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Abstract In this work, we will give proper estimates for the discrete convolu-
tion complementary (DCC) kernels, which leads to the asymptotically compatible
fractional Gronwall inequality. The consequence can be applied in analysis of the
stability and pointwise-in-time error of difference-type schemes on a non-uniform
mesh. The pointwise error have explicit bound when a non-uniform time grid is
given by specific scale function e.g. graded mesh, can be given directly. Numerical
experiments towards the conclusion of this work validate the error analysis.
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1 Introduction

In this paper, we provide asymptotically compatible fractional Growanll inequality
as a useful tool for time-fractional evolution equations. The discrete complemen-
tary convolution (DCC) kernels were first introduced in the literature [I5L[17] to
prove a class of fractional order inequalities. Due to the lack of proper estima-
tion for DCC kernels, there are certain flaws in their asymptotic compatibility
and optimal error estimation. Its asymptotic expression is an open problem up
to now [28] which will be rigorously proved in this work. Consequently, we pro-
vide pointwise-in-time error estimates of the non-uniform time mesh L1-scheme
for solving time-fractional equations involving non-dissipation term under general
regularity assumptions, based on the mentioned above results coupled with the dis-
crete convolution summation (DCS) estimation. In such an analysis framework,
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this class of methods can be extended to other time difference-type schemes as
well. Compared to the construction and analysis of barrier function, this route
is considerably less expensive to analyze, yet our theoretical results concur with
Kopteva’s results [13]. Our main works are listed below

— The continuous counterpart of DCC will be given, and their coefficient depends
of mesh scale and the ratio of adjacent grids was rigorously analyzed.

— The asymptotically compatible fractional Gronwall inequality will be proved
which will be applied to the analysis of stability and error for time-fractional
reaction-diffusion equations.

— In providing grid functions, such as graded mesh, the explicit expression for
pointwise-in-time error estimation can be strictly written based on the sharp
estimate for DCS.

As an extension of the parabolic problems, Caputo time-fractional subdiffusion
equations have a wide range of applications. In this article, the following time-
fractional order reaction-diffusion equation is taken into consideration. For k > 0,

Ofu — Au =ru + f(x,1), x € 2 x (0,7, (1a)
u(x,0) =uo(x), x € (2, (1b)
u(x,t) =p(x,1), x € 902 x [0, T, (1c)

where the 2 C R", which is a n-dimensional bounded Lipschitz domain and the
time-fractional derivative utilizes the definition of Caputo-sense

o o 1 tou(x,s) 1
Ofu(x, t) = r(1—a)/0 e s 0<a <l @)

When a — 1, the above-mentioned problem will be degenerated into a classical
parabolic equation. Typically denote wq(s) := s*~'/I'(a) for s > 0 which also
be called Gelfand-Shilov function, and the above definition has an alternative
convolution form

¢
O u(x,t) = / wi—a(t — 8)0su(x, s)ds.
0

In time discretization, the tx for 1 < k < N represent the time discrete nodes
on general non-uniform meshes and its k-th time step 7, = tx —tx_1. The temporal
semi-discrete scheme of continuous is governed as

DIu""7 = Au" "7 + ku" "7 + (X, th—o)- (3)

The discrete Caputo operator DZu""7 := 37, ai"_)kVTuk, where the difference

k

operator V,u” := u* — u*71. Here the expression of discrete convolution (DC)

kernels agln_) i derived from specific discretization strategy e.g.

— the DC kernels via L1 scheme is

1 ty
agln_)k = — Wi—a (tn —s)ds, for 1 <k <n.

Tk Jty,_1
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— the DC kernels via fast L1 scheme is

(n) % ftt:;l wi—a(tn —s)ds, for k=n,
anrik S Ng
> ds, for1<k<n-1.
=1

Tk Jth—1

— the DC kernels via L21-0 scheme is

al, = a™, 4o, b for 1 <k <,
where
1 min{tg,tn_o}
aﬁ"_)k = wi—a(th—o — 8)ds, for 1 <k <n-—1,
Tk Jty_1
o 2 " ds, f k
p™ == s—t, 1) wi-a(tno —s)ds, for 1 <k<n-—1,
R e (e + Tha1) /tk,l( k_%) 1—altn—o = 3) - -

with setting b = b\ = 0.

Our analysis focuses on the temporal discrete scheme, thus the spacial dis-
cretization can couple with finite element methods (FEMs) [31[26], finite difference
methods (FDMs) [25], spectral methods (SMs) [22l27] and so on. Since without
any restriction for time scales, the time adaptive strategy can used.

There are some discussions on the regularity of the solutions to the subdiffusion
equations in recent literature. For the linear subdiffusion problem, Stynes et al [23]
proved that while ug € D(£%/2) and || f(-, )| 2+ || fe (- D)l crsz+° || foe () || pry2 <
C, then | 07"u(-,t) [S 14+ t*7™, for m = 0,1,2. Jin et al [7] analyzed that when
up € Hy(2) N H*(2) and 9" f € (0,T; L*(£2)) then |07 (u(-,t) — uo) 22y S
t2~™ m > 0. Al-Maskari et al [I] suggested that the initial data uo € H”(£2) can
prove [|Ovu(t)||z2(0) < tV*/2=1 This weakly singular solution can also be a more
generalized form, Zhang et al [29] gave error analysis based on a general assumption
u(t) —u(0) = >0, Ggt? 4+ a(t)t® 1, where 0 < f1 < -+ < Bm < Bm+1 and
@(t) € L*([0,T); X). To this end, we give general assumptions on the regularity of
the solution

107" ul| < 1+t°"™, form=1,2, and 8 € (0,1) U (1,2],

where § is considered to be the regularity parameter in the general case [14]. When
B = a, it is the most common case.

The error order of a time discrete scheme is not constant, that is, the error or-
der on various time levels has varying error orders, due to the non-local character
of the Caputo derivative. Many academics have expressed concern about this as-
pect. When f(z,t,u) = 0, J. Gracia et al [5] analyzed them numerical scheme have
error result 7t% ', Jin et al [6] show that the time error of L; scheme should be
Tt, ! with ug € LZ(Q). These error estimates suggest that time factor t,, should be
included in the error boundaries of time-fractional. Currently, there are two basic
categories of analytical methods that may be applied to provide a result that is
more cohesive. For one thing, N. Kopteva et al provided a general theoretical frame-
work for pointwise-in-time error estimation of time-fractional diffusion problems
using the discrete comparison principle which includes L1, L2, L21 — o schemes
[T0L12L[13] and also semi-linear problem [11]. For another, Liao et al analyzed the
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error of the Caputo derivative by constructing DCC kernels and developing the
fractional version of the discrete Gronwall inequality [I5LI8L[I8], which is a popular
tool for time evolution equations. However, the pointwise-in-time error estimation
under the general regularity of the solution using the L1 discrete scheme with
non-uniform time mesh is still very sparse in related work under the frame of
DCC.

The numerical techniques may be stated as a DCS since the Fourier transform
can be used to infer that the definition of the Caputo fractional order derivative
originates from the continuous convolution form. Thus, the sharp estimation of
DCS is a current topic of interest for related academics [24]. There are certain
works by C. Lubich [T9,20,21] that are linked to the investigation of this historical
question. Numerous applications of this finding may be made to the research of
numerical stability and convergence in time-fractional order problems.

The rest of the paper is organized as follows. In section [2] we will prove the
asymptotical estimate for DCC and then obtain the asymptotically compatible
fractional Gronwall inequality. In section |3} we present some applications, e.g.
the numerical stability and pointwise-in-time error of L1 scheme of time-fractional
parabolic equations. Section [d will show several numerical examples to confirm the
theoretical results. There are two appendices at the end of this article including
appendix [A] give a sharp estimation of DCS and rigorous proof and appendix
prove the necessary condition 2D |u™||* < (DSu",u") with discrete Caputo
operator.

2 Asymptotically Compatible Fractional Gronwall Inequality

In the first subsection of this section, we will rigorously prove the asymptotic
expression of DCC. The proof in uniform grids has been given by [8, Theorem 3.3],
but for general non-uniform grids, no one has yet completed. Our proof method is
relatively concise and more general. Continuing with this result, we will provide
the asymptotically compatible Gronwall inequalities in the second subsection and
their applications in stability and error analysis of semi-discrete schemes for time-
fractional parabolic equations in the next section.

2.1 The asymptotic analysis of the DCC

In this subsection, we provide an asymptotic estimate of DCC for general non-
uniform mesh and its continuous counterpart will be used to prove the asymptot-
ically compatible fractional Gronwall inequality in the next subsection.

Firstly, we review the definition of DCC and express it in matrix form. The
DCC defined by (n — k)-terms recurrence relations:

; if kK =n,
Pk =00 8 Y, (ayjk,l - ayjk) , if1<k<n. @

n—j

j=k+1
The equivalent matrices form is

P,A,D, =1,, (5)
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where )
V0 .0 al? 0 ... 0
2 () (2 (2
P D ... 0 a a ... 0
P’n« = 1 O . . aAn = 1 0 . . )
i"’l pi’% S i")l 5?’2 . ag”

with the difference matrices

D, = o and identity matrix I,,.

For all 1 < k < n, the relation Z] kp;n)J ;J)k = 1 constantly holds is equiv-

alent to
10...0
11...0 L
11...1

which can obtain from directly.

Before starting the discussion, it is necessary to declare some notations in this
article, the adjoint time step ratio p = maxlSnSN,l{%}, and maximum time
step scale T = maxi<n<n{7n}. The asymptotic expression of DCC is

Lemma 1 Forall1 <k+1<j<n,

ﬁibn)a ( 532 k=17 a§jjk)

1
max 7 =Chr < Pl + O(1)
k+1<j<n ft wa(tn — 1) [, wi_q(t —s)dsdt 2
Proof For convenience, we denote
=(n) ©)] (4)

N Pr—j ( k-1 _aj*k)

kg Tt t J
[ - ft;1 waltn — 1) [y} wi_o(t—s)dsdt

which illustrate the similarity between p (agj ) P

part. Equivalently,

(J ) ) and the denominator

15 1 () ey
NN i Pn—j T \%i—k—1 7 Y-k
nekd L ft Wa(tn — 1) - ?1k tt:,l W (t—s)dsdt’
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Notice that

ey

75

1
_ / walbn — b5 + 073)d0 = wa(tn — t;) + O(7y),
0

o o) W™ (2 t;m)
Sk / > el 17— ()

Tk

=— wl oty —tht1)(Th1 + 1) + O(11),

2
and
t; tr
_1 We(tn — t) i/ Wi_o(t — s)dsdt
T3 Jt Tk Jt),_y
1 1
=-— / waltn —t; + (1 — 4,0)7']-)/ Wi—a(ti — (1 —@)Tj — tpe1 + Trr1 + 07,)dOde.
0 0
Then
o (@altn = 15) + O(1)) - (3010t — trr) (rega +1) + O(7k))
"R — (waltn = t5) + O(15)) - (Wi—a(ti — tk) + O(73) + O(Tit1) + O(m))
1
=TS 1 0(r) + O(mka) + O().
Therefore, qSLnj,w. = (re+1 + 1)/2+ O(75) + O(7541) + O(7%) and it follows that

¢ < (p+1)/2+ O(7).

In practice, we need to bound the maximum mesh scales and maximum ratio of
adjacent meshes as a prior assumption. This hypothesis is reasonable and intuitive,
for which the sufficiently uniform and sufficiently fine mesh implies the discrete
problem becomes closer to the continuous one, and at the same time, the DCC
will close to its continuous counterpart.

Lemma 2 (The asymptotic analysis of DCC) For all 1 < k < n, the asymp-
totic expression pn k = ft Wa(tn — $)ds of DCC yields that

szn)k > pgln)kv (6)

Proof From the construction of DCC kernels which want to illustrate the discon-
tinuous semi-group property and the semi-group property on each right part of
the following relations, we know that

o[t
Zpin)g Sj)k =1= Z /t Wa(tn — $)wi—al(s — tk—1)ds, (7a)

Z p;n)J gj)k =1 Z /t Wa(tn — $)wi—a(s — tx)ds. (7b)

j=k+1 j=k+1
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Subtract equation over , then for all £ < n has

where

0=p{al” = 37 w2, (ol — 0l (8a)
j=k+1
ty
=/ Wa(tn — wi—a(t — tp—1)dt
te—1
n t;
- > / Waltn —t) [Wi—a(t —t) —wi—a(t —tg_1)]dt  (8b)
j=k+1
= (@) ag? = D (ap) (a2 — o). (&)
j=k+1
1/ al™ if k=n,
(n) . _ (n) ~(n) (9) ey
O n 9n—jPn— —k— —k
§ Z ( ’ ])(S)] (k) — ), if k <n.
J=k+1 ﬁn k@0

Each of the above three relations has its individual effect:

— (8a) comes from the process of constructing DCC and actually has similar

semi-group properties in discrete cases

is the significant process of finding the continuous corresponding one of
DCC. The analysis here requires a bit of intuition to observe the properties
of continuous semi-groups and discrete analogs, which have strong similarities
in their constituent forms In the subsequent proof, what we need to do is to
quantify the similarity.

(8c]) can exist independently of the previous two relations, and its purpose to
characterize the ratios between p( ) i and p( ™) via unknown parameters q( ")

for all 1 < k < n. From the matrix form . it can be seen that because

(n ) indicates that the A, D, matrix is an M-matrix,

~(n )

the monotonicity of a,,
then it can be determlned that P, is a positive matrix. Obviously, since p,,

is positive through its specific expressions, and then q( ) s also a p051tlve
number. The definition of this ratio may be similar to the deﬁnition of DCC,
but there are differences in specific expressions. The process is to define the
value of k through the term k to n. By repeating this, all the values of qr(l"_)k
can be defined.

Then the matrix form of equations and is

I, =PuAnD, = (QuoPy) AuD,,

where Q,, o f’n is the Hadamard product of matrices and

g o0 ... 0
(2) q(()Q) ... 0

a1
Qn = .

q’ELn)l qq(mn)z q(()n)
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Obviously, the inverse of matrices A, D, exists and (AnDn)_1 =P,, thus 0 <
P, = Qp o Py, where the M-matrices property of A, D, guarantees that P,, is
a positive matrix. The rest of this proof will discuss the uniform upper bound of

qﬁl )k from its definition,

o g ) (=)
W= D POMO
j=k+1 Prn_1%

o (a08) (a2 — o)

- Z " waltn — Hwi—a(t — ty—1)dt

J=k+1 Jt;_
e i - ftijilwa(tn—t) [Wi—al(t —tr) — wi_a(t — tr_1)] dt
— 5T qn—; ’
T D waltn — wi—alt — tr_1)dt

where the first inequality from the Chebyshev sorting inequality

tr
/ wa(tn — Dt —a(t — te_1)dt

tr—1

tr tg
g/ W (tn — t)dt - i/ wi—al(t —tp_1)dt = p, all
T

tr—1 k Jty_y

and the second one from the maximum of non-negative numbers

151(171)] ( E”k 1 aﬁj)k)

max X
E+1<;<n _fttj-? Wa(tn —t)f Wi (t — s)dsdt

Crri=

)

implies
n f;jgl Wa(tn — 1) [wi—a(t —tr) — wi—a(t — tp_1)]dt
Job waltn = hwi—a(t — te—1)dt

Il
—

j=k+1

and then the discrete Gronwall inequality [4] with its an = ¢ — 0 with loss of
generality, shows that

¢\ < e+ Cor)" R <1,
where the estimation of C) , has been analyzed in lemma

Remark 1 When rpy1 =1land 7 —0foralll <n <N -1, thenq() — 1 for
all1 <k+1<j<n< N. Meanwhile,

(n)  =(n) (n) =(n) () ()
qnnkkpnn ka Z qnn]kpnnj( j]k) 1 gj k)
Jj=k+1
T—0 ~(n ” ~(n j
- p7(1 )ka( ) - Z pgl )] ( Y);H - a;‘{)k) )
j=k+1
namely p( )k — p( from entrles wise congruence of matrix. From the point

view, when q( ) ik 1, the qnik bounded by the convex combination of term
from k£ + 1 to n, and then the above inequality can be optimized.
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Fig. 1 The diagram of the pgi)k and ﬁ(rbnjk with fixed n = 32

Remark 2 Unlike usual habits, the construction of DCC defines k-th term from
the larger part of indicator n to k + 1. The construction process of DCC tells
us that the right-side part of each sub-figure in the figure [1] is the initial defined
part, and the approximation of asymptotic estimation is not very significant in this
part. The left-side parts, since the more terms are associated, require asymptotic
estimation the most.

In fact, the mesh ratio r illustrates the degree of mesh smoothness. If time scales
T, satisfies some proper smooth function with respect to k, e.g. 7, = 0.4 sin(g‘kT“) +

0.41, the graph of pgl)  Was basically identical with the ﬁgi) i, in the left sub-figure

of figure

(n) s=(n)
a=05 Poi/ B
08

07

n AR
|

03 09

02 0.85

o1 08

0 075
0 200 400 600 800 1000 1200 0 200 400 600 800 1000 1200
k

Fig. 2 The graphs of pgﬁ)k and ﬁilnjk with fixed n = 1024.

2.2 The Asymptotically compatible fractional Gronwall inequality

Theorem 1 For arbitrary positive constant k, the non-negative sequence {Vk}{cvzo
N
and {Fk}k:07
D2V, < &V + Fp,

then

n t]
Vi < Balut?) | Vo+ max Z/ altn = 5)ds
2,
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Proof Adjust the index n as j of original inequality and take X7_ 1p£L )j on both
sides,

Zp(n) Za(ﬂ) V. Vi < Hzp(n) ‘/j +Zp(n) F

then
Vi, <V0+/€Zp(j) V; +Zp(”) Fj; < VO+/‘€ZP(J) V; +Zp(") F;.
Jj=1 j=1
The classical Gronwall inequality yields that

Vi < Eo(kty_1) | Vo + max Z/ wa(tn — s)ds - Fj ,

1<v<n

This completes the proof.

Corollary 1 Comparing with classical Gronwall inequality that
b —1

/ Wa (tn — 8)ds 2== 7;,
i1

the theorem gives an asymptotically compatible result that
If D2V, < kVyp + Fn, then

Vi < Eo (Kt )(Vo+ max {Z ft —S)dS'Fj}>,

1<v<n

If 6: Vi, < KV + Fr, then

n
Vi < exp(ktn—_1) (VO + > Tij) .
j=1

a—1

3 Error analysis

In this section, we will provide applications of Gronwall inequalities in numer-
ical analysis. Since FEMs, Galerkin SMs, and energy estimation for continuous
problems, they are all analyzed under the L?-norm. Therefore, in this section, we
mainly consider estimation and analysis under the L2-norm or discrete L?-norm.

Lemma 3 (Lz-stability) The temporal semi-discretization have

"l € Ba(rCty ) | [[u] + € max Z / $)ds - £ x 1)

1<v<n

Proof Directly use theorem [I]and the monotonicity of discrete convolution kernel,
this proof can be done.
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Denote up(tn) the spacial semi-discretization solution at time t, for all n €
{1,2,..., N}, and the truncation error derived from temporal discrete [DZuj; — O up (tn)| =

|Spy T, = 721 with

th k
(n) . / Vg, Ou

T = Wi—q (tn —8) | —— — — (Tm, )| ds.
n—k te—1 1 ( ) T s ( )

Lemma 4 (Lemma 3.1 [18]) Under the assumption |07 u|| < 14+t°~™, for m =
1,2, and B € (0,1) U (1,2], the truncated error on general non-uniform meshes
guves

n—1
2 <afP6" + Y (ol — a0 ) GF o nz 1 9)
k=1

where GF := 2];:7 (t —tr—1) |u”(t |dt Since the positivity ofpn ;> then

Pl ‘TJ‘ <2 Zpiln)kaék)/ (t —th—1) [uee| dt,
k*l

which is asymptotically compatible with the global truncation error when o — 1~

Remark 8 If we want to obtain the pointwise-in-time error, the right-hand side
can not include max operator in theorem [I] The main reason is that the classical
Gronwall inequality requires Y7 =1 p;n) j F; should be non-decreasing sequence with
respect to n. The generic F; may not satisfy this condition. However, graded mesh
or some special mesh establishes its non-decreasing property with the explicit

bound of truncated error.

Theorem 2 (pointwise-in-time error) On graded or quasi-graded meshes, which
denote the discrete-time nodes as tn, ~ T (n/N)" and its time steps fulfill t,, ~
" with the smallest scale T = T/N”, if

DYE™ < KE™ + T} + |7 ,n=1,2,--- ,N

)

where E™ is the L?-norm error on the n-th time level and Tr, T? are corresponding
spacial and temporal truncated errors respectively, then

T(2—a)/rtg7(2foc)/r’ r> 1+B -
E" ST T 1+ In(n), = 5, (10)
riage, .

is valid under the hypothesis |0 u| < t°~™ form =1,2 and 8 € (0,1) U (1,2].
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Proof By the result of lemmas [f] and [} we can directly prove that

szgn)kaék)/ (t—tkfl) |utt|dt
tp—1

1 [ -
<2 Z/t — 5)ds - wo—a(Tk) - E/ (t —tp_1)t?2dt
k—1

th—1

B
T
B

Wa(t - tk)WQ a(Tk)Tkt + 2wa( n — tl)w2704(7'1)7-

M:

k

2

(nr _ kr)a—lk(r—l)(B—a)-‘,-'r(ﬁ—Z)

A
M=

k=1
O(nmP=(2=a)y, (r—1B-a)+r(B-2)> -1,
=01 +1n(n)), r—-1DB—-a)+r(B-2)=—
O(n"@=1), (r—=1B—-a)+r(B-2)< -1,
T(Q—Oé)/rtg—(?—a)/r, r> 1-',2-5305’

~ TR A ), = g
Tl+57°‘t271, r< 142-5304'

When n = 1, it is clear that the second line equals (9(7'13 ) by direct calculation
which consists of the above conclusion.

Remark 4 The above poinwise-in-time error estimate for pure dissipative system
[10] can be obtain more directly, meanwhile the Grénwal is not required.

DXE™ < |Th| +|T%|,n=1,2,--- ,N

n

= 5”<Zp<” (ITh| + 7)) < Z V(TR TR

)

Consequently, the explicit expression of the right-hand side can be obtained simi-
larly.

4 Numerical Verification

In this section, we will provide several typical numerical examples to verify our
theoretical analysis results. Verify the convergence of the L1 scheme at different
times under different graded grid parameters r with the given decay rate of the
solution § € (0,2].

4.1 The growing linear ODE

To avoid disturbance of spacial discrete error, we consider

A u(t) = ku + f(t), with u(0) =0, (11)
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_ _ 2 _ 2
N, r=1 r—1+ﬁc_"a r H_'Bfa—o—l
e o Te  co Tle <o
64 1.335e-01 - 3.574e-02 - 1.021e-02 -
128 1.056e-01  0.338  2.350e-02  0.605 5.467e-03  0.901
256 8.429e-02  0.325  1.548e-02  0.602  2.929e-03  0.900
512 6.771e-02  0.316 1.021e-02 0.601  1.570e-03  0.900
Theo. c.o. - 0.300 - 0.600 - 0.900

Table 1 The error and convergence order of beginning time level with o = 0.3,3 = 0.6 for

(11)

2—«a

N: r=1 r= 5% "= e t!
[T co T c.o. [T — co

64 1.653¢-01 - 2.83le-02 - 1.546¢-02 -
128 1.039e-01  0.670 1.203e-02  1.235  5.882¢-03  1.394
256 6.484¢-02  0.680 5.043¢-03  1.254  2.233e-03  1.398
512 4.027¢-02  0.687 2.092e-03  1.269  8.466e-04  1.399
Theo. c.o. - 0.700 - 1.400~ - 1.400

Table 2 The error and convergence order of ending time level with o = 0.3, 8 = 0.6 for

with exact solution u(t) = wi4+g(t) and f(t) = wi4s—a(t) — kwi4+4(t) for testing
the pointwise-in-time error. From the accurate-order tables we can know that
the factor (1 4 In(n)) is little effect on the error order at the initial time when

—2=a_whereas the large n will lead to loss of convergence order.

_ —a
r= 1+8—a

4.2 The reaction-diffusion equation

The spatial discretization adopts center difference with discrete scale h = 2~ 97.
Consider df'u — Au = ku + f(x,t) with £ > 0 and verify the convergence order
by setting exact solution u = sin(z)wi4g(t) with the corresponding source term
f =sin(z)(wi+s—a(t) + (1 — K)w14s(t)). For simplicity, let kK = 1, x € [—m, 7], the
final time T'= 1 and £"(N;) := \/hZy (un(tn) — UR)2.

N» =1 1= $5%s 7= rfpta !
EL(N;) c.o. EL(N;) c.o EL(N;) c.o.
64 2.192e-01 - 6.296e-02 - 3.374e-02 -
128 1.781e-01  0.300 4.154e-02  0.600 2.006e-02  0.750
256 1.446e-01  0.300 2.740e-02  0.600 1.193e-02  0.750
512 1.175e-01  0.300 1.808e-02  0.600 7.093e-03  0.750
Theo. c.o. - 0.300 - 0.600 - 0.750

Table 3 The error and convergence order of beginning time level with @ = 0.3, 8 = 0.6.
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N» r=1 r= 5t r=tigtg +1
ENT(N7) c.o. ENT(N;) c.o. ENT(N;) c.o.
64 4.528e-02 - 8.350e-03 - 6.046e-03 -
128 2.783e-02  0.702  3.480e-03 1.263 2.337e-03  1.371
256 1.711e-02  0.702  1.433e-03 1.280 8.934e-04  1.387
512 1.052e-02  0.701  5.816e-04 1.301 3.354e-04 1.413
Theo. c.o. - 0.700 - 1.400~ - 1.400

Table 4 The error and convergence order of ending time level with a = 0.3, 8 = 0.6.

5 Conclusions

In this article, we answered an open question about discrete complementary convo-
lution kernels in [28] and demonstrated the asymptotic estimation of DCC under
general non-uniform grids using a relatively concise proof. By utilizing the con-
tinuous counterpart of DCC, we proved the asymptotically compatible Gronwall
inequality and applied it to the numerical analysis of time fractional parabolic
equations. The required estimation formula for DCS in a graded mesh provides
rigorous theoretical proof and illustrates the pointwise error estimation in graded
mesh.The strict proof of the necessity for the Caputo discrete coefficient to hold
true for D¥u"|?* < (D¥u™,u™) is also given in this paper incidentally. For the
stability analysis of higher-order Caputo BDFy, a unified analysis framework will
be provided in the subsequent work.

A The estimate of DCS

In this part, we need to propose a beneficial estimate for DCS. Since the definition of Caputo
fractional derivatives is based on the convolution formula, the estimation of discrete convolution
integrals has been mentioned in many kinds of literature [I9,23l[5]. However, the estimation
methods they use are relatively complicated, and the results are not very concise [231[24]. Here,
we want to obtain fairly precise and easily analyzed results. Compared with Jin et al [0, Lemma
3.11], our result can be regarded as its graded mesh version.

Lemma 5 (the estimate of DCS) For arbitrary positive real number r, the discrete con-

n—1
volution summation S,(«Zj)’q = > (n" —k")Pk? have an estimate
k=1

O (nrptatly, min{p, q} > —1,
S”(‘Z)aq ~ o (nrp+q+1(1 + hl(n))) ) min{p7 q} = 717
10) (nmax{rpy(r—l)P+q}) ., min{p,q} < —1.

(n)
S Lpg
equal and invariant convergence rate with n©1..¢ when n — 400, where the C1 4 is a fixed

constant, then

Proof To begin with the proof, we want to explain the main idea of analysis. If have

(n)
lim — 2P
n—oo n“~1,p,q
Thus, we should find the highest-order terms of S§?p>711' Even though each term of S%T;),q has
a different order, we can ensure the range of its. Moreover, the highest order and the lowest
order should come from the first term and the last term, or inverse ones which is the feature
of finite terms polynomials. Without loss of generality, we just need to consider the following

four cases.
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1. Whenp > —1andg> —1

im ke EN? /k\? 1
: N X I _RNP ENT L N
B e *nlgmookz (1 n) (n) ~=Bp+lg+1)~1

Hence, SLPD  pptatl while p>—1andq>—1.
2. Whenp>—-1=gq

(2,71 7 1 n—1 (1_E) l
nP(1+1Inn) (1+Inn) n) k

s () (e

1 k p+1 . . n—1 n 1
The s < (1 — ;) < 1 with p+1 > 0, and the equahtykz1 ﬁ =2 k21 % we

know that

1 27y (1 &K1 1
mm <(Z—1nn)—+h’1n>

Y ik m
1 2 "1 1
<7(1 Fnn) np il <(k2:1 P Inn) — -t lnn>
1 2 g sP=b

— 1
_(1+1nn)np+1kz::1%<np(l+lnn) 1+1nn z::E

2 1
:m ((kz = —1Inn) +lnn>

=1
2 1,1
(-1 1
<(1+lnn) (’y(klk nn)+ nn),

where > 7, k —Inn >0 and hm (Zk 1 k — Inn) converge to the Euler constant vy ~
0.57721 < 1. Take the limit n —> 0, then

(n)

0< lim —2=t
n—oo nP(1 + Inn)

If S’Y;i_l ~ nP(1+ Inn), then the limitation converges to either 0 or co. For this reason,

Siilp),q ~nP(1+1Inn) whilep = —1or ¢ = —1.

3. When -1 >p>gq

(n) n—1 n—1

S1pq 1 1
Pd kP(n — k)] — kP (n— k)P (n — k)4P
o 7;;1"”16 (n—k) 7162::1””k (n—k)P(n—k)
n—1 —p n—1 —p
n 1 1
() = (R )
kz::l(k(n—k)) = (k n—k
_[g]_1<1 1 )7p+ n—1 ( N 1 )71;
o \k n—k 2] k n—k
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then
i"w [eS) 1\ P
. 0,4 1—p 4
0<nh_>moo p <2 Z(k) .
k=1
4. Whenp > —-1>gq
—1 n—1 % n—1 %
e wa-nr (Swr)" (o -n)
Lpg k=1 < k=1 k=1
nP npP - np
% 1

k

n

<

(E07)(E

1 1
where m + 7

n—1 v

1 and the Holder inequality have been used in second line. Let pu —

oo, namely corresponding v — 1, since the classical limit formula and the rest part is

convergent series with ¢ < —1, thence

(n)
Sl,p,q <1
np "~

The first two cases can imitate the above proof. Now, we consider the last one. (n” —1)P ~

n™ and (n” —(n—1)")P(n—1)4 ~ n("=DP+4 are terms while

k =1 and k = n—1 respectively.

To achieve the whole convergence rate, we just need to find the highest order of this finite
sum about n. The range of this order about n is from n"? to n<T’1>P+q7 so the convolution

summation is the same order with nmax{rp,(r=1)p+a} Qo far,

the whole proof is accomplished.

Here, the Matlab code can be tested that our estimate is optimal,

16;

zeros (N,1);

J 1:N

q(j) = computing(2~j,
% close to a constant

-1, 2,.3);
end
function q
a sum((n-r
if min(p,q) > -1

b n~ (rxp+q+1) ;
elseif min(p,q) -1

b = n~(r*p+q+1) *(1+log(n));
elseif min(p,q) < -1

b n~ (max (r*p, (r-1) *p+q) ) ;

computing(n,p,q,r)

end

q
end

a/b;

B A proof of necessity

(1:n-1).°r)."p.*(1:n-1)."

q);

In classical parabolic problems, %3t||u||2 = (Ou,u) play a significant role for L2-stability

analysis. In time-fractional Caputo cases, A. A. Alikhanov [2]

Lemma 1] has proved an analog

%8,?‘ lu|? < (05*u™, u™). Considering discrete version with proper discretization, as we well



Asymptotically Compatible Fractional Gronwall Inequality and its Applications 17

know, the DC kernels ailn_)k monotonically increasing with respect to k can lead to the following

inequality in L2-stability analysis
1
5D?HU"||2 < (DFu™,u™) (12)

which includes L1-scheme, L21s-scheme with additional condition [16] and so on.

In this paper, we will propose rigorous proof the monotonicity of DC kernels is not only a
sufficient condition of relation but also a necessary condition. However, some high-order
schemes, e.g. L1T or Caputo BDF-k do not have a relation , which is the main difficulty
of stability analysis. The discrete L2-norm estimation is essentially a series of inequalities
established by quadratic form. The proof in this section also starts from this perspective,
establishing the relationship between the positive inertia index of the representation matrix of
the quadratic form and the uniform monotonicity.

Lemma 6 For arbitrary positive real sequence {d;}}_,, define the real symmetrical matric
value function M(dy) := Lpdy + dnLE —dy, whose dy, = diag(di,da,...,dn) and Ly, is the
all-one unite lower triangular matriz, then the matriz representation of quadratic form M(dy)
is positive definite if only if {d;}_, must be uniformly strictly monotonically increasing.

Proof Denote characteristic polynomial p(\;dy) := |[M(dy) — A\L,| and check its expression

di—X\ di ... d1 1 0o ... O
PO dn) = di do—X... dg step 1 f.dl dy .f)\ dhl
di dy ...dn - A dn dy e dn A
-
step 2 .0 . . step3 |7 % T4 - ( )\)ngc(n)7
. P T

where 5;-“ :=dj, —dj for all 0 < j < k < n with letting dg = 0.

step 1 Add one row and one column to the determinant and ensure that the values of the de-
terminant do not change, and mark the added rows and columns as the zeroth row and
zeroth column for easy description in the next;

step 2 Add the zeroth column of the determinant to each subsequent column and denote dj = 66“
for all 1 < k < n as a unified form;

step 3 Retain the first element of the zeroth row in the determinant and reduce the remaining
1 to 0 through the following process. Firstly, by multiplying the elements in the nth row
by 1/A and adding them to the zeroth row, the elements in the nth column of the zeroth
row are reduced to zero. At the same time, the kth element of the zeroth row is reduced
to1— %62,V 0 < k < n. This step is completed through a similar process for subsequent
rOws.

In order to provide a more detailed description of step 3, which is the process of changing
the elements in the zeroth row of the determinant, we record x}ﬂ") as the kth element in the

zeroth row, and the superscript represents the nth change, such as ac](co) =1L,V0<Ek<n
indicates that each element in the zeroth row in the initial state is one. So, the entire process
is described as follows,

Forall0 <k <n-0, xg)) =1;
Forall 0 <k<n-1, ac,(cl) = :L‘,(CO) — %621‘«» ;

n—0’

For all 0 < k <0, zé") = ;E,(Cnfl) — %5%1:5"71)'

)
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In fact, each step in the above process contains this linear transformation, and the coincidence
of multiple linear transformations can be represented by corresponding matrix multiplication.
So this process is represented as a matrix form,

af™ = <H[Ik7Vk]> en+t1, (13)
k=1

where [Ig, vi] represent k X k identity matrix stitching a k-dimensional column vector vy :=

T
1 k Sk k
—X[éo,él...,ék_l] , e.g.

1
10...0 —6k
01...0 —xof

P!
Mg, vi] = .
R L
00 1=t 1], i)
and en+1 is (n + 1)-dimensional all-one column vector.
Next, we will calculate the specific expression of (—A)™ (ITr_; [Ix, v]) en+1. Denote 7’,371 =

—%6,’:71. for all 1 < i < k and observe its non-compact form

I1,vi][I2, v2] ... [In, Vnlenyt1.

From right to left is a matrix representation of the change process of the elements in the zeroth
row of the determinant in step 3, whose dimensions gradually decrease and eventually change
to a one-dimensional number. From left to right will be our next calculation process, where
the dimension of the row vector is gradually increased to n + 1-dimension, but ultimately
multiplying it with the column vector is equivalent to summing the n + 1 components of the
row vector, which also yields a one-dimensional number.

At this point, our problem transforms into determining each element in the row vector
[15—1[Xk,vi]. Here, we will approach this computational problem from the perspective of
combinatorial mathematics. To this end, we first explain the meaning of the following symbols
in combinatorial mathematics

'yZﬁl : a single step from i;_1 to ij,
k—1
H 'yzj“ : a multi-step from ig to ig via k steps.
7=0

Particularly, 78 = 1 means the position has no movement.
Next, we use mathematical induction to prove that V1 <i < mn+ 1 has

n npl—ik—1
(TTmeva) =S T (11
k=1 i

k=1 j=0

where 0 = 49 < 41 < i2 < ... < iy =n-+1—1 and (-); represents the i-th component in the
vector. In the above equation, the specific meaning of its abstract expression is the total sum
of all possibilities which from ig = 0 departs, can only move in the direction of point n+1 —4
each time, but does not limit the forward step size, and ultimately reaches point n + 1 — .

When n =1, [1, 'yé] = [I1, v1], obviously holds. Assume holds for n, and now, we will
prove n + 1 also holds.

(H[Izmvk]) “[Int1, Vo] = |:H[Ik,vk}’ (H[hﬂ’k}) Vn+l:|
k=1

k=1 k=1

n n+1 n+l—i1k—1 n+lk—1

. n .
Vi, Ik Z Z H ’YZH ’Y;ﬁ%,i = H Vi, Ik Z H ’YZH )
k=1

k=1 =1 k=1 35=0 k=1 3j=0
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where the calculation of the last step can also start from the meaning of combination, for all
1<i<n+1,

n4+l—ik—1

> Hv”“ SAS RN

k=1 j5=0

represent all possibilities from i9 = 0 depart, reach point n4+1—1, and continue moving forward
to reach point n 4+ 1, thus consequently E 11 operation means that taking the sum of all the
possibilities of starting from i9 = 0 and reaching point n + 1, which can be used to directly
write the final result based on this meaning.

By the above analysis, we know that

n+lntl—tk—1

(”L) Z Z H,ylﬁ—l’ (15)

=1 k=1 j=0

those value is represented as from ig = 0 depart and take 0 < k < n steps to reach all possible
sums up to point n. Based on 7’,371, = 6,’5 ; is the —1 degree of —\, then ] 0 7z1+1 is
represented as the —k degree of —\. All —k degrees in the expression are represented as
from igp = O depart, after k steps, and reach all possibilities up to point n, i.e

k-1
Ti+1
1<i1<...<ip <n j=0
Then

n k ) n
T4 ;
p(hidn) = (=" > I, ) =>_aEN,

k=1 \1<i1<...<i<nj=1 i=0

where C; represents both the coefficient of the degree i of —\ and from igp = 0 depart at, take
n — 1 steps, and reach all possibilities up to point n, namely C; have specific expression

_ . _ n -
H k4 IT M
k=1
- Co 7
: i
C; - 6163-,1 Z H )‘k
_ [1fki< <k <ng=1 x| 1<k <...<k;<nj=1
Chn © ke sk ’
2 1
Cp-1 > 5k1 60 > )‘kl/\kQ
8 1<k;<k2<n 1<ki<ka<n
- o > ok > Ak
1<k<n 1<k<n
1 L 1 |

According to all eigenvalues of a real symmetric matrix are real numbers and assume the kth
real eigenvalue is Ay, then its characteristic polynomial can be also represented as C [[_ (Ax—
A) = p(A;dy) where C # 0. In this problem, by comparing the coefficient of highest-order term
(=A)™, it can be determined that C' = 1. For more coefficient comparisons, we can refer to the
identity (x).

Therefore, by comparing the coefficient of zeroth polynomial term, we can conclude that

n

n
H,\sz dy —dj_1), forall 1 < k < n,

namely, for all 1 < k < n have Ay > 0 < dp > di_1. This completes the proof.
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Theorem 3 For alll <n <N,
%iaﬁn_)kVT Hu H <Z a<n) VTU u ) ,
k=1

if and only if the DC kernels a( >k is monotonically increasing with respect to index k.

Proof
n . .1
PorExa ) ST = 3l (St )
=1
n o,
Z a,” l VTu u™ +Zan l(VTu ut 1—ul_§>
1
Z Z- Vrul, ZVTUJ _52 a{™ ;| Vru ||
i=1 Jj=1i =1
(5 1§ )
n n
Z Za V.,—u V. ud 752 ||V u||
Jj=1 \i=1 i=1
1 1
:VE (LnAdiag) Vn — EVzAdiagvn = §V;£ (LnAdiag + Adiang - Adiag) Vn,
where diagonal matrix Agiag := diag([a;n_)j 7—1,) and column vector vy := [VTuj]?zl. Ac-

cording to the lemma@ M(A giag) is a matrix representation of the positive definite quadratic

form based on the monotonicity of a;nj - Therefore, for arbitrary real vector vy, the sufficient

and essential condition to ensure vEM(Adiag)vn > 0 is that ailnjk should be monotonically
increasing for all 1 < k < n. The assertion have been finished.
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