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Abstract

Let U be a connected open subset of R”, and let X = (X1, X, ..., X,,) be a system of Hérmander
vector fields defined on U. This paper addresses sharp embedding results and geometric inequali-
ties in the generalized Sobolev space W;%(Q), where () CC U is a general open bounded subset
of U. By employing Rothschild-Stein’s lifting technique and saturation method, we prove the
representation formula for smooth functions with compact support in 2. Combining this rep-
resentation formula with weighted weak-L? estimates, we derive sharp Sobolev inequalities on
Wf(’f)(Q), where the critical Sobolev exponent depends on the generalized Métivier index. As ap-
plications of these sharp Sobolev inequalities, we establish the isoperimetric inequality, logarith-
mic Sobolev inequalities, Rellich-Kondrachov compact embedding theorem, Gagliardo-Nirenberg
inequality, Nash inequality, and Moser-Trudinger inequality in the context of general Hormander
vector fields.
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1. Introduction and main results

For n > 2, let U be a connected open subset of R™. Consider a system of real smooth vector
fields X = (X, Xy, ..., X,,) defined on U, satisfying the following assumption:

(H) There exists a smallest positive integer s, such that the vector fields X, X, ..., X,, together
with their commutators of length at most s, span R™ at each point in U.

Assumption (H) is known as the Hormander’s condition, and the positive integer s is called the
Hormander index of X related to U. The smooth vector fields X under Hormander’s condition
(H) usually refer to Hormander vector fields.

Then, we recall the generalized Sobolev spaces associated with X. Let 1 < 5, < m and
J = (j1,...,5) denotes a multi-index with length |J| = [. We adopt the notation X’ =
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XXX, X, for |[J| =, and X7 = id for |J| = 0. Forany k € N* and p > 1, we

define the function space
WYP(U) = {u € LP(U)|Xu € LP(U), ¥J = (ji,- .., js) with |J| < k},

and set the norm

el ) = > IXull -
* |J|<k

It is well-known (e.g., see [53, Theorem 1]) that Wf(’p (U) forms a separable Banach space for
1 < p < +00, and it is reflexive for 1 < p < +oo. In particular, we set 1% (U) = We?*(U), and
it follows that H% (U) is a Hilbert space endowed with the inner product

k
(s V)ggk () = Z / X'u - X7vdz.
U

|J]=0

Let 2 CC U be a bounded open subset. We define W;%(Q) as the closure of C5°(€2) in Wi (U),
which gives a generalized Sobolev space of functions vanishing at the boundary of 2. Similarly,
we denote H ,(12) as W;QO(Q)

Since Hormander’s celebrated work [37] on hypoellipticity, the study of nonlinear degenerate
elliptic equations arising from Hérmander vector fields has developed significantly. These nonlin-
ear degenerate equations, taking the form

> X (IXulP 7 Xu) = f(o,u, Xu) (1.1)

J=1

with Xu = (Xju, Xou, ..., Xpu) and X7 = —X; — div.Xj, naturally arise in the study of the
geometry of CR manifolds and in the theory of quasi-conformal mappings on stratified, nilpotent
Lie groups, as well as in subelliptic variational problems (see [39-41, 53]). Clearly, the function
space WQ%(Q) is a fundamental space in study the Dirichlet boundary problem of equation (1.1).
In this context, the sharp embedding results and geometric inequalities on the generalized Sobolev
space W@%(Q) play a pervasive and essential role, similar to their classical counterparts.

When X = (0,,,04,,...,04,), W;%(Q) reduces to the classical Sobolev space W} (). For
k = 1, restricting the Gagliardo-Nirenberg-Sobolev inequality

L 1
( |u|p*dx) "< C( |Vu\pd:c)p Vu € C(R") (12)
R” R”
on C§°(€2) naturally yields the Sobolev embedding
WP (Q) — LP (Q), (1.3)
where p* = n”Tpp is the critical Sobolev exponent depending only on the dimension 7 and p.

However, the sharp Sobolev embedding, particularly the critical Sobolev exponent, for the space
W;%(Q) within the framework of Hérmander vector fields have not been fully understood.
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Previous investigations by Capogna-Danielli-Garofalo [6, 7] (also see [9, Theorem 3.1]) claimed
the following local Sobolev inequality:

1
1 / q 1 -
— \u\qd:c) <Cr <7 |Xu\pda:) (1.4)
(|B(fcoﬂ“)| B(wo,r) B0, 7)| J B(ao.r)

forl <p<Q,1<qg< %, and all u € W)l(’f)o(B(xo,r)). Here, @ is the local homogeneous

dimension relative to €; B(zg, r) denotes the subunit ball induced by the subunit metric d, centered
at xy € Q, with a small radius 0 < r < Ry, where Ry is a positive constant. The precise definitions
of @, d and B(x,r) will be postponed in Section 2 blow. Based on (1.4) and the standard partition
of unity arguments, Capogna-Danielli-Garofalo derived the following Sobolev embedding:

WEB(Q) = La5(Q)  for 1<p<Q. (1.5)

Comparing with the case of left-invariant vector fields on a nilpotent homogeneous group, they
announced (see [7, p. 205]) that the Sobolev exponent % in (1.4) and (1.5), determined by the
local homogeneous dimension (), is best possible.

Nevertheless, it is important to note that the vector fields satisfying Hormander’s condition
need not necessarily be the left-invariant vector fields on a nilpotent homogeneous group. There-
fore, the Sobolev exponent % in (1.4) and (1.5) may NOT be optimal for the space W;(%(Q)
associated with general Hormander vector fields. Further evidence presented in [54, Corollary 1]
indicates that if {2 CC U is a bounded open subset with smooth boundary 02, then

||f||L%(Q) <C(IX Sl + flrey) — Vf € C¥(Q), (1.6)

where 1 < p < v, and v denotes the non-isotropic dimension of Q related to X (see (2.2) blow
for precise definition). The non-isotropic dimension 7 is also known as the generalized Métivier
index, satisfying 7 < () as shown in (2.6) below. This implies that for any bounded open subset
) cC U with smooth boundary 052, (1.5) can be improved by the following sharper Sobolev
embedding:

WER(Q) = LF5(Q) € La5(Q)  for 1<p< i, (1.7)

The aim of this paper is to explore the sharp embedding results and fundamental geometric
inequalities on WQ%(Q) for arbitrary bounded open subsets 2 CC U, without requiring smooth-
ness on J€2. Our interest in sharp embedding results of generalized Sobolev space is motivated by
our recent studies [15, 16] on semilinear subelliptic Dirichlet problems, as well as a natural phi-
losophy arising from the classical Sobolev embedding (1.3). In the classical elliptic case, since the
space WJ™P(9) consists of functions that “vanishing at the boundary”, the classical Sobolev em-
bedding (1.3) does not necessitate any smoothness on the boundary 0f2. Following this reasoning,
it is extremely interesting and important to understand whether (1.7) can be extended to arbitrary
bounded open sets. Furthermore, similar to the classic elliptic case, the sharp embedding in the
case where p > v certainly plays an essential role in the study of degenerate elliptic equations.

For general Hormander vector fields, one cannot expect the analogous of Gagliardo-Nirenberg-
Sobolev inequality (1.2) to hold in the entire space R™ without further assumptions. Therefore,
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the representation formula for functions f € C§°(f2) associated with Hormander vector fields
serves as a crucial component in establishing the sharp Sobolev embedding in W;%(Q) In earlier
studies, such as those cited in [6, Proposition 2.4], [7, p. 210, Remark] and [43, Lemma 5.1],
the construction of this representation formula relies entirely on an ambiguous statement in [50,
p. 114, Corollary] regarding the global fundamental solution I'(x, y) for the subelliptic operator
—Ax = Z;ﬂ:l X7 X;. Specifically, [S0, p. 114, Corollary] states that such a fundamental solution
['(x, y) has been constructed in [51] and possesses the local size estimate in the form of

d(z,y)”

Py) < Orpe ol

(1.8)

However, as later pointed out by Nagel [49, Theorem 11] and recently emphasized by Biagi-
Bonfiglioli-Bramanti [2, p. 1882], no fundamental solution is exhibited in [51]; only the parametrix
is provided. In fact, the kernel I' obtained by locally saturating the lifted variables for the parametrix
[ associated with the lifting operators —A x = Z;”Zl )A(}}(v] is only potentially a local parametrix
for —A\ x, but NOT necessarily a fundamental solution. This means that (1.8) only provides an
estimate for the parametrix I', NOT for the fundamental solution. Additionally, the parametrix I'
is defined only locally and in a non-unique way. Achieving a genuine local fundamental solution
by saturating a parametrix in the lifted space requires considerable additional effort.

To address these technical issues and to ensure the exposition is reasonably self-contained, we
provide a rigorous proof of the representation formula for functions f € C§°(€2) in Proposition 3.2
blow. Drawing inspiration from [50, 51], our proof employs Rothschild-Stein’s lifting technique
and saturation method, along with the estimation of type A operators in the high-dimensional
lifting space, thus eliminating the dependence on the fundamental solution of —/\ x. Refining the
estimates in [54], we then obtain weighted weak-L” estimates for the 7" operators induced by the
representation formula. By combining these results with carefully estimated volumes of subunit
balls and the degenerate Friedrichs-Poincaré inequality, we extend (1.7) to arbitrary bounded open
subsets () CC U, thereby improving upon the previous results (1.5) by Capogna-Danielli-Garofalo
[6, 7]. Specifically, we have

Theorem 1.1 (Sobolev inequalites for kp < D). Let X = (X1, Xo, ..., X,,,) satisfy condition (H).
Then, for any bounded open subset Q) CC U and any positive number p > 1, there exists a positive
constant C' > 0 such that

() Ifkp < Dand% =

IA

ullza@) < C Z X7l Yu € WH(Q); (1.9)

=

2) If kp=vand1 < q < o0, we also have

lullLo@) < C Y IIX ulliry  Vu € WRE(Q). (1.10)
|J|=k

Here, U is the generalized Métivier index defined in (2.2) below.
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Theorem 1.1 yields the following fundamental inequalities
Theorem 1.2. Suppose X = (X1, Xo, ..., X,,) satisfy condition (H), and Q) CC U is a bounded

open subset of U. Let p > 1 be a positive real numbers, k € Nt with kp < D. Assume further that
the positive real numbers s1, o, a, b satisfy the following conditions

j2% b—a:D;kp,
1<81<82< and

(1.11)
—kp bss — as1 = p,

Then, there exists a positive constant C' > 0 such that
s as k, s
720y < C D IX ullfpollull i @) Yu € WRH(Q) N L7 ().
|J|=k

(1.12)
As a result of (1.12), we have

(1) (Gagliardo-Nirenberg inequality) If sy > 1, b = = and a = eU0) with § € (0,1], then
Lzl;ue(l—@)and
so s1 P P

k7 S1
lullea) < Cllullizgy D IX ulling  Yu € Wh(Q) N L (Q).
| J|=k

(2) (Nash inequality) If v > 2, p=2k=1,s1=1, 8 =2,a =

NS

andb=1+ %, then

(/Q |u|2d:c) v <C (/Q\Xu|2dx) (/Q\u\dx)g Yu € H ().

(3) (Moser inequality) If v > 2, p =2, k=1,8=2,8 =2+, a==and b= 1, then

(/ |u|2+4ﬁda:) <c (/ |Xu\2da:) </ \u\Qda:)g Vu € Hio(9).
Q Q Q

We next discuss the isoperimetric inequality for Carnot-Carathéodory spaces. For this purpose,
we introduce some notations in [27, 47]. For u € Ll(Q), we define the X -variation of « in {2 as

Varx (u; )

sup / X pjdz, (1.13)
ape}'(Q R™) Z !

where

<1

Y

FIRR") 1= {9 = (o1 om) € (CHO" Iellm =510 (Z I%(ﬂ?)\2>



and X denotes the formal adjoint of X;. The divergence theorem easily gives that Varx (u; 2) =
| Xul| 1) forallu € CT(Q) N Wy (). Given a measurable set £ C R”, we denote by

Px(E;Q) .= Varx(xg;Q2) = sup / Zchpjdx (1.14)

the X -perimeter of £ in €2, where yg is the indicator function of . The set E is of finite X-
perimeter (or a X -Caccioppoli set) in {2 if Px(F;)) < +oc.

By means of the Sobolev inequality (1.4), Capogna-Danielli-Garofalo [7, 8] initially con-
structed the isoperimetric inequality in subunit balls. Specifically, they proved that for any subunit
ball B(x,r) centered at z;y € €, with a small radius 0 < 7 < R, there exists a positive constant
C > 0 such that o )

|E|"e < Cr|B(xg,r)| 2 Px(E; B(xg,r)) (1.15)

holds for every C* open set E C E C B(xg,7), where Ry is a positive constant as mentioned
above. Later, Garofalo-Nhieu [27, Theorem 1.18] extended (1.15) to general X-PS domains, which
shows that for any X-PS domain €2 C R",

min(|E N Q) [N Q)T < Cdiam(Q)[Q @ Py (E; Q) (1.16)

holds for any X-Caccioppoli set Z C R". It is worth mentioning that the isoperimetric exponent
% in both (1.15) and (1.16) depend on the local homogeneous dimension (). However, according
to Theorem 1.1, we can derive a new type of isoperimetric inequality equipped with isoperimetric
exponent ”T’l depending only on the generalized Métivier index v, rather than being dependent
on the local homogeneous dimension (). For more results related to the isoperimetric inequality,

one can refer to [3, 8, 10, 12, 19, 46] and the references therein.

Theorem 1.3 (Isoperimetric inequality). Assume X = (X1, Xo, ..., X,) satisfy condition (H),
and Q) CC U is a bounded open subset of U. Then, there exists a positive constant C' > 0 such
that for any bounded open set E CC Q with C* boundary OF, we have

v—1

|E|% < CPx(E;Q). (1.17)

The logarithmic Sobolev inequality, originally introduced by Gross [32] in Euclidean space
with the Gaussian measure, is closely related to many important properties of the corresponding
Markov semigroup. According to Theorem 1.1 and [21], we can construct the following logarith-
mic Sobolev inequalities in the context of Hormander vector fields. More results on logarithmic
Sobolev inequalities can be found in [11, 29, 33].

Theorem 1.4 (Logarithmic Sobolev inequalities). Suppose that X = (X1, Xs,..., X,,) and <)
satisfy the assumptions of Theorem 1.1. Then

(1) Foranye > 0and u € MY ((Q) N L>(Q), we have
/Q [ul* Inuldz < el| Xull7>0) + M(e)ullZaq) + ullf20) In [ull 2@, (1.18)

where M(e) = InCy — % Ine, and Cy > 0 is a positive constant defined in (4.21) blow.
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(2) Suppose thatp > 1, k € N* with kp < U, then for any u € WQ%(Q) with ||u|| r) = 1, we
have

C k
— E 1 X ulltr@@y >In | C E 1 X7 ul| o) | > 7/ |ul? In |u|Pdx, (1.19)
e viJa
|J|=k |J|=k
where C' > 0 is the positive constant in Theorem 1.1.

Additionally, we are concerned with the Sobolev inequality in the case of p > Z. To proceed,
we introduce the generalized Holder spaces associated with the subunit metric d. Forany 0 < o <
land u € C(52), we define

ElIN

[ulq == sup ————+
xy, T,y d(w,y)*

Then, the generalized Holder spaces are given by
§4(Q) = {u € C(Q)|[u]a < +o0},

and
SE(Q) = {u € C(Q)| X u € S*(Q), V|J| < k} for ke N.

Note that $%(Q) is a Banach space equipped with the norm

lullstogyi= 32 (sup ut)] + ¥4l

T|<k reQ

In particular, if X = (04,04, .-+, 0z,), SH(Q) reduces to the classical Holder space C*().
In fact, S**(Q) and C**(2) has the following relationship (see [5, Theorem 1.53]):

Co(Q) ¢ 8% (Q) c ¥ (Q). (1.20)
Besides, for every k € N we have
Ch(Q) c SF(Q), and SF*(Q) c CP(Q). (1.21)

Here, sy denotes the Hormander index of U.
An earlier study by Garofallo-Nhieu [28, Theorem 1.10] yields that, for any (¢,d) domain
2 CC U, the Sobolev embedding

W (Q) — S¥7 () (1.22)

holds for p > (). Our next result indicates that, if we consider the Sobolev embedding for the
space W)l(’ﬁ)(Q), the assumption of (¢, §) domain can be removed, and the Sobolev exponent can
be improved to 1 — 7.



Theorem 1.5 (Sobolev inequality for kp > 0). Assume that X = (X1, Xo, ..., X;n) and Q) satisfy
the assumptions of Theorem 1.1. Let k € N* and p > 1 be a positive number such that p > 7.
Then there exists a positive constant C' > 0 such that

Il [z vy S C D IX ullioey Yu € WRG(9), (123)
|J|=k

where
a={[ﬂ+1—a i N

any real number in (0, 1), if% eN,

Remark 1.1. According to Theorem 1.1 and Theorem 1.6, we conclude that for k > 1,

Q
Q

L9(Q), ifl<p<¥andl<q< ;2
W (Q) < L9(9), ifp=fand1<q<oc (1.24)

@), ifp>1andp > 2.

%)

In particular, for k = 1 we have

L1(Q), if1§p<ﬂand1§q§ﬂ%pp;

WHG(Q) <= § LUQ),  ifp=pand 1 < q < oo; (125)
S (Q), ifp>1landp > v.

As a consequence of (1.25), we see that the Sobolev embedding (1.7) indeed holds for any
bounded open set 2 CC U. According to (2.6) and Example 2.1 below, we find that v < @),
and U < @ occurs in some degenerate cases. Therefore, our embedding result (1.25) genuinely
improves upon (1.5), as established by Capogna-Danielli-Garofalo [6, 7].

Meanwhile, we can obtain the following degenerate Rellich-Kondrachov compact embedding
theorem, which generalizes our previous result [16, Proposition 2.7] and may shed light on the
study of degenerate equations and subelliptic variational problems.

Theorem 1.6 (Rellich-Kondrachov compact embedding theorem). Let X = (X, Xs,..., X,,)
satisfy condition (H). Suppose that ) CC U is a bounded open subset of U. Then, for p > 1,
k € NT with kp < v, the embedding

WEh(Q) — L*(Q) (1.26)

vp
v—kp*

is compact for 1 < s <

Finally, we can also present the Moser-Trudinger inequality for W;’B(Q) It is noteworthy that

the corresponding Moser-Trudinger inequality for the Sobolev space W)l(’Q (€2) associated with the
X-PS domain €2 CC U was established in [27]. Additionally, the Moser-Trudinger inequality on
Carnot groups has been explored in [1, 18, 42], among others.
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Theorem 1.7 (Moser-Trudinger inequality). Suppose X = (X1, Xs, ..., X,,) and Q) satisfy the
assumptions of Theorem 1.1. Moreover, assume that for every x € U and r > 0, the subunit ball
B(x,r) admits finite volume, i.e.,

|B(z, )| < 400 Ve e U, r>0. (A)

Then for any

v—1 -zt Cy = 1(2)CCy
V<o< ev s <4Co(01+02)) ( (’7)+1) ’

there exists C > 0 such that for any u € W)l(’a(Q) with || Xu| 17 ) < 1, we have
/ 7T g < 010, (1.27)
Q

Here, Cy > 0 is a positive constant given by (4.33), C,C4,Cy, C3 are the positive constants
appeared in Proposition 2.2-Proposition 2.4, and

(D) = inf 7‘[9 [ Xul’d
wewkn (@), uzo Jq |ul?dz

Remark 1.2. From [28, Remark 2.5], we see that for every compact subset K C U, there exists
Ry > 0 such that the subunit balls B(x,r), with x € K and 0 < r < Ry, are compact. However,
this property does not generally hold for large radius. The assumption (A) serves as a necessary
condition for the upper bound volume estimates of subunit balls with large radius (see Proposition
2.3 and Proposition 2.4 below). We point out that the class of Hormander vector fields under
assumption (A) is quite large.

For instance, considering U = R" and X = (X1, Xs, ..., X,,) satisfying (H) along with the
following homogeneity assumption:

(H.1) There exists a family of non-isotropic dilations {8 }~o of the form
0; : R" — R", 0(z) = (17 21,129, ..., 172y,

where 1 = 01 < 09 < --- < 0, are positive integers, such that X1, X, ..., X,, are d;-
homogeneous of degree 1. That is, forallt > 0, f € C*(R"),and j =1,...,m

X;(fod) =t(X,f) o0

In this case, X are the so-called homogeneous Hormander vector fields, and the assumption (A)
is derived from the global version ball-box theorem in [2, Theorem B].

Moreover, if every vector field X; =Y ;_, by (2)0,, satisfies by, € L>°(U), then according to
[5, Proposition 1.37] we have d(z,y) > C|x — y| for all x,y € U, and consequently,

B(x,r) C Bg (:L‘,L>HU forany x € U, r > 0,

C

where Bg(x,r) = {y € R"||z — y| < r} denotes the classical Euclidean ball in R". Hence,
assumption (A) holds true in this case as well.



The rest of the paper is organized as follows. In Section 2, we present some necessary prelimi-
naries, including the comparison of local homogeneous dimension and generalized Métivier index,
the subunit metric and volume estimates of subunit balls, the degenerate Friedrichs-Poincaré type
inequality, and the chain rules in general Sobolev spaces. In Section 3, we then provide two dif-
ferent types of the representation formulas and construct the weighted weak-L? estimates of the 7'
operators induced by the representation formula. Finally, we prove Theorem 1.1-Theorem 1.7 in
Section 4.

Notations. For the sake of simplicity, different positive constants are usually denoted by C'
sometimes without indices.

2. Preliminaries

We begin with the some basic objects and notations in Carnot-Carathéodory space.

2.1. Basic objects and notations in Carnot-Carathéodory space
Let Lie(X) be the Lie algebra generated by vector fields X7, X,, ..., X, over R. For[ € N*,
we define
Lie' (X) := span{[X,,, ..., [Xi,_ 0, X)) < iy <m,j <1}

The Hormander’s condition (H) gives that Lie(X)(z) = {Z(2)|Z € Lie(X)} = T,(U) for all
x € U. This means, for each point = € U, there exists a minimal integer s(x) < sy such that

Lie*® (X)(z) := {Z(2)|Z € Lie*®(X)} = T, (V).

The integer s(x) is known as the degree of nonholonomy at x.
Forz € Uand 1 < j < s(x), we set V;(x) := Lie/ (X)(z). It follows that

{0} = Vo(x) € Vale) C - C Vi a(2) € Vo (@) = To(U),

Then, we define
s(x)
v(x) =) i ((x) = v (2)) 2.1
j=1
as the pointwise homogeneous dimension at z (see [48]), where v;(z) := dimV}(z) with vy(z) :=
0. Note that (2.1) implies n < n + s(z) — 1 < v(x) < ns(x).

We say a point x € U is regular if, for every 1 < j < s(z), the dimension v;(y) is a constant
as y varies in an open neighbourhood of x. Otherwise, z is said to be singular. Moreover, for
any subset 2 CC U, we say {2 is equiregular if every point of €2 is regular, while 2 is said to be
non-equiregular if it contains some singular points. The equiregular assumption is also known as
the Métivier’s condition in PDEs (see [45]). For the equiregular connected subset (2, the pointwise
homogeneous dimension v(z) is a constant v consistent with the Hausdorff dimension of (2 with
respect to X, and this constant v is also called the Métivier index. Additionally, if the subset
2 C U is non-equiregular, we can introduce the generalized Métivier index by

v :=maxv(z). (2.2)
e
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The generalized Métivier index is also called the non-isotropic dimension (see [13, 14, 54]), which
plays an important role in the geometry and functional settings associated with vector fields X.

Then, we introduce some notations in [50] to present the precise definition of local homoge-
neous dimension. Let J = (j,...,jx) be a multi-index with length |J| = k, where 1 < j; < m
and 1 < k < r. We assign a commutator X ; of length £ such that

Xyi= [lev [ij SR [Xjk—NXj ] .- ]]7
and set
X(k) = {XJ|‘] = (jla cee 7jk)7 1 < ji < m, |‘]| = k}
the collection of all commutators of length k. Let Y7, ..., Y, be an enumeration of the components
of XW ... X0 We say Y; has formal degree d(Y;) = k if Y; is an element of X, If [ =
(11,12, ..., 1) is a n-tuple of integers with 1 < 4, <[, we define

d(I) :=d(Y;) +d(Yy,) + -+ d(Y5,),
and the so-called Nagel-Stein-Wainger polynomial

Az, )= [Ap(@)[r "D, (2.3)
I

where A\;(z) = det(Y;,,Y;
satisfying 1 < 45 < [.

We now recall the local homogeneous dimension introduced by Capogna-Danielli-Garofalo in
[6, 7, 9]. Let 2 CC U be a bounded open set. According to [9, (3.4), p. 1166] and [26, (3.1),
p. 105], the local homogeneous dimension () relative to the bounded set € is precisely defined as

follows:

0y, Yy )(x), and I = (iy,4s,...,14,) ranges in the set of n-tuples

17

Q = max{d(I)|\;(z) # 0and x € Q} = sup < lim M) . (2.4)

Q) r—+00 Inr

To compare the local homogeneous dimension and generalized Métivier index, we employ the
following proposition.

Proposition 2.1 ([14, Proposition 2.2]). For each x € U, the pointwise homogeneous dimension
v(x) can be characterized by

s(zx)
v(z) = Z](V](x) —vj_1(z)) = lim M

r—»o+ Inr

= min{d(I)|A;(z) # 0}. (2.5)

Obviously, by (2.2), (2.4) and (2.5) we get

v = max v(x) = max (min{d(])|\;(x) # 0}) < max (max{d(I)|A\;(x) #0}) =Q. (2.6)

TN z€Q
It is worth mentioning that 7 is strictly less than () in some degenerate cases. For example,
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Example 2.1. Let X = (X, Xy, X3) = (€"20,,,€**20,,,110,,) be the smooth vector fields de-
fined in R?. Assume that Q) = {x € R?||x| < 1} is the unit ball in R*. A direct calculation yields
that

(X1, X5] =0, [X1,X3] =e"0,, — 11"20,,, and [Xs, X3] = €**20,, — 21,€**20,,.
Observing that
det(X1, X3)(z) = 11€™,  det(Xs, X3)(2) = 1,6*72,
det( X1, [X1, Xs])(2) = €**2,  det([X1, X3], [Xo, X3])(z) = 2,62,

we obtain v(z) = 2 if x1 # 0, and v(x) = 3 for x1 = 0. Thus, the generalized Métivier index

v =maxv(z) = 3.
e
However, since det([ X1, X3, [Xo, X3])(x) # 0 for x1 # 0, the local homogeneous dimension
Q = max (max{d(I)[Ar(x) # 0}) = 4,

€N
which clearly indicates that () > U in this degenerate case.

Remark 2.1. If the Hormander vector fields X satisfy Métivier’s condition on §) (i.e. ) is equireg-
ular), then we have () = 1.

2.2. Subunit metric and subunit balls
Then, we introduce the subunit metric associated with the Hormander vector fields X.

Definition 2.1 (Subunit metric, see [48, 50]). For any z,y € U and 6 > 0, let C(z,y, ) be the
collection of absolutely continuous mapping ¢ : [0, 1] — U, such that ¢(0) = z, (1) = y and

m

Pt =Y ai(t)XiI(p(t))
i=1
with Y 0 lag(t)]> < 62 for ae. t € [0,1]. Here, X;1(x) = (bi(2), bia(), ..., bin(x))" denotes
the corresponding vector value function of X; = >, bix(x)0,,. The subunit metric d(x,y) is
defined by
d(z,y) :=1inf{é > 0| Jp € C(z,y,d) with p(0) = z, (1) = y}. 2.7

The subunit metric d, often referred to as the control distance, is ensured to be well-defined by
the Chow-Rashevskii theorem (see [4, Theorem 57]). Given any z € U and r > 0, we denote by

B(z,r) :={y e U|d(z,y) <1}

the subunit ball associated with the subunit metric d(x,y). This notation for the subunit ball will
be consistently employed throughout the paper. To provided precise estimates of the volume of
the subunit ball, we construct the following lower bound of Nagel-Stein-Wainger polynomial.
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Proposition 2.2. For any compact subset K C U and any § > 0, there exists a positive constant
C > 0 such that )
Az, r)>Cr"®) Vre K, 0<r <9, (2.8)

where U(K) := max,cx v(x) denotes the generalized Métivier index of K, and v(x) is the point-
wise homogeneous dimension defined in (2.1).

Proof. For each fixed x € K, according to (2.5), there exists an n-tuple [, such that d(I,) =
v(x) and A7, (z) # 0. The continuity of the function y — |A7,(y)| allows us to select an open
neighborhood U, C U of z such that [Ar,(y)| > 3|\ (z)| > Oforally € U,. Since K is a
compact subset of U, we can find a finite collection of pairs (x;, ;, U;, C;) (1 < i < q) satisfying

* z; € K and U; C U is an open neighborhood of z;;
* KcUL U
* d(l;) = v(x;) and [Af,(y)| > C; > 0 forany y € U,.
Thus, for any x € K,
q q
Alz,r) =A@, r)xuvnx () > Z Az (@) v (2)r* T > Co Y - xuar ()00, (2.9)
i=1 i=1

where Cy = min{C};|1 < i < ¢}, and xg denotes the indicator function of E. Observing that
@) > (ming<i<q 0V 7E) ) for 0 < r < §and 1 < i < ¢, (2.9) derives that

Az, r) > Cr"E) Vee K, 0<r <y,

where C' = CO (minlgigq 51/(%)—17(1()) > 0. U

Proposition 2.2 provides us with the following volume estimates for the subunit ball, which
refine [50, Theorem 1].

Proposition 2.3 (Ball-Box theorem). For any compact set K C U, there exist positive constants
0 < Cy < Csand pg > 0 such that

|B(x,r)| > CiA(z, 1) Ve e K, 0 <r <max{dk, px}, (2.10)

and
|B(z,r)] < Col(x,T) Vee K, 0<r < pg, (2.11)

where |B(x,r)| is the n-dimensional Lebesgue measure of B(x,r), and 0k := sup, e d(z,y)
denotes the diameter of K with respect to the subunit metric d. Furthermore, if the assumption
(A) is satisfied (i.e. |B(x,r)| < oo forall x € U and r > 0), we have

CiA(z,r) < |B(z,7)| < CoA(z, 1) Ve e K, 0 <r < max{dg, px } (2.12)
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Proof. A well-known result by Nagel-Stein-Wainger [50] gives that, for any compact set K C U,
there exist positive constants C' > 0 and px > 0 such that for any x € K and any 0 < r < pg,

C'A(x,r) < |B(x,r)| < CA(z,7). (2.13)

This yields (2.11), and also gives (2.10) and (2.12) provided dx < pk.
Assume that pi < 0 and px < r < dk. Since d(I) < nsy, we deduce from (2.3) and (2.13)
that for any = € K and px < r < g,

d(I)
> > -1 d(l d(I
Ba.n)| 2 |B(e. )] 2 O D @l = € P (&)

d(I)
> O~ ZM |4 <§§) > ! (gi) 3 (@) > CiA (e, ),
I

nso

where C; = C! (g—ﬁ) > 0 is a positive constant. This proves (2.10) as well as the first
inequality in (2.12).
Moreover, if the assumption (A) is satisfied, we can choose a point 2y € K such that

{z eUld(z,K) := ig}f{d(x,y) < dx} C B(xo,30K).
y

Note that B(z,0x) C {z € Uld(z, K) := inf ek d(x,y) < Ik } for all x € K. Thus, Proposition
2.2 implies that for any z € K and px < r < i,

|B(z,7)| < [B(w,0k)| < |B(xo, 30k)| < ColA(w, 7)),
where C5 > 0 is a positive constant. This completes the proof of (2.12). L
By Proposition 2.2 and Proposition 2.3, we can deduce that

Proposition 2.4. For any compact subset K C U, there exist C5 > 1 and px > 0 such that

|B(z,2r)| < Cy|B(x,r)| VzeK, 0<r< "’2K (2.14)
Additionally,
_ . 1Y
C3 By, d(x,y))| < |B(a,d(z,y))| < Cs|B(y, d(z,y))| Va,y € K withd(z,y) < 7K
(2.15)

Here, p is the same positive constant appeared in Proposition 2.3. Furthermore, if the assump-
tion (A) is satisfied (i.e. |B(x,r)| < 400 forall x € U and r > 0), (2.14) holds for all x € K
and 0 < r < 0k = sup, ,cx d(v,y), and the restriction d(z,y) < 2 in (2.15) can be removed.

Next, we give the following estimates concerning the volume of subunit ball.
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Proposition 2.5. Let W CC U be a bounded open subset, 1 = £ + (n —L)ﬂ(W) withn > 1 and
§ > 0. Then, there exists positive constant py; > 0 such that for all x € W and 0 < r < py, we
have

d(z, y)" - 2¢
’ < (C,0)' e ¢ 2.16
/Bu B dia, ™ < (OO Cogeq (2.16)

where D(W) = max, g v(z). Moreover, if nn > u and the assumption (A) is satisfied, there
exists a positive constant C > 0 such that

Cy K :| Cs 2¢ £ —
dy< | (£2) +1 ; WTn Ve eW. @17
/|B:cd:cy>| y—Ka) coyrrE—1" g @17

Here, C, Cy, Cy, C3 are the positive constants appeared in Proposition 2.2-Proposition 2.4.

Proof. Forany z € W,y € B(x,r)and 0 < r < pg, we have d(x, y) < pg Proposition 2.2 and
(2.10) imply that d(z, y)* < (C1C)'="d(x,y)¢|B(x,d(x,y))|"" . Then, using (2.14) we get

d(l‘, y)# 1-n d(ZL‘, y)§
/B@,r) B, dia, g = (0) /BW) B, e, )"

N d(z, y)*
= (C,C)F dy
O™, {eUl ity <dwy)< 5y 1B, d(z,y))]

< @Oy /{ 5oy ) @

y€U|%+l§d(:v Y)<gz} |B( 72k+1) |

(@) "Z )| (L) < icoray (&)

Z, 2k+1 k—0

1 )

= (Cl C)l an

which yields (2.16). Additionally, i@e assumption (A) is satisfied, we can derive from Proposi-
tion 2.4 that (2.16) holds for all z € W and 0 < 7 < max{pyy, d}, where &y = sup,, , oy d(, y)

denotes the diameter of W with respect to the subunit metric d. o
Next, we construct the estimate (2.17) under assumption (A) and nn > p. Forany x € W, we
can choose a suitable radius 9 > 0 such that | B(x, r¢)| = |W|. Then, we have

(WA B(z,ro)| = [W\ (WN B(z,710))| = [W] = [W N B(z, 7o)

2.18
— Bl ro)| — [W 0 Bl ro)| = | Bz, 7o) \ W], @19

We claim that 7o < &y = sup, .y d(z,y). Indeed, if 7o > &y, then for any y € W, we have
d(x,y) < & < 79, which implies that W C B(z, 7o) and |W| < | B(x,r0)|. This contradicts the
fact that | B(x,rg)| = |W/|.
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It np > pu, by (2.3) we see that ¢t — Rl

tH

is a decreasing function on R*. It follows from

Proposition 2.3 and (2.18) that, for any x € W,

d(z,y) - / d(z,y)" o
dy < C[" ——— _dy < C{NWN\ B(z, )| ————
/VV\B(J:,TQ) |B({L‘,d({[’,y))|n Y ! WA\B(z,ro) A(ZL‘ d(ZL‘ y)) Y ‘ \ ( 0>|A(l‘,7"0)n

ro - d(z,y)*
=C{"|B(z,r WigC"/ —dy
BN WIS g = e G dl )
o
< (@) / d(z,y)*
Cl B(z,ro)\W ‘B(Jj‘, d(ﬂf, y))‘n
(2.19)
Therefore, we conclude from Proposition 2.2 and Proposition 2.3, (2.16), and (2.19) that
/ dy = / d(z, y)" y +/ d(z, y)"
‘B z, d .T y )‘ WA\B(z,ro) ‘B(I‘,d(l‘,y))‘n WnB(z,ro) |B(l’,d(l’,y))|n
[ 02)” ] / d(z,y)
<|{=] +1 dy
_(Cl 1 J B(z,r0) |B(l’,d(l’,y))|n
[/ C5\" 1 Cs 2¢ ¢
< - 1
B _(Cl) N ] (CCy)m1 28 — 10
[ Cy K 1 Cg 2¢ 5
<|l=) +1 - W77,
- _(Cl) 1 (CCy)7» 25—1| |
which gives (2.17). L

2.3. Degenerate Friedrichs-Poincaré type inequality

For Hormander vector fields, the Poincaré-Wirtinger type inequality has attracted considerable
attention in the literature since Jerison’s work [38]. Further investigations have been carried out
by Saloff-Coste [52], Garofalo-Nhieu [27], and Hajtasz-Koskela [35], among others. However,
when addressing the Dirichlet problems of degenerate elliptic equations, we require the following
Friedrichs-Poincaré type inequality, which is entirely different from the Poincaré-Wirtinger type
inequality and much less known.

Proposition 2.6 (Degenerate Friedrichs-Poincaré Inequality). Let X = (X, Xo, ..., X,,) be the
smooth vector fields defined on U, satisfying the Hormander’s condition (H). For any open
bounded subset W CC U and positive number p > 1, there exists a positive constant C' > (

such that
/ |u|pdx§0/ | Xu|Pdx,
W W

The statement of (2.20) originated from [53, Lemma 5] assumes the smoothness of the bound-
ary OW and the existence of at least one vector field X; (1 < j < m) that can be globally
straightened in WW. Moreover, for the case when p = 2, (2.20) was also discussed in [41, Lemma
3.2] and [13, Proposition 2.1], provided there exists an additional non-characteristic condition
on the smooth boundary of WW. However, it’s worth noting that for general Hormander vector

16
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fields, the characteristic set in the boundary may not be empty, even for a smooth domain (e.g.,
a unit ball in the Heisenberg group). Therefore, the smoothness and non-characteristic assump-
tions might be too restrictive in many degenerate situations. To eliminate these limitations, we
propose a generalization of (2.20) to the arbitrary open bounded subsets U;, without imposing
any additional assumptions on its boundary. This generalization extends the applicability of the
Friedrichs-Poincaré inequality encompass a wider range of scenarios.

Proof of Proposition 2.6. We prove (2.20) by contradiction. Suppose that
inf HXQOHZP(W) =0.

llell e (wy=1, <P€W;1(’,% w)
Then there is a sequence {;}32, in WXO(W) such that || X ;|| Lrw) — 0 with ||@;||zraw) = 1.
[20, Corollary 3.3] indicates that Wx,o(W) is compactly embedded into LP(W) for p > 1. This
allows us to select a subsequence {¢;, }32, C {¢;}52, C W;%(W) such that p;, — ¢ in LP(WW)
and o € LP(W) with ||| z»w) = 1. Now, forany 1 <1 <m and u € C5°(W), we have

/ woX;udr = lim 4,0] X udr = lim uXypj,dv = 0. (2.21)
w

1—00 1—00 w

Hence, Xy = 0, ¢;, — ¢ in W)l(’%(W), and o € Wk (W). Denote by Ay := — > XX
the formal self-adjoint Hormander operator associated with X = (X3, Xs, ..., X,,). Substituting
u with Xju in (2.21) yields:

(0o, Axu) 2wy = Z/ wo X, Xjudr =0,

which implies Axpo = 0 in D'(W). The hypoellipticity of Ax yields that oy € C>®(W).
Moreover, since X = 0 on W for 1 < j < m and ||¢o|| »(w) = 1, the Hormander’s condition
implies that 9,9 = 0 on W for 1 < j < n. That means ¢, must be a non-zero constant on .

Next, we choose the sequence {uy}7°, C C5°(W) such that u, — ¢g in W)l(’%(W), and we

denote by

| ux, onW, | ®9, onW,

uk'_{(), on U\ W, and S00'_{0, onU\ W.
It follows that {u; }7°, C C§°(U) is a Cauchy sequence in W)l(’f”o(U) with @, — @ in LP(U). As
a result, we have By € Wyh (U), |[ux — Bollwre oy = llur = ol e gy — 0 and

/ X5z — / X po|Pdz = 0.
Let g = -2 for p > 1 and ¢ = oo for p = 1. For any v € Cg°(U), we have
|(®o, Axv) 2 Z (X;%0, X;v) 2 Z ol ey - | X0 ey = 0,

and therefore Ax@y = 0 in D'(U). The hypoelhpt1c1ty of Ay also gives g € C*°(U), which
leads a contradiction since g is not smooth across 0. L
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2.4. Chain rules in generalized Sobolev spaces

Before delving into the chain rules in the generalized Sobolev spaces, we give the following
useful proposition.

Proposition 2.7. Let Q@ CC U be a bounded open subset. For p > 1 and any u € WP (U), if
supp u is a compact subset of ), then u € W;(%(Q)

Proof. Clearly, u € W)l(’p (U) implies u € W)l(’p (€2). Since supp u is a compact subset in (2, there
exists a function f € C§°(2) such that f = 1 on supp u and supp f C 2. Owing to the Meyers-
Serrin’s theorem (see [27, Theorem 1.13]), we can find a sequence {1;}32, C C*°(Q) N WP (Q)
such that 1); — u in WP (Q). Observing that f1; € C3°(Q) and

1705 = iy = I8 = Tl = 1P = ) Wiy + 15 = )l

< CO(I1X (v — U)HIzp(Q) + 1o — UHIzp(Q)) — 0
as i — oo, we conclude that u € W;(%(Q) O

Then, we have

Proposition 2.8 (Chain rules). Let U; be an open subset of U. Suppose that F' € C'(R) with
F' € L®(R). Then for any u € W?(Uy) with p > 1, we have

X;j(F(u))=F(uw)Xu  in D'(Uy)  for j=1,....,m. (2.22)

Moreover,
(1) if F(0) = 0, then F(u) € WP (Uy);
(2) if F(0) = 0 and u € Wk (Uy), then F(u) € Wik (Q).

Proof. The Meyers-Serrin theorem (see [27, Theoerm 1.13]) tells us that for any u € WP (Uy),
there exists {u;,}52, C C*°(Uy) N WP (Uy) such that uy, — u in WyP(Uy). Since for any € R

|F(z)] < [F(x) = FO)| + [F(0)] < ||| e wyl] + [F(0)],
it follows that F'(u), F'(uy) € L} (U;) C D'(U;). Additionally,

loc
[F(w) = F()Pde < [P ey [ = ulPdo =0 2.23)

Uy U1

which implies F'(u;) — F(u) in LP(U;). Recalling that u;, — w in LP(U,), there is a subsequence

{ug, }5°, that converges to u almost everywhere on Uy. Thus, F’(uy,) — F’(u) almost everywhere

on U;. For each 1 < 57 < m, applying the dominated convergence theorem, we obtain

| X5(F(ug,)) — F'(w) XjulPde = | | F (ug,) Xjup, — F' () XjulPde
Uy U1
<(C |F’(uki)Xjuki — F’(uki)Xju|pdx +C |F’(uki)X]~u — F’(u)Xju|pd:E (2.24)
Uy U1
< CIF ey [ Xy, = XyuPdo +C [ P (u) = Pl Poulds -0,
1 1
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which implies that X;(F'(ux,)) = F'(uk,)Xjur, € LP(Uy) converges to F'(u)X;u in LP(Uy).
Therefore, F”(uy,) X ur, — F'(u)X;uin D’(Uy). Observing that for any ¢ € C§°(Uy), we have

/ F'(ug,) Xjug,pde = | X;(F (ug,))pdx = / F(ug,) X5 pdz. (2.25)
U1

Uy Uy

Letting ¢ — oo in (2.25) and using F'(uy,) — F(u) in D'(U;), we obtain

/ F'(u)Xjupdr = / Fu)Xjedr Yo € C°(Ur).
U1 U1

Hence, (2.22) is proved.
If F(0) =0, then F'(u) € LP(Uy). It derives from (2.22) that

I X F ()o@ < ITF'|| oo @l Xl Lo,y < 00

Thus, F(u) € Wy”(U;). Suppose further that u € W)l(’ff)(U 1), then we can choose an approximat-
ing sequence {u }72; C C§°(Uy) such that ||uy —'U/HW)I(,p(Ul) — 0 and F(uy) € C{(Uy). It follows

from (2.23) and (2.24) that || F'(uy,) — F'(u) HW)I(,p(Ul) — 0, which yields F'(u) € W)l(’%(Ul). O
As aresult of Proposition 2.8, we have
Proposition 2.9. Let U, be an open subset of U. For any u € W)l(’p (Uy) and any ¢ € R, we have
Xiu—c)y =Hu—-c)X;u and Xj(u—c)- =—H(c—u)Xu in D'(Uy), (2.26)
where H(x) = X{zcrje>0}(¥) and X g denotes the indicator function of E. Furthermore,

(1) ifc >0, we have (u — ¢)4, (u+ c)_ € WiP(U);
(2) ifc>0andu € W)l(’%(Ul), then (u—c)y,(u+c)_ € W)l(’ﬁ)(Ul).

Proof. Suppose first that ¢ € R. For any € > 0, we define

x—cZ—l-&?Q%—s, xr > C

It follows that . € C'(R), |F,_(z)] < 1and

Fio(x) = { Vi

0, r<ec

Moreover, we have lim. o F..(z) = (v — ¢)¢ and lim. o F, () = X{eo>e}(v) for all z € R.
For any u € Wy?(Uy) and j = 1,...,m, Proposition 2.8 yields that

/ chg(u)X;god:E :/ goF(;e(u)Xjudx Vo € C5°(Uh). 2.27)
Uy U1
19



Letting e — 0" in (2.27), by dominated convergence theorem we obtain

/ (u— )1 Xjpdr = / eXjudz, Vo € C5°(Uh).
U1 {zeU|u(z)>c}
Therefore, X;(u — ¢)+ = H(u — ¢)X,u in D'(U;). Similarly, we can deduce that X;(u —¢)_ =
—H(c— )X u in D'(Uy) by replacing Fi..(z) to G..(v) := F_..(—) in the arguments above.
Thus, (2.26) is achieved.

Assuming that ¢ > 0, by (z — ¢); < || and (2.26) we obtain (v — ¢), € WP (Uy). If we
further suppose that u € W)l(’f”o(U 1), Proposition 2.8 gives that F, .(u) € W)l(’f%(U 1). Note that

[Fee(u) = (u—c)Pde < | |(u—c)yfPde < [ |ufPde
Ui Uy U1

and

| X Fee(u) — Xj(u— )4 |Pde = | () = H(u — )P Xulfde <27 [ | XjulPdr.
Uy Ui

Using the dominated convergence theorem we obtain F, .(u) — (u — ¢)4 in W)l(’ff)(U 1), and there-
fore (u —¢)4 € W)l(’f”o(Ul). The proof for the situation (u + ¢)_ is similar and we omit here. [

3. Representation formulas and weak-L? estimates of 7" operators

In this section, we provide the key tools for constructing Sobolev inequalities on W;%(Q),
including two different types of representation formulas and weighted weak-L? estimates.

3.1. Two types of Representation formulas

Proposition 3.1 (Type I representation formula, see [23, Proposition 2.12] and [44]). Suppose
X = (X4, Xy, ..., X,,) satisfy the condition (H), and W CC U is a bounded open subset. Then,
there exist positive constants C > 0, oy, > 1 and ro > 0 such that for any xo € W and 0 < r < ry,

we have dey)
- C _ BBY X f(y)d 3.1
C Ry - e v L b

holds for all x € B(x,r) and any f € COO( (o, alr)) Here oy is a positive constant indepen-
dent of f and B(xo,7), and f5 = |B(xo,7)| ™" [, f

The original proof of (3.1) in [23, Proposmon 2.12] consists of an elaborate argument relying
directly on the lifting technique introduced by Rothschild-Stein [51], which also improved the pre-
vious results in [43, pp. 384-388]. As is well-known, the type I representation formula (3.1) plays
a crucial role in establishing the Poincaré-Wirtinger type inequality and subelliptic Sobolev em-
bedding in the space W)l(’p (€2) associated with certain special domains (e.g. X-PS domain), as well
as the relative isoperimetric inequality (see [24, 27, 43]). In Section 4 below, this representation
formula will be utilized in proving the Sobolev inequality in the supercritical case kp > v.

We must mention that, to construct the Sobolev inequalities on W;%(Q) in the subcritical case
kp < v and critical case kp = v, a different type of representation formula is required, which is
entirely distinct from (3.1).
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Proposition 3.2 (Type II representation formula). Assume X = (X1, Xo, ..., X,,) satisfy the
condition (H), and W CC U is a bounded open subset. Then, there exists a positive constant
C > 0 such that for any f € C’OO(W) we have

Dl<C [ OO XS, e 62

The type II representation formula (3.2) without the term f in the right-hand side has been pre-
viously presented in [6, Proposition 2.4], [7, p. 210, Remark] and [43, Lemma 5.1]. As indicated
in those references, it was obtained from the identity

= [ XT) Xuty)ty (3.3)
w
and the associated estimate a( )
T,y
| XT(2,y)| < O 2o (3.4)
|B(z,d(z,y))]

mentioned in [50, p. 114, Corollary], where I'(x, ) denotes the global fundamental solution of the
Hormander operator —A x = ZTZl X7X;inR". However, as pointed out by Nagel [49, Theorem
11] and Biagi-Bonfiglioli-Bramanti [2, p. 1882], the kernel function I'(x, y) in (3.3) and (3.4),
derived by locally saturating the lifted variables for the parametrix T associated with the lifting
operators YN X = E X X, should only be expected to be a local parametrix for —A x, but
not a genuine global fundamental solution in R". Therefore, the identity (3.3) is invalid, and in
our opinion, there exist gaps in the proofs provided in the aforementioned references.

To provide a rigorous proof of Proposition 3.2, we invoke the celebrated lifting-approximating
theory by Rothschild-Stein [51, Part II]. In precisely, we have

Proposition 3.3 ([5, Theorem 10.6, Theorem 10.7, Proposition 10.39, Corollary 10.37]). For any
xo € U, suppose that the vector fields X = (X1, X, ..., X,,) satisfying Hérmander’s condition
of step s(xo) at xo. Then we have:

(1) There exists an integer | and vector fields 5\{1, )A(;, e 5(; defined in an open neighborhood
Wo of (x0,0) € R™, of the form
!
Xj = Xj + Z bji(l‘, tl,tg, e ,ti_l)ﬁti,

i=1

where b;; are polynomials such that the vector fields 5\{1, )A(;, cee 5(; are free up to step s(xg)
and satisfying Hormander’s condition of step s(xq) in Wj.

(2) There exists a structure of stratified homogeneous group G in RN = R"*!, with canonical
generators Y1,Ys, ..., Y, and for any n in a neighborhood of (x¢,0), there exists a smooth
diffeomorphism § — ©,(§) from a neighborhood of 1 onto a neighborhood of the origin in G,
smoothly depending on n, such that for any smooth function f : G — R,

X;(f(©,00)) = (Vif + Ry /)(©4(),  j=1,...,m

Here, the remainder R, ;, depends smoothly on n, is a smooth vector field with local degree
<0.
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(3) The function ©(n,£) = ©,(€) satisfies O(n,£)~r = —O(&,n). Moreover, the change of
coordinates from RN to G is given by & — u = ©(n), &), which admits a Jacobian determinant
such that d¢§ = c¢(n)(1+ O(||u||g))du. Here, c(n) is a smooth function, bounded and bounded

away from zero, and || - || is a homogeneous norm on G.
(4) Let d be the subunit metric induced by the vector fields X, X5, ..., X,, on Wy. For any
homogeneous norm || - ||g on G, the function p(&,n) = ||©(§,n)l|c is a quasidistance, locally

equivalent to the subunit metric d.
(5) Forany points £ = (x,s) and n = (y,t) in Wy, we have

d(&,n) = d((z,s), (y,1)) > d(z,y). (3.5)

(6) Let Qg be the homogeneous dimension of G, then for any compact subset K C W, there exist
C > 1and oy > 0 such that

O~ 1@ < |B(§,r)| < CrQo (3.6)

holds for € € K and 0 < r < &,. Here, B(¢,r) = {n € Wy|d(£,n) < r} denotes the subunit
ball induced by the subunit metric d.

(7) Forany £ = (x,5) € R", we denote by m,(§) := m.(x,s) = x the projection from R"*! to
R”. Then, m (B(&, 1)) = B(x, 7).

(8) For any compact set K C W, there exist positive constants C' > 0 and 6y > 0 such that

|B((x,0), )|

{t €R(y.2) € B((,0),}| < C= 5=

(3.7

holds for any (z,0) € K, y € m(Wy) and 0 < r < §y. Here,
measure of the set E in R for the suitable dimension k.

E| denotes the Lebesgue

Thanks to Proposition 3.3 and the estimates of type A\ operators, we obtain

Lemma 3.1. Forany zg € U, let X = (X3, Xo, ..., X,n) be vector fields satisfying Hormander’s
condition of step s(xg) at xo, and let Wy be an open neighborhood of (xy,0) € R"*! as given by
Proposition 3.3. Then, for any bounded open subset W, CC Wy and any function a € C§°(Wy),
there exists a positive constant C > 0 such that for any u € C§° (W), we have

(€ < € [ (R0l + b 7

where X = ()A(/l, )z, ..., X,n) denotes the lifting vector fields of X = (X1, Xs,..., X,,), Qo is
the homogeneous dimension of G, and d is the subunit metric induced by X in W,

Proof. Using [51, (15.5), p. 298] (also see [5, Theorem 11.19, Theorem 11.25]), we deduce that
for any a € C§° (W), there exists linear operators 7g, 11, . . ., T,,, of type 1 such that

au=Y TiXu+Tou  YueCE(W). (3.9)
j=1
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Here, the operators Tj, T}, . . ., T,, are defined in terms of some type 1 kernels Ky, K1, ..., K,, as
follows:

(T3 1)(€) = . K;(&n)f(n)dn — Vfe (W), 0<j<m. (3.10)

For precise definitions of operators and kernels of type A, one can refer to [5, Defintion 11.11,
Defintion 11.7] and [51, (13.3), (13,4), pp. 288-289]. By means of [51, (13.4), p. 289] and [5,
Theorem 11.10], we obtain the following growth estimate for kernels of type 1:

|K;(&.m)] < Cp(& ), (3.11)

where p(&,1) = ||©(&,n)||¢ is the quasidistance and (), is the homogeneous dimension of G
given by Proposition 3.3 (see [51, (13.3), (13.6)]). Then, it follows from Proposition 3.3 (3) that
dn = ¢(&)(1 4+ O(JJul|g))du, where ¢(§) is a smooth function, bounded and bounded away from
zero. Therefore, for any small ¢ > 0 and any fixed £ € Wy, (3.11) derives that

[ ez [ < o
p(€m)<e llullg<e

which confirms the well-definedness of 7, 71, . . ., T;,. Since p is equivalent to the subunit metric
din Wy, (3.9)-(3.11) imply that

la(€)u(€ |<c/ (Zm )+ [u(n >|>J<f,n>1-Q°dn Ve € W,

O
Owing to Proposition 3.3 and Lemma 3.1, we can derive the local version of Proposition 3.2.

Lemma 3.2. Let X = (X1, Xo, ..., X,,) satisfy condition (H). For any fixed point xo € U, there
exists a open neighborhood U (xy) of xo such that for any v € C§°(U(zy)), we have

__dwy) u u x x
el <0 [t (X iy, Ve e Ul G2

Proof. According to Proposition 3.3, for any fixed point zy € U, there exist lifting vector fields
X1, Xs,..., X, defined in an open neighborhood W, of (19,0) € R"* for some [ € N. Let d
be the subumt metric induced by X1, X, ..., X, in Wy, and denote by B((z0,0),7) = {(y,t) €
Wold((x0,0), (y,t)) < r} the subunit ball in W, associated with d. We first choose a bounded
open neighborhood W3 of (z¢, 0) such that (z¢,0) € W3 CC W, and 7r; (W3) is a compact subset
of U, where m(£) = m(z,8) = x denotes the projection from R"*! to R™. From properties
(6) and (8) in Proposition 3.3, there exists a positive constant d, associated with the compact set
W5 such that (3.6) and (3.7) hold for K = W;. Besides, by Proposition 2.3, there exist positive
constants C' > 1 and p,., p;) > 0 such that

C'A(x,r) < |B(x,r)| < CA(z,7) Vo € m(Ws), 0 <r < P (W) (3.13)
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Then, we choose some positive constants 0 < d < d; < min{3do, 3p,., (s and T' > 0 such that
W2 = B(.’Eo,(SQ) X (—T, T)l CcC W1 = B((.To,(]),(sl) C B((SL’Q,O), 351) C W3 CcC W(]. (314)

Let U(z) := B(x, d2) be the open neighborhood of zy. We next show that (3.12) holds on U (zy).

Set the cut-off functions a € C$°(W;) with a(¢) = 1 on Wy, and b € C5°((=T,T)") with
b(s) = Lon (=37, 3T)". Forany u € C5°(U(xo)), by (3.14) we have u(z)b(s) € C5°(Wh).
Additionally, W, € B((x,0),26,) for all ¢ = (z,0) € W,. Note that j(vju = X,u. Owing to
Lemma 3.1, for any x € U(x() such that £ = (z,0) € W5, we obtain

|u(@)| = |a(z, 0)u(z)b(0 \<C/ (Z | (ub) ()] + | (ub) (1 )I) d(&,m)'%dy

dt
=C Xu u _ d
/7r1(W1) (I Xu(y)| + |u(y)]) </{teRl|(y,t)EW1} d((x,0), (y’t))Qol) Yy

dt
<[ xul+ o ( [ ~ )i
1 (Wh) {teR!|(y,H)eB((2,0),261)} d((7,0), (y,1))Q01
dt
—o [ (Xul)l+ ) ( / i )dy,
B(0,01) {teR!|(y,H)e B((2,0),261)} d((x,0), (y,1))Q0~1

(3.15)
where () is the homogeneous dimension of G.
Let us examine the integral
dt
I(z,y) = / = (3.16)
{teR!|(y)eB((@0).200} d((2,0), (y, 1))

for fixed (z,0) € Wy and y € B(zg,01) C w1 (Wp). It follows from (3.14) that B((x,0),26;) C
B((x0,0),38,) CC Wy. Thus, Proposition 3.3 (5) indicates that for any ¢ € R’ satisfying (y,t) €
B((z,0),26,), we have

d(z,y) < d((z,0), (y,1)) < 20;. (3.17)

According to (3.17), the estimates of (3.16) can be divided into the following two cases:
Case 1: §; < d(z,y). Using (3.6), (3.7) and (3.17), we have

Ie.y) / dt
T,y) = -
{teR!|(y,)eB((2,0),261)} d((x,0), (y, 1))@~

< ot € By, ) € B((,0),20,))

d(z,y)
C_ |B((x,0),26))] (3.18)
= d(z,y)@-1  |B(z,24)]
C . (251)620 d(l‘,y)
= d(x,y)1 |B(x,26)] = |B(x, d(z,y))|’

where C' > 0 is a positive constant independent of x and y.
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Case 2: §; > d(z,y). In this case, we can choose an integer ky, > 1 (depends on z, y and d;), such
that 2%d(z,y) < 26; < 2%*1d(x,y). Then we have

ko—1

dt
=0 /{teRz|@,t)eg((x,o),2k+1d<x,y)>\g(<x,o),de@,y»} d((z,0), (y,t))0~1

dt
T - ~ 7 1
{teR!|(y,H)€ B((2,0),260)\ B((x,0),2*0d(z,y))} d((7,0), (y, 1))~

= L(x,y) + Ly(z,y).

(3.19)
By (3.6), (3.7) and (3.13), we obtain
ko—1
dt
Li(x,y) = / ) ) = o
o R (y.) e B((,0),26 L d(2.y)\B((2.0), 2% ()} d((2,0), (y,1))%0
k ~
ifWGWy,GBwONHMLWH
(2kd(z,y))@o!
kO 1 k+1
|B((x,0), 2" d(x,y))|
<C 3.20
2 @i, )@ 1B, 2 (e ) 320
ko—1 Q(H-k ko—1 Q0+k
<c Z d(z,y) <c Z d(x,y)
| B(x, 2k+1d(z, y)) Z[ [Ar(2)|(2FHd(x, y))dd)
ko 1 _
2Q0+kd C2@0=nq
S C Z (k+1)n <x y) d(I) S 1-n <x’y> )
2 dorlAr(@)](d(z,y)) (1 =2"")|B(z,d(z,y))|

where C' > 0 is a positive constant independent of x,y and kq. Similarly, using 2*d(z,y) <
26, < 2Rt (z, 1), we deduce from (3.6), (3.7) and (3.13) that

dt
IZ(% y) = ~ N 7 Qo—1
{teR (y,0)€ B((2,0),261)\ B((x,0),2*0d(z,y))} d((,0), (y, 1))@

{t € R'|(y,#) € B((x,0),26)}] _ L |B((x,0), 20,)]
- (2bod(z, y)) %! = (2Mod(w,y))@t [ B(x,261)]
. c (26)%  _ C (201 d(, 1))@
(2Fod(w, y)) @ | B, 200d(w, y))| — (2Fod(w, ) 32, [Ma(w)|(2rod(w, )"
< c (20 d(z,y)®  _ C2%d(z,y)
 (2red(w, )%t 2o 33, (A (@) |d(w, y) O T | Bz, d(w, y)|

(3.21)
where C' > 0 is a positive constant independent of x, y and k.
Hence, we conclude from (3.15)-(3.21) that

@) )]+ L v e Uz
I £C [ (X uw) )y Ve € Ulro)
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where U(zg) = B(xg,d2) C B(zo, 1), and C' > 0 is a positive constant independent of . O
Now, we can complete the proof of Proposition 3.2.

Proof of Proposition 3.2. Sincez is a compact subset of U, Lemma 3.2 allows us to choose a
finite open cover {U(z;)}"_, of W and corresponding positive constants {C(;)})°_; such that for
any u € C3°(U(x;)),

; __d@y) u u x x;
uo)| < Cle) [ Bl (Xu)l by, Yo eUG). G2

By partition of unity, there exists a collection of cut-off functions {1 ' suchthatv; € C°(U(x)),
0<1; <1,and E?’Zl Yi(x) = 1forall z € W. As aresult of (3.22), for any f € C5° (W),

1< Y@@ €30 [ FaC (K@l + iy

z,d(z,y))]
< [ D (Xf@) 4y e T,
where C' > 0 is a positive independent of . L

Remark 3.1. In general, the f term on the right-hand side of (3.2) cannot be eliminated due to
the locality of Lemma 3.2 and the partition of unity arguments.

3.2. Weighted weak-LP estimates of T' operators

Let W CC U be a bounded open subset, and A(z, ) denotes the Nagel-Stein-Wainger poly-
nomial mentioned in (2.3) above. Next, we are devoted to the weighted weak-L? estimates of the
following linear operators:

_ [ _dzy)
Tf(x) -—/WA(:C’d(x’y))f(y)dy- (3.23)

For this purpose, we employ an abstract lemma from harmonic analysis. Consider a measure
space (X, A, 1), where X is a set, A is a o-algebra on X, and p is a positive measure defined on
(X, .A). Then, we have

Lemma 3.3. Let K(x,y) be a measurable function on X x X such that for some v > 1, K(-,y)
is weak-L" uniformly in y and

sup ||K('ay)||L”{U(X,du) < 00.
yekX

Then the operator

szAﬁ%wﬁ@MMw
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is bounded from L'(X,du) to L7, (X, du). Moreover,

227
1T Fll . am) < W’\f“ﬂ ) SUD K )l g v ap-
Here, L (X, dpu) is the weak-L" space on X with respect to the measure p, and || f||Lr (x.dp)
denotes the weak-L" norm in L] (X, dpu).

Lemma 3.3 is a refinement of [22, Lemma 15.3]. We present the proof as follows:

Proof of Lemma 3.3. Without loss of generality, we can suppose that || f||,1(x 4,) = 1. For any
s> 0,welet K(z,y) = Ki(z,y) + Ka(x,y), where

’

o K(y), Ky > 5 [0 K (z,y)
Kl("”“y"{o, Y Ky <5, KQ“’”‘{K@:,y), (o)

We then define Ti f = [, K1(-,y) f(y)du(y), Tof == [, Ka(-,y) f(y)du(y), and adopt the nota-
tion

| >
| < 2.

l\.’)ltn[\’)ltn

Bri(s) == p({z € X||Tf(x)| > s}) Vs>0.
It follows that 877(2s) < S, #(s) + B, f(s). Since

Tof ()] < /X K, )1/ ()] ds(y) <

[\D|CIJ

we have {z € X||T5f(z)| > s} = @ and fr,¢(s) = 0 for any s > 0.
Next, for any fixed y € X', we have

+o0 400 HK(

) y) HT’ r
R ldn) = [ s < | T
x 2

1 s\1-7 ,
=—(3) IKCDl -

T3 flcan = | Tf@lduta) < [ 150 (/ |K1<x,y>|du<a:>)du<y>
S[Eg/uﬁxmdn ]/|f du(y

O sup 1K, )l o

N|&
@

Hence,

<
_7’—1

As a result, we have for any s > 0,

T3Sl 22 e am) 1 -
25) < < < "
BTf( 5) >~ 6T1f(5) = s = (T _ 1)2177“9

27

SUPIIK(-,y)IILgmdm) ;

yekX



which yields that

91

1 277
1T fll ey (2,0 = sup ((25)[ﬁTf(25)]r) < e sup || K (-, )| 2z, (2, ap) -
5>

r—1)r yex

According to Lemma 3.3, we have

Proposition 3.4. Let X = (X1, Xo, ..., X,,) satisfy condition (H). Suppose that W CC U is a
bounded open subset. Then, for every n-tuple I = (iy,is,...,1,) with 1 < i; < [, the linear
operator

1= [, W gy O

d(I)

is bounded from L'(W) to Ly~ (W, || T dzx), that is,

d(I)

/ I\ (z)| T dz < Ot e 1HfHZ&’()W1 Vfe L'(W), t >0, (3.24)
(€W ||Tf ()| >t}

where C' > 0 is a positive constant.

Proof. Letr = (d()l )\ > land K(z,y) := % be a measurable function on W x W. We

first show that there exists a positive constant C' > 0 such that forall y € W and ¢ > 0,

/ IA(z)| 7D dx < Ct, (3.25)
At (y)

where A,(y) := {J; € W’K(az, y) > t}. Clearly, (3.25) is equivalent to

sup || K (-, )| r,(widpy) < 00 (3.26)
yeW

with duy = |Af(z )|d<15*1d3:. o
Applying Proposition 2.3 and Proposition 2.4 for the compact subset IV, there exist py; > 0
and C* > 1 such that for any z,y € W with d(z,y) < pTW, we have

1 %
If & := sup, ey d(x,y) < 5F, the restriction d(x,y) < 5 can be removed, and (3.27) holds
for all z,y € W. Now, let us consider the case where Oy > pTW and pTW < d(z,y) < dy. Due to
Proposition 2.2, we have

Al d(, y)) < max Az, ) < Cmin A (y, 2 ) < CA(, d(x, y).
zEW zeW 2
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This implies (3.27) holds for all z,y € W.
It follows (3.27) from that for any y € W and ¢ > 0,

Aiy) = {:1: € W‘K(:L’,y) > t} C {:1: € W‘

y) t
> — 5= By(y). 3.28
e S UL
Then, we have .
Casel: 0 <t < % By Proposition 2.3, we obtain for any y € W
Y
: Cr o N\
tr/ |Ar(z)| "D dz < (7) |[W| - max|)\1( )\
Ae(y) A(y7 pTW)
(3.29)
C(C*)"W)—1 |[W| 1
< — -max [A\f(z)|TD-1
r(o(W)-1) wEW
Pw
which yields (3. 25)
C* W
Case 2: t >

o . Forany y € W, since g(s) :=

S
A(
with limg_, 4 oo g(s ) = 0, there exists a unique 0 < s; <

v s) is a strict decreasing function on R

pTW such that

t P

= —>
A<y7 St)
and

(3.30)
o= (e w] sl o

- e Wld CcB
[L‘ y)) C*} {l’ | (l’ y) < St} (y7 St)
According to (2.11) and (3.30)

[\

(3.31)
|B(y7 5t)| < CQA(ya St)

St

CyC*

=2 (3.32)
t

where Cy > 0 is the positive constant in (2.11). Furthermore, for any = € B(y, s;), we have

B(z, s;) C B(y, 2s;). Therefore, Proposition 2.3, Proposition 2.4, (3.28) and (3.31) imply that

A (2)] < 5" DA (2, 5) < Cp s,

< Cy'Cas, " |Bly. s1)]

holds forany y € W,z € A;(y) and ¢t >

St

1B(z,5,)| < Oy ts; ™| B(y, 2s1)]

(3.33)
*”E
7( vy where Cjand ('3 are the positive constants in
Y
(2.10) and (2.14), respectively. Using (3.28), (3.32), (3.33) and Proposition 2.4, we conclude that
forany y € W,
At(y)

S¢

_ (CriCy) T (Cye)

C*pTW
V> -2
tr Ay, &)
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which also yields (3.25).
1
Now, employing Lemma 3.3 for du; = |A;(z)|®=Tdz and X = W, it follows that

1T fll g wodper) < ClF o2 widry < CmaXP\I@H#”/ |f (@) |dax
zeW w
for all f € L'(W), which proves (3.24). O

4. Proofs of main results

4.1. Proof of Theorem 1.1
By means of Proposition 3.2, Proposition 3.4 and Lemma 3.3, we have
Lemma 4.1. Let X = (X1, Xs, ..., X,,) satisfy assumption (H). Suppose that Q CC U is a

bounded open subset. Then, there exists a positive constant C' > 0 such that for every n-tuple
I = (il,ig, .. ,Zn) with 1 < ij A

d(I)

/ A ()| T de < O 1|!XuHZ&”Q; Vue Weh(Q), t>0.  (4.1)
{zeQ||u(z)|>t} ’

Proof. For any u € C5°(92), we have (| Xu| + |u|) € L*(€). Let

75w~ | %f(y)dy-

By Proposition 3.2 and (2.10) we have

/ B(z, d @ y |<\Xu<y>| + lu@))dy < CT(|Xu| + |u|)(z)  VzeQ. 42)
This means
{z € Qllu(z)| > t}  {z € QT(|Xu| + |ul)(z)| > C71} vt >0. 4.3)

Since the number of n-tuples I = (i1, s, ..., 1,) with 1 < i; < [is finite, by Proposition 3.4 and
(4.2) we can find a positive constant C' > 0 such that for all n-tuple I,

/ ()| T d < / ()| T de
{zeQ||u(z)|>t} {9669\\T(\XU\+|U\)(96)|>C’1¢} (4.4)
d(I)
< oy [ Xull i Yue C5(9Q).

It remains to extend (4.4) to all u € W)lglo(Q) Clearly, for each n-tuple I and any measurable
subset £ of €2, we have

wi(E) = / A (@) T de < max A (2) |71 B,
E e
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For any u € W}g}O(Q), there exists a sequence {u 72, C C§°(2) such that up — u in W)lflo(Q)
Then, we can select a subsequence {uy,; }52, C {uy}72, such that for any € > 0,

lim [{z € Q|lug, (z) — u(x)| > <}| = 0. 4.5)
j—0o0
Now, for any ¢t > 0, by (4.5) we have

/ (@)@t de = pur ({o € Qlu(z)| > 1})
{zeQ|u(z)|>t}

< <{x & Olule) — e ()] > %}) b ({x & O hus, ()] > %}) (4.6)

t _dl)
< m@<|)\1(x)|d(‘1§—‘1 {:p € Q’|u(x) — uy,; ()] > 5}’ +Ct i | X up, Hd(n 1.

e

Letting ;7 — oo in (4.6) and using (4.4), the conclusion follows. L]
Thanks to Lemma 4.1, we can obtain that

Lemma 4.2. Let X = (X1, Xs, ..., X,,) satisfy assumption (H). Suppose that Q@ CC U is a
bounded open subset. Then, there exists a positive constant C' > 0 such that for any n-tuple I,

d)
/|u d(I) 1|)\1( )\d(f) Tdr < CHXqu“) ! Vu € C5° (). 4.7

Proof. Let ¢(t) = max{0, min{¢,1}} = ¢, — (¢t — 1), > 0 be the auxiliary function on R. For
any u € C3°(Q) and i € Z, we define

0, if Ju(z)| <2071
ui(z) = (21 u(x)| — 1) =< 27 ()] — 1, if 2171 < Ju(x)] < 2% (4.8)
1, if |u(z)| > 2%

From Proposition 2.9, we see that u; € W)lglo(Q) Besides,

% 27 sgn(u) Xu  if 2071 < Ju(z)| < 27,
Ui = .
0 otherwise.

Applying Lemma 4.1 to u; and using (2.26) we have

_d(I)

/ o) =t < Ot 0 IHXUz"Z(ll()QI
{er‘uz(l')>t}

d(I)

(1-1) d(I) d(I)—1

<Ct am=1 (- am | Xu|dx :
{z€Q)2i 1 <u(2)|<27}

4.9)
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According to (4.8) and (4.9), we deduce that

a(n) 1 - a(n) 1
[ @@ ) a = 3 ) 5 ()
& i=—o0 Y {z€QI2° <Ju(z)[<2°F1}
Z o(+1) g1y 1/ |)\I(x)|7d<1§_1dx
i——o0 {zeQ|2i<|u(z)|<2tH1}
Z GRIFat / |)\I(x)|—du§_1dx
=00 {zeQ|u;(x)
Z 2 (i4+1) d(I) 1 / ‘)\I<x)|d(1%—1 dxr
i=—o00 {z€Qu;(z)
> d(I) d(I) d(I) d(dl()lll _da)
< Y 2t anrgan ot -ain= < / \Xuldx) <C|x uHZ‘l?Ql
i=—o0 {zeQ2i~ ! <Ju(z)|<2}
for any u € C§°(£2), where C' > 0 is a positive constant independent of /. L
We now present the proof of Theorem 1.1.
Proof of Theorem 1.1. We first establish (1.9) for £ = 1, which asserts for 1 < p < 7,
HuHL%(m < O Xullprg)y  Yu € WH(Q). (4.10)

Since € is a compact subset of U, by Proposition 2.1 and condition (H) we can choose a finite
collection {(x;, I;, A\;;, U;)|i = 1,...,1;1} such that

* Zy,...,x; are some points in Q:
« U, is a bounded open neighborhood of z;, and Q C Ul;:1 Us;
 Foreach 1 <i <1, I; is a n-tuple satisfying d(I;) = v(x;) < v;

« C71 <|A,(y)] < Cholds forall 1 <i <l andy € U;, where C' > 1 is a positive constant
independent of ;.

Therefore, using Holder’s inequality and Lemma 4.2, we have for any u € C§°(12),

1 d(I;)—1

I N ﬂl_/ I a(5;) W
< CZ (/UOQ |u(;1;)‘51d;1;> < C’Z (/Um |u(z) |70 =T d:L’)
, . — 1

i=1 1=

v—1

([ oar) *

d(I;)—1

1 a1;)
<oy (f o o)
d(I;)—1
h d(1;) 1 a(I;)
<C) ( / \u<x>|d~i>-1\Aa<x>|—d<m—ldx) < O Xull o
i=1 Q

(4.11)
32



Observing that for any u € W}g}O(Q), there exists a sequence {u}>; C C5°(2) such that uy, — u
in W)lglo(Q) From (4.11) we have

”UkH < Ol Xurl 21 Vk>1, 4.12)

(Q

and {u}72, forms a Cauchy sequence in Lﬁ(Q) Assume that up, — @ € Lﬁ(Q) Note that
L71(Q) C LY(Q) and W)l(lo(Q) C L'(Q), we obtain that & = u a.e. on €. Thus, taking &k — oo
in (4.12), we get

<Ol Xulle — Yu € Wy(Q), (4.13)

Jul g <
which gives the case p = 1 of (4.10).
We next address (4.10) for the case 1 < p < . Forany u € C§°(2) and r > 1, |u|" €
Ci(Q) C W;(IO(Q) Setting r = p(;—:;) > 1, (4.13) and Holder’s inequality yield that for any
u € Cg°(Q),

V(p 1)

o <C [ IXluld < [ jap = Xulds < Clal 5 2, | Xule,

ull” 2o
L7=

which implies that Hu” = o < C|| Xu||rr(o) holds for any u € Cg°(€2) and 1 < p < D. Using

the similar appr0x1mat10n arguments as above, we obtain (4.10) for 1 < p < 1.
Ifk > 2 kp < uand; = . — 5, we denote by ¢; = Iﬁ;p for j = 1,...,k. Note that
1<p<g <vforj=1,....,k—1 and qr = q. According to (4.10), we have

D X o Z D XX W)@ > C Y I1X ullza

|T|=k j=1|J|=k-1 | J|=k—1
>C Y X ullge@) > - = Clluflpa) = Cllullzao)
| T|=k—2
holds for any u € C§°(£2), which implies (1.9).

We next prove (1.10), in which the case kp = vand 1 < ¢ < oo. If kK =1,thenp = v > 2
For any ¢ € [1, +00), there exists a positive number r such that 1 < r < 7 = pand ¢ < r* := 2.
Then, (1.9) derives that for any u € C§°(€2), we have

lull ooy < Cllullp o) < CliXullr@) < ClXull@ < C ) 1 X ullra) (4.14)

laf=1

Assume that £ > 2 and kp = 7 > 2. For any ¢ € [1, +00), there exists a positive number r such
that1 <r < vand ¢ <r* := 2. Note that £ = % — &=L and p(k — 1) < ©. It follows from (1.9)
that for any u € C§°(€2), we have

lull ooy < Cllull @) < ClliXullir@) < CliXull ooy < C Y D IXP Xull e

|Bl=k—1 7=1 (4.15)
<O IX Ul
|a|=k
Consequently, (1.10) follows from (4.14) and (4.15). L]
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4.2. Proof of Theorem 1.2

Proof of Theorem 1.2. For the positive parameters p, k, «, 3, s1, s9 satisfying (1.11), we have

b _bma e e P
pU
5k S1 bSQ bSQ S9 bSQ bSQ

=1.
Denoting by w = T

= ”’“ and r = =4, it follows that - +
b82 bso
we have for all f € W@%(Q)

T

= ;- By (1.9) and Holder’s inequality,
n L (),
bsg = =1 bsz
1150 < (NI o 1715 o)
_p asq b82
bs bs as
= {120 Hf ciey) = IIP Hf L1 (0
Lufpk Lv—p k
p
< | O IX ey | 11550 < C D IX fll@ I FIE @
|J|=k | J|=k
where C' > 0 is a positive constant

4.3. Proof of Theorem 1.3

Proof of Theorem 1.3. For any bounded open set £ CC ) with C! boundary OF, we let

r(z) := inf |z — y| Vo e Q,
yeE
and set 0 := dist(E, 0f2) =

inf,ep yean | —y|. Then, forany 0 < § < ‘50 , we define the function

us(z) := (1 — $)+ Vo € .

Clearly, us is a Lipschitz function with compact support supp u; C €2, and us = 1 on E. Thus
[36, Theorem 4.1] indicates that u; € W1>°(Q) c W' (Q). According to Proposition 2.7, we
further have us € W;lo(Q) Then, for any 0 < A\ < 1, using (1.9) we have
v—1 1

El5

5] < <l

< Hz € Qlus(z)

8. (4.16)
_||XU6||L1(Q % |X7“|dx.
Letting A\ — 17 i

{zeQ|0<r(z)<d}
in (4.16) and employing the co-area formula, we get

p—1
|E|7

5
< _/ / X7 ||V~ dH,,_ydt
0 J{zeQ|r(z)=t}

L ) . 4.17)
:_// <Z<XI V"’>> dH, _dt,
0 Jo Jweoi@=n = V7|
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where 7(z) := infycgp | — y|, (-,-) denotes the inner product in R", and H,,_; is the (n — 1)-
dimensional Hausdorff measure. Letting 6 — 07 in (4.17), we deduce from [47, Theorem 5.1.3]
and (1.14) that

m 2
|E|F < C/ (Z (Xjf,n>2> dH,_, = CVarx(xp;Q) = CPx(E;Q), (4.18)
o8 \ 5=
where n = (11,72, . . ., 1J,) denotes the outward unit normal to the OF. O

4.4. Proof of Theorem 1.4
Proof of Theorem 1.4. Consider the bilinear form

Qu,v) := / Xu- Xvdz, Vu,ve Hxq(Q). (4.19)
0

Clearly, 1 ((£2) is a dense subspace in L*(€2), and Q(-, -) is a bilinear, symmetric, non-negative
definite, closed functional on H} ((Q) x H (€2). For any u € M ,(€2), we denote by @ :=
max{min{u, 1},0}. It follows from Proposition 2.9 that & € H ,(£) and

Q(u,u) = / | X 0|2 dx :/ | Xul2dr < / | Xul*dz = Q(u,u).
0 {w€0|0<u(z)<1} 0

Thus, (Q, Hk ((€?)) is a Dirichlet form. According to [25, Theorem 1.3.1, Corollary 1.3.1] and
Proposition 2.6, we know that (Q, Hx ((€2)) admits a unique generator L, which is a positive
defined self-adjoint operator in L*(£2) with dom(Lg) C HY ,(€2) such that

Q(u,v) = (Lau, v) 20 (4.20)

for all u € dom(Lq) and v € H (). The operator Lq, is the unique self-adjoint extension of
—Ax|p) with the domain

dom(Lq) = {u € H ((Q)|3c > 0 such that [Q(u, v)| < c||v]|r2q) Vv € Hi ()}
={u € H§(7O(Q)\AXU c L*(0)},
where Ax = — > XX, is the Hormander operator generated by X = (X3, Xo, ..., X,,).

The spectral theorem (see [30, Appendix A.5.4]) allows us to define the corresponding heat
semigroup { P} >0 of Lg such that

—+00
P = e tra = / e M dE),
0

where E\ denotes the spectral resolution of Lg in L*(€2). It follows from [31, Section 2, p. 509]
that { P}, is a symmetric Markov semigroup. Moreover, by utilizing [21, Theorem 2.4.2] and
the Sobolev inequality (1.9) with p = 2 and k = 1, we obtain that

IP2f] ey < Cot 5| fll2 V>0, f e L3(9), 4.21)
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which yields the ultracontractivity of { PS*},~q. Here, Cy > 0 is a positive constant. According to
[21, Theorem 2.2.3] and (4.21), we obtain for any ¢ > 0 and u € H (€2) N L>(1)

[ WP muld < el Xulfg + MElulia + lulfso blulow, @22

where M (e) = InCy — % In e with Cj in (4.21).
Assuming that p > 1, k € NT with kp < 1, we set

{ ﬁgk, if kp < 7;
q:

vp, ifkp=r;

for some v > 1. For any u € WQ%(Q) with [|u|[zr) = 1, using Theorem 1.1 and Jensen’s
inequality, we obtain

1 1 1
In|C X ull 1o > In |ul|za :—ln</quupdx)2<———)/uplnupdx
> 11X ull ooy [ullzage) . Q\ 7P P Q\ P In |ul

| J|=k
EJo luPIn julPdz, if kp < 1;
k (1 — %) Jo lulP In |ulPdx, if kp = D.
(4.23)
Taking v — oo in (4.23), we derive the second inequality in (1.19), while the first inequality in
(1.19)is due to In Cz < €z for C > 0 and z > 0. O

4.5. Proof of Theorem 1.5
Next, we devote to Theorem 1.5. The proof of Theorem 1.5 is based on the following lemma.

Lemma 4.3. Let X = (X1, Xo,...,X,,) satisfy condition (H). Suppose that Q@ CC U is a
bounded open subset of U, and p > U is a positive real number. Then, there exists a positive
constant C' > 0 such that for any u € C§°(12),

lu(z)| < C| Xullw@  VoeQ, (4.24)

and )
u(z) —u(y)| < Cd"" % (2,y)| Xul @ — Va,y € Q, (4.25)

where C' > 0 is a positive constant.

Proof. By Proposition 2.5, we deduce that for any x € Q and 0 < £ < pg, we have

p

d p—1 p—b
/ (z.9) —dy < Cer T, (4.26)
B(z,e) |B(.§L’7 d(.ﬁlf, y))|p71
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where C' > 0 is a positive constant independent of . Taking e =
2.2 and Proposition 2.3, we obtain that for any x € Q,

£2 in (4.26) and using Proposition

dla,y)r dlx,y)r= dlay)
uLB@A@wmﬁTy_Lw Lanxwwly+/,a|anxwwly

o, [0
=C (p_ﬂ> (Pﬁ)p” T
’ 4.27)

where &g = sup, g d(z,y). Then, by Proposmon 2.6, Proposition 3.2 and (4.27), we get

/ |B(x, d (z y ‘<\Xu(y)| + |u(y)])dy 7

d(w, y)r B
< C (I Xull oy + llull o) (/Q |B(x<d(x)y))|pp1dy>

)

<Ol Xullpy  Vrel,

which yields (4.24).
We next prove (4.25). By Proposition 3.1, there exist positive constants C' > 0, a; > 1 and
ro > 0 such that for any xg € 2 and 0 < r < ry, we have

d(z,y)
U@%ﬁMSCAWMTEGE@@ﬂWﬂM@ Ve € Blao,r), (4.28)

and any f € C*°(B(xo, a;17)), where a; > 1 is a positive constant independent of f and B(zo, 1),
and fp = |B(xg, 7)™} fB(m +y f(y)dy. Then, for any u € C§°(€2) and any x,y € €, we denote by
0 := d(z,y). The proof of (4.25) will be divided into the following two cases:

Case 1: 0 < § < min { Ll } with pg being the positive constant determined by Proposition

2.3. Letzy € B(x,6) N B(y,d) N Q such that x,y € B(zo, J). It follows that
B(zg,1d) C B(z, (a; + 1)) N B(y, (a1 + 1)9).

For simplification, we st By, := B(wo, ) and T(y, ) = mradlss:. Therefore, (2.16) and (4.28)
give that

u(z) = u(y)| < [u(z) —up, |+ |uly) - us,|

<c / (@, 2)| Xu(2)|dz + C / T(y, 2)| Xu(z)|d=
B(xo 0415) B(xo a16)

C/ T(x, z)|Xu(z)|dz+C/ T(y,z)| Xu(z)|dz (4.29)
B(x,(a1+1)6) B(y,(a1+1)6) '

p—1 p—1

(/ T(x,z)p%dz) T </ T(y,z)%dz) ’
B(z,(a1+1)8) B(y,(c1+1)9)

< Clog + )56 5 | X 1oy,

IA

IA

C

] | Xul|Lr )
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where C' > 0 is a positive constant independent of x, y and x.

Case 2: § > min {%, ro}. Employing (4.24), we obtain

2C 5
_251 v || Xl o), (4.30)

1
. ol P
(1’[111’1 {alJrl’TO})

where C' > 0 is a positive constant independent of = and y.
As a result of (4.29) and (4.30), we have for any u € C§°(12),

u(z) = u(y)] < 20 Xul[ o) <

lu(z) — u(y)| < Cd(z,y)' 7| Xullpey Yo,y €T,
which gives (4.25). O
Now, we prove Theorem 1.5.
Proof of Theorem 1.5. Obviously, Lemma 4.3 implies that for p > 7,

Jullgor- g < CllXulro @3

holds for any u € W}gf{)(Q), which yields (1.23) for k = 1 since % ¢ NT.

Let us consider the case k > 2. If% ¢ N*, we set [ = [%] It follows that Ip < ¥ < kp
and k > [ + 1. Denote by r = = Dlp > 1. According to Theorem 1.1 and (4.31) we have for any
u € Cg°(Q),

Y. X ulpey =€ Y Xl 2C 0 Y X ulgn g 432

+1<|J|I<k 1<|J 1<k 0<|J|<k—1-1

Combining (4.32) and Proposition 2.6, we get

Jull (g a5 g < € D 1K ullvey V€ CF(Q).
|J|=k

When% € Nt welet! = %—1 > 0. Asaresult, k —{ — 1 = k:—% > 1. Denote by
ri= Dlp = v and choose a positive number ¢ > . By Theorem 1.1 and (4.31) we have for any
u € Cg°(Q),

S IX ullpe =C D IX e =C D) 1 X e
1+2<|J|<k 2<|J|<k—l 1<|J|<k—1-1
J _
=YD DI b <.
0<|J|<k—1-2

which, combining with the Proposition 2.6, derives that

lull gy < C|Zk IXul|po@)  Yu € C(Q),

where e =1 — 2 € (0,1). O
q
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4.6. Proof of Theorem 1.6

We next introduce the following abstract version of the Rellich-Kondrachov compactness the-
orem, which will be used in constructing the compact embedding result.

Proposition 4.1 ([34, Theorem 4]). Let Y be a set equipped with a finite measure ji. Assume that
a linear normed space G of measurable functions on 'Y has the following two properties:

(1) There exists a constant q > 1 such that the embedding G — L(Y, j1) is bounded;
(2) Every bounded sequence in G contains a subsequence that converges almost everywhere.

Then the embedding G — L*(Y, u) is compact for every 1 < s < q.

Proof of Theorem 1.6. By Theorem 1.1, for~ p > 1, k € NT with kp < U, the embedding
W;%(Q) — L(Q) is continuous for ¢ = ;24— > 1. According to [20, Corollary 3.3], W;(%(Q)
is compactly embedded into LP(2) for p > 1. Thus, for any bounded sequence {ux}?2, in
W;%(Q) C W)l(’f’o(Q), there exists a subsequence {uy,}32; C {up}pe, such that u,, — wu in
LP(€2). The Riesz theorem allows us to find a subsequence {v;}52, C {ug, }52, such that v; — u
almost everywhere on {2 as 7 — +00. Hence, we conclude from Proposition 4.1 that the embed-

. k, s . U
ding Wy'y(©2) = L*(€2) is compact for s € [1, ;22). O

4.7. Proof of Theorem 1.7

Proof of Theorem 1.7. Assuming that u € W)l(’a(Q) with || Xu| 17 < 1, we choose an approx-
imating sequence {u;}32; C C§°(£2) such that up, — wu in W;(’B(Q) as k — 4o0o0. Forp > 1,
q = 55, and v € LY(€2) with [[v[|Lq) < 1, by Proposition 3.2 and Hlder’s inequality we have

[ uta@ids < 6o | [ T ple@l (X )] + o) s
_%//'xy%hmmm+mwmwm%@mwmwm%MWx

(//ZW;WMM+M@WvuwQ<//:wquWwQJ,

(4.33)
where T'(x,y) = % and Cy > 0 is a positive constant independent of u;. From Proposition
2.4 and Proposition 2.5, we have

/ / ,y)r (| Xun(y)| + lur(y)])”|v(z)|dydz
< X d
< [0xutl+ ) ([ st ) (/wwx) dy
(4.34)

N ) 1 Y, ) ”
<27 Nougl?no nCE | o ——d
< 2 gl 0, (/QU3y,(y¢®ﬂ x)

_ <01+CQ>% y 142 CP
N\ G (CCy)7

5100 k5, Lo
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where C, C, Cs, Cj5 are the positive constants appeared in Proposition 2.2-Proposition 2.4. More-
over, applying Proposition 2.5 for u = n = and§ == E (0,1), we have

// 2, y) 5 o(x |dydx—/|v </Q |B(i<2(i/,)y));5_§dy> dz

C p(uil) C 219
< (02) +1 i \Q\w/\v )|dz
1 CC pu(u 1) 217 —1
- - (€G) 1 1 (4.35)
p(r—1) 2» q
(&) 1| S e ([ s o
\G | (ccy)men 2v — 1 Q
r op—1 B 1
p(7—1) P
< (2) w1 —S 2 jop
\G | (cCy)me= 2p — 1

Hence, (4.33)-(4.35) derive that forany p > 1 and k& > 1,

[ukll o) = sup /\Uk x)|dx
vELI(RY), [|lvllLa )<
% 1411 —1,2
Oy Cy\ 7617 oiti—i (¢, 7t )
< Cy <1+ ) 1+( 2) : 1 el |27
C Ch (27 —1)1=% (CCy)7
] (4.36)
Observing that uj, — u in W;(VO(Q), by (1.10) we have
|HukHLp(Q HUHLP Q)‘ < Hu — UkHLp(Q < CHXU — Xuk”wlu Q) —0 as k— oco.

Thus, taking k£ — oo in (4.36), we obtain from inequality 2% — 1 > %2%_1 that

v—1

1-14

1 vp—1 7 1_1

02)517 (CQ)”("” 2153 C o 1
|| oy < Co (14 1+ ; ul[yre ) €27
ol < Co (14 2 < - ST oyt el

Cy 21"y § T SN
<6 (14 5) S )
Ci/ (2v — 1)-7 (CCy)»
1-142

< Cy (1 + @) 22+%<%*2>7C3 = (1+M(D)” )%pl_%|Q|%
1 (C’Cl)?

1+1 .
< 4Cy <1+@) Cs r(1+ M7 PEIQ,

NN

9
R
NS

4.37)
where

Xul’d
M) = | delXuld
weWlh @), uzo  fo [ul?de
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Denote by

=

02) ot :
( |

Cy=4Cy (1 + =
! °< Ci) (ccy)

It follows that

_r
||U||I£p(sz) < Cip" 7|9 Vp > 1,

Consequently, we get

5 o) j . o) j v “~ 7
T ) de =Y T <Y Zopt () 1l <

j=1 j=1
provided
- - ~ ~77 ~ ~1
o eI Tl (O Y (M)
650417_1 ev 400(01 + CQ) )\1(1/) + 1
]
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