιa := ι
a ◦µ|S1

: S1 → S.

We can construct the pushout of X1 and X2 by the automorphism

(4.4) ιa : S1 → S

where S1 ⊂ X1 and S ⊂ X2 are viewed as subvarieties. The action of ιa on Pic(S) is given by the
matrix (under the ordered basis {h1,h2,h3})

(4.5)

1 4a2 −2a 2a2 +2a
0 1−2a −2a
0 2a 1+2a

 .
The pushout is a SNC variety consisting of two components whose intersection is S. Let us

denote the pushout by X0. It is proven that X0 admits a semistable smoothing, that is, there exists
a one parameter family X → ∆ such that

• the central fiber is isomorphic to X0;
• the total space X is smooth;
• the general fiber is smooth.

Let X ≡ X(a) be the smooth fiber. Using the semistable model, one can construct a limiting
mixed Hodge structure on Hk(X ;C) via the relative logarithmic de Rham complex. It is known that
the Hodge–de Rham spectral sequence degenerates at E1 page (cf. [PS08]). In [HS23], Hashimoto
and Sano investigated the variety X in great detail and proved several results concerning X . We
summarize them as follows.

Proposition 4.1. X is simply-connected with b1(X) = 0 and b2(X) = a+3. In addition, we have
the following vanishing

(4.6) H1(X ;OX) = H0(X ;ΩX) = H2(X ;OX) = H0(X ;Ω
2
X) = 0.

Furthermore, X is non-projective and in particular, X is non-Kähler.

The following lemma will be useful later.

Lemma 4.2. The image of the pullback

(4.7) (ι−1
a )∗ : H2(X1;C)→ H2(S;C)

is contained in Ch1 ⊕Ch2 ⊕Ch3.

Proof. This follows from the construction.
Indeed, X1 is the blow-up of X =P1×P1×P1 along the curves C1, . . . ,Ca,C. Let Yk+1 :=BlCkYk

with Y1 = X and Ek be the exceptional divisor. Let Tk+1 be the proper transform of Tk with T1 = S.
We have

(4.8) Ek ∩Tk+1 ∼=Ck ⊂ Tk
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under the blow-up morphism. Also in the last blow-up X1 = BlCYk+1, we have

(4.9) E ∩S1 ∈ |OS1(D)|

where D is the restriction of the divisor (16a2 −a+4,4−8a,4+8a) under the morphism

(4.10) S1
∼=−→ Ta+1

∼=−→ Ta
∼=−→ ·· ·

∼=−→ T1 = S ⊂ X

and S1 ⊂ X1 is the proper transform of Ta+1. The stated result follows since H2(X1;C) is generated
by the pullback of h1,h2,h3 and E1, . . . ,Ea,E. □

4.1. The limiting mixed Hodge structure. In this subsection, we will explicitly compute
Steenbrink’s limiting mixed Hodge structure on the middle cohomology of X .

We have the spectral sequence induced by the “monodromy weight filtration” W(M) whose
E1 page is given by

(4.11) E−r,k+r
1 = Hk(GrW(M)

r Tot(D•,•))⇒ GrW(M)
k+r Hk(Tot(D•,•)).

Moreover, the spectral sequence degenerates at E2 page.
Using the residue homomorphisms, one can compute the graded complexes

• GrW(M)
−1 Tot(D•,•)≃ CS[−1];

• GrW(M)
0 Tot(D•,•)≃ CX1 ⊕CX2 ;

• GrW(M)
1 Tot(D•,•)≃ CS[−1]

• GrW(M)
r Tot(D•,•) = 0 for r ̸=−1,0,1.

Here the notation “≃” refers to “is quasi-isomorphic to.” Notice that the hypercohomology
Hk(Tot(D•,•)) of the total complex computes Hk(X ;C).

Lemma 4.3. We have

(4.12) GrW(M)
4 H3(X ;C)∼= ker

(
H2(S;C)→ H4(X1;C)⊕H4(X2;C)

)
and

(4.13) GrW(M)
2 H3(X ;C)∼= coker

(
H2(X1;C)⊕H2(X2;C)→ H2(S;C)

)
where the arrow in (4.12) is induced by Gysin maps and the one in (4.13) is induced from the
restrictions ιa : S → X1 and S ⊂ X2. Moreover, the monodromy operator

(4.14) N : GrW(M)
4 H3(X ;C)→ GrW(M)

2 H3(X ;C)

is precisely the morphism induced from the identity on H2(S;C) and it is an isomorphism in the
present situation, i.e. it satisfies Hypothesis A.

Proof. The E2-term E−r,m+r
2 is the cohomology of

(4.15) E−r−1,m+r
1 → E−r,m+r

1 → E−r+1,m+r
1 .

Put m = 3 and r = 1. We obtain the sequence

(4.16) E−2,4
1 = 0 → E−1,4

1 = H2(S;C)→ E0,4
1 = H4(X1;C)⊕H4(X2;C).

This implies the first isomorphism. Similarly, by putting m = 3 and r =−1, we obtain

(4.17) E0,2
1 = H2(X1;C)⊕H2(X2;C)→ E1,2

1 = H2(S;C)→ E2,2
1 = 0
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which implies the second statement. Now since

(4.18) GrW(M)
4 H3(X ;C) and GrW(M)

2 H2(X ;C)

have the same dimension, it suffices to show that N is an injection.
Look at the following diagram

(4.19)

H2(S;C) H4(X1;C)⊕H4(X2;C)

H2(X1;C)⊕H2(X2;C) H2(S;C)

ϕ∨

id

ϕ

where ϕ is the usual signed restriction and ϕ∨ is the signed Gysin map. It is now sufficient to
prove that if a ∈ ker(ϕ∨) and a ∈ im(ϕ), then a = 0. Write a = ϕ(b) for some b ∈ H2(X1;C)⊕
H2(X2;C). By Lemma 4.2, we may assume that b ∈ H2(X2;C). The conditions imply that
ϕ∨ϕ(b) = 0. But we have

(4.20) ϕ
∨

ϕ(b) = b∪ (2h1 +2h2 +2h3), b ∈ H2(X2;C)

and one checks this is an injection (indeed, it is an isomorphism). Therefore, b = 0 and hence
a = 0 as desired. □

4.2. A construction of the basis for the canonical extension. Let the notations be as before.
We construct a basis for F2 as follows. Recall that in the present situation we have

W2 = I2,0 ⊕ I1,1 ⊕ I0,2,(4.21)

W3 =W2 ⊕ I3,0 ⊕ I2,1 ⊕ I1,2 ⊕ I0,3,(4.22)

W4 =W3 ⊕ I3,1 ⊕ I2,2 ⊕ I1,3.(4.23)

Note that from (1.6), both I2,0 ⊕ I0,2 and I1,1 are complex vector spaces with real structure. So
is
⊕3

p=0 Ip,3−p. Since both X1 and X2 in Hashimoto–Sano’s construction are rational, we have
dimC I3,1 = 1 and I3,0 = 0. Consequently, we can pick a real basis {ε1,ε2} for I2,0 ⊕ I0,2 and
{α1, . . . ,αm} for I1,1. Moreover, there are complex numbers wkl with 1 ≤ k, l ≤ 2 such that

(4.24) ξ1 :=
2

∑
l=1

w1lεl ∈ I2,0 and ξ2 :=
2

∑
l=1

w2lεl ∈ I0,2.

We may also assume that ξ̄1 = ξ2, i.e.

(4.25) w11 = w̄21 and w12 = w̄22.

Since I2,1 ⊕ I1,2 is also a complex vector space with real structure, we can pick a real basis
{β1, . . . ,β2h} for it.

Next let us consider I1,1 ⊕ I2,2. This is again a complex vector spaces with real structure by
(1.6) and therefore it also admits a real basis. We may extend the basis {α, . . . ,αm} to become
a real basis {α1, . . . ,αm,γ1, . . . ,γm} for I1,1 ⊕ I2,2 as before. Also, there are complex numbers
xkl ∈ C with 1 ≤ k, l ≤ m such that

(4.26) δk := γk −
m

∑
l=1

xklαl ∈ I2,2.
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FIGURE 2. The limiting mixed Hodge diamond for H3(X ;C) and the bases for
the corresponding subspaces Ip,q.

We may further assume that N(δk) = N(γk) = αk because N is an isomorphism on the relevant
grade piece by Lemma 4.3.

Finally, consider I3,1 ⊕ I1,3 ⊕ I2,0 ⊕ I0,2. Again by (1.6), this is a complex vector space (of
dimension four) with real structure. We may extend {ε1,ε2} to a real basis {ε1,ε2,ε3,ε4} for
it. We may assume that N(ε3) = ε1 and N(ε4) = ε2. Again there are complex numbers ykl with
k = 1,2 and 1 ≤ l ≤ 4 such that

σ1 :=
4

∑
l=1

y1lεl ∈ I3,1 and σ2 :=
4

∑
l=1

y2lεl ∈ I1,3

Under our assumption, we have

(4.27) N(σ1) = y13ε1 + y14ε2 ∈ I2,0 and N(σ2) = y23ε1 + y24ε2 ∈ I0,2.

After rescaling, we may further assume y13 =w11, y14 =w12, y23 =w21, and y24 =w22, i.e. N(σ1)=

ξ1 and N(σ2) = ξ2.

4.3. Notation. Let us fix the notation for the later use.

• Let {u1, . . . ,uh} be a basis for I2,1. We can write up = ∑
2h
i=1 bi

pβi.
• Let { f1 := σ1} be a basis for I3,1.
• Let {g1 := ξ1} be a basis for I2,0.
• Let {v1 = δ1, . . . ,vm = δm} be a basis for I2,2.

Since F2 is a holomorphic subbundle in Deligne’s canonical extension, we may extend

(4.28) {u1, . . . ,uh,v1, . . . ,vm, f1,g1}
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to become a local frame for F2 over ∆. Explicitly, we can write

up(t) =
m

∑
i=1

Uαi
p (t)αi +

2h

∑
i=1

Uβi
p (t)βi +

m

∑
i=1

Uδi
p (t)δi +

2

∑
i=1

Uσi
p (t)σi +

2

∑
i=1

Uξi
p (t)ξi,

vq(t) =
m

∑
i=1

V αi
p (t)αi +

2h

∑
i=1

V βi
p (t)βi +

m

∑
i=1

V δi
p (t)δi +

2

∑
i=1

V σi
p (t)σi +

2

∑
i=1

V ξi
p (t)ξi,

f1(t) =
m

∑
i=1

Fαi
1 (t)αi +

2h

∑
i=1

Fβi
1 (t)βi +

m

∑
i=1

Fδi
1 (t)δi +

2

∑
i=1

Fσi
1 (t)σi +

2

∑
i=1

Fξi
1 (t)ξi,

g1(t) =
m

∑
i=1

Gαi
1 (t)αi +

2h

∑
i=1

Gβi
1 (t)βi +

m

∑
i=1

Gδi
1 (t)δi +

2

∑
i=1

Gσi
1 (t)σi +

2

∑
i=1

Gξi
1 (t)ξi.

In the above expression, the functions U,V,F,G are all holomorphic. In terms of the real basis
{α, . . . ,αm,β1, . . . ,β2h,γ1, . . . ,γm,ε1, . . . ,ε4}, we have

up(t) =
m

∑
i=1

(
Uαi

p (t)−
m

∑
k=1

Uδk
p (t)xki

)
αi +

2h

∑
i=1

Uβi
p (t)βi +

m

∑
i=1

Uδi
p (t)γi

+
2

∑
j=1

(
2

∑
i=1

yi jUσi
p (t)+

2

∑
i=1

wi jUξi
p (t)

)
ε j +

2

∑
j=1

(
2

∑
i=1

wi jUσi
p (t)

)
ε j+2,

vp(t) =
m

∑
i=1

(
V αi

p (t)−
m

∑
k=1

V δk
p (t)xki

)
αi +

2h

∑
i=1

V βi
p (t)βi +

m

∑
i=1

V δi
p (t)γi

+
2

∑
j=1

(
2

∑
i=1

yi jV σi
p (t)+

2

∑
i=1

wi jV ξi
p (t)

)
ε j +

2

∑
j=1

(
2

∑
i=1

wi jV σi
p (t)

)
ε j+2,

f1(t) =
m

∑
i=1

(
Fαi

1 (t)−
m

∑
k=1

Fδk
1 (t)xki

)
αi +

2h

∑
i=1

Fβi
1 (t)βi +

m

∑
i=1

Fδi
1 (t)γi

+
2

∑
j=1

(
2

∑
i=1

yi jF
σi

1 (t)+
2

∑
i=1

wi jF
ξi

1 (t)

)
ε j +

2

∑
j=1

(
2

∑
i=1

wi jF
σi

1 (t)

)
ε j+2,

g1(t) =
m

∑
i=1

(
Gαi

1 (t)−
m

∑
k=1

Gδk
1 (t)xki

)
αi +

2h

∑
i=1

Gβi
1 (t)βi +

m

∑
i=1

Gδi
1 (t)γi

+
2

∑
j=1

(
2

∑
i=1

yi jG
σi
1 (t)+

2

∑
i=1

wi jG
ξi
1 (t)

)
ε j +

2

∑
j=1

(
2

∑
i=1

wi jG
σi
1 (t)

)
ε j+2.

Also, these functions satisfy the properties

(1) Uαi
p ,Uδi

p ,U
σi
p ,Uξi

p ∈ h and Bβi
p (t)→ bi

p as t → 0;

(2) V αi
q ,V βi

q ,V σi
q ,V ξi

q ∈ h and V δi
q (t)→ δ i

q as t → 0;

(3) Fαi
1 ,Fβi

1 ,Fδi
1 ,Fξi

1 ∈ h and Fσi
1 (t)→ δ i

1 as t → 0;
(4) Gαi

1 ,Gβi
1 ,G

δi
1 ,G

σi
1 ∈ h and Gξi

1 (t)→ δ i
1 as t → 0.
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4.4. Main calculations. As before, let h→ ∆∗ be the universal cover. In order to get a frame
of F2

t for t ̸= 0, we “untwist” the frame {u1(t), . . . ,uh(t),v1(t), . . . ,vm(t), f1(t),g1(t)} and obtain
the multi-valued sections

u′p(t) := up(t)+ zNup(t),

v′q(t) := vq(t)+ zNvq(t),

f ′1(t) := f1(t)+ zN f1(t),

g′1(t) := g1(t)+ zNg1(t).

(4.29)

Then {u′1(t), . . . ,u
′
h(t),v

′
1(t), . . . ,v

′
m(t), f ′1(t),g

′
1(t)} is a frame for F2

t for t ̸= 0. We may and will
further assume that z lies in a bounded vertical strip, i.e. Re(z) ∈ [0,1].

To prove that F2
t ∩F2

t , it now suffices to show that

(4.30)
h∧

i=1

u′i(t)∧u′i(t)∧
m∧

i=1

v′i(t)∧ v′i(t)∧ f ′1(t)∧ f ′1(t)∧g′1(t)∧g′1(t) ̸= 0.

More accurately, using the fact N(αi) = N(βi) = N(ξi) = 0, N(δi) = N(γi) = αi, and N(σi) = ξi,
we get

u′p(t) =
m

∑
i=1

(
Uαi

p (t)−
m

∑
k=1

Uδk
p (t)xki + zUδi

p (t)

)
αi +

2h

∑
i=1

Uβi
p (t)βi +

m

∑
i=1

Uδi
p (t)γi

+
2

∑
j=1

(
2

∑
i=1

yi jUσi
p (t)+

2

∑
i=1

wi j

(
Uξi

p (t)+ zUσi
p (t)

))
ε j +

2

∑
j=1

(
2

∑
i=1

wi jUσi
p (t)

)
ε j+2,

v′p(t) =
m

∑
i=1

(
V αi

p (t)−
m

∑
k=1

V δk
p (t)xki + zV δi

p (t)

)
αi +

2h

∑
i=1

V βi
p (t)βi +

m

∑
i=1

V δi
p (t)γi

+
2

∑
j=1

(
2

∑
i=1

yi jV σi
p (t)+

2

∑
i=1

wi j

(
V ξi

p (t)+ zV σi
p (t)

))
ε j +

2

∑
j=1

(
2

∑
i=1

wi jV σi
p (t)

)
ε j+2,

f ′1(t) =
m

∑
i=1

(
Fαi

1 (t)−
m

∑
k=1

Fδk
1 (t)xki + zFδi

1 (t)

)
αi +

2h

∑
i=1

Fβi
1 (t)βi +

m

∑
i=1

Fδi
1 (t)γi

+
2

∑
j=1

(
2

∑
i=1

yi jF
σi

1 (t)+
2

∑
i=1

wi j

(
Fξi

1 (t)+ zFσi
1 (t)

))
ε j +

2

∑
j=1

(
2

∑
i=1

wi jF
σi

1 (t)

)
ε j+2,

g′1(t) =
m

∑
i=1

(
Gαi

1 (t)−
m

∑
k=1

Gδk
1 (t)xki + zGδi

1 (t)

)
αi +

2h

∑
i=1

Gβi
1 (t)βi +

m

∑
i=1

Gδi
1 (t)γi

+
2

∑
j=1

(
2

∑
i=1

yi jG
σi
1 (t)+

2

∑
i=1

wi j

(
Gξi

1 (t)+ zGσi
1 (t)

))
ε j +

2

∑
j=1

(
2

∑
i=1

wi jG
σi
1 (t)

)
ε j+2.

Using the items (1)–(4), we conclude that

(4.31)
h∧

i=1

u′i(t)∧u′i(t) = c ·β1 ∧·· ·∧β2h +∑
J

φ
J(z)ωJ.
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In the displayed equation above, c is a non-zero constant, ωJ is a 2h form and φ J ∈ h. The
constant c is non-zero follows from the fact that {u1, . . . ,uh} is a basis for I2,1 and I1,2 = I2,1.

Observe that by the construction of our basis we have for each p and i

(4.32) V δi
q (t) = δ

i
q +Ṽ i

q(t)

for some holomorphic function Ṽ i
q(t) with Ṽ i

q ∈ h. Now we can re-write

v′q(t) = (z− xqq)αq +
m

∑
i=1

φ
i
q(z)αi +

2h

∑
i=1

V βi
q (t)βi +

m

∑
i=1

ψ
i
q(z)γi + γq +

4

∑
i=1

θ
i
q(z)εi

for some functions φ i
q,ψ

i
q,θ

i
q ∈ h. Therefore, we have for each q

v′q(t)∧ v′q(t) = (z− z̄− xqq + x̄qq)αq ∧ γq +∑
J

φ
J
q (z)ωJ.(4.33)

Here ωJ are two forms other than αq ∧ γq and φ J
q ∈ h.

Next, let us compute

(4.34) f ′1(t)∧ f ′1(t)∧g′1(t)∧g′1(t).

Using the same trick, we conclude that

(4.35) f ′1(t)∧ f ′1(t)∧g′1(t)∧g′1(t) = (w11w̄12 −w12w̄11)ε1 ∧·· ·∧ ε4 +∑
I

ψ
J
ωJ

where ωJ is a four form and ψJ ∈ h.
Finally, we observe that

(4.36) w11w̄12 −w12w̄11 = w11w22 −w12w21 ̸= 0

since {ξ1,ξ2} is a basis for I2,0 ⊕ I0,2.
Taking all the estimates above into accounts, we see that

h∧
i=1

u′i(t)∧u′i(t)∧
m∧

i=1

v′i(t)∧ v′i(t)∧ f ′1(t)∧ f ′1(t)∧g′1(t)∧g′1(t)

= (w11w̄12 −w12w̄11)

(
m

∏
i=1

(2
√
−1Im(z)−2

√
−1Im(xii))+φ(z)

)
Ω

where

Ω =
4∧

i=1

εi ∧
m∧

i=1

αi ∧
2h∧

i=1

βi ∧
m∧

i=1

γi

and φ ∈ h. Therefore we conclude that it is non-zero as long as Im(z)≫ 0.

Theorem 4.4. Let notations be as above. For t ∈ ∆∗ with |t| ≪ 1, we have

(4.37) F2
t ∩F2

t = (0).

Hence the ∂ ∂̄ -lemma holds on the non-Kähler Calabi–Yau threefolds constructed by Hashimoto
and Sano in [HS23].

Proof. The first statement F2
t ∩F2

t = (0) follows from our previous calculation, while the second
one follows from [Fri19, Corollary 1.6]. □
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Theorem 4.5. The Hodge structure on H3(X ;C) is polarized by Q(C−,−).

Proof. This follows from the argument of Theorem 3.3. From the formula (3.4) and (3.5) which
is true without any assumption on the shape of the limiting Hodge diamond, the second Hodge–
Riemann bilinear relation still holds on H2,1(X). □
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