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Thermodynamics of charged Lifshitz black holes with scalar hair
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In this work, we discuss the generalized Einstein-Maxwell-Dilaton gravity theory with
a nonminimal coupling between the Maxwell field and scalar field. Considering different
geometric properties of black hole horizon structure, the charged dilaton Lifshitz black hole
solutions are presented in 4-dimensional spacetimes. Later, utilizing the Wald Formalism,
we derive the thermodynamic first law of black hole and conserved quantities. According
to the relationship between the heat capacity and the local stability of black hole, we study
the stability of charged Lifshitz black holes and identify the thermodynamic stable region of
black holes that meet the criteria.

I. INTRODUCTION

The Anti-de Sitter/Conformal Field Theory (AdS/CFT) correspondence [IH4] provides a crit-
ical tool in theoretical physics to study strongly coupled relativistic field theories which states a
gauge daulity relating quantum field theory (QFT) and gravity. In more detail, the AdS/CFT
correspondence corresponds the classical dynamics of gravity to the quantum physics of strongly
correlated systems. This principle which is also known as holographic duality or gauge/gravity
correspondence is promoted to study nonrelativistic condensed matter theories [5]. As the gravity
dual to non-Lorentz invariant quantum field theories, the Lifshitz spacetime [6] is the natural setup.
In the present work, the metric of Lifshitz spacetime is given by
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The metric is invariant under the scaling, therein, the anisotropy of the scaling symmetry is mea-

sured by the critical dynamical exponent z
t = Nt = A x> A

In general relativity(GR), the no-hair theorem has been an intriguing topic in black holes physics
over decades. The first emergence of no-hair conjecture is mentioned in [7], which gives the types
of matter fields allowed around regular black holes. To be more precise, Bekenstein puts forward a
formal no-hair theorem [§], which states that a black hole is completely described by the mass M,
charge ) and angular momentum J. However, the no-hair theorem has suffered some challenges,
the hairy black hole solutions is allowed to appear in some gravity theories. In the colored black
holes, the spherical solutions are supported by the Einstein-Yang-Mills SU(2) coupled system [9],[10].
Black holes with dilaton hairs [11] and black holes with Skyrme hairs [I2] have been found to serve
as strong evidence against the no-hair theorem. During these years, the emerging phenomenon of
spontaneous scalarization has attracted widespread attention. Spontaneous scalarization is caused
by the instability of scalar fields, typically occurring in models with non-minimal coupling between
a scalar field and either additional (matter) fields. This phenomenon first appeared in research on
the scalar-tensor model of neutron stars [13]. Recently, Herdeiro et al. proposed Einstein-Maxwell-
scalar model with a specific nonminimal coupling between scalar field and Maxwell field [14]. Later,
the spontaneous scalarization through breaking scale invariance was worked out in Ref. [I5], where
the quantum corrections added in the form of a quartic term in the field strength breaks the
natural Weyl invariance of Maxwell’s theory. Very recently, Alfredo et al. [16] and Moreira et al.
[17, 18] also presented some new exact black hole solutions in generalized Einstein-Maxwell-Dilaton
setup, on account of breaking the spacetime isotropic scaling symmetry. There, these solutions are
asymptotically Lifshitz for any dynamical critical exponent z > 1. In the present work, we further
explore this theory in the context of a charged Lifshitz background with different horizon structures
for charged black holes.

On the other hand, black holes are generally considered thermodynamic systems with well-
defined thermodynamic quantities, containing rich phase structures in spacetime and exhibiting
critical phenomena similar to thermodynamic systems. Therefore, the study of black hole ther-
modynamics is a highly regarded topic. In 1973, the four laws of black hole mechanics were
established [19], drawing an analogy between the area of the event horizon and surface gravity to
entropy and temperature. Subsequently, various methods for calculating thermodynamic quanti-

ties emerged, such as the quasi-local conservation charge formula based on the Abbott-Deser-Tekin



(ADT) [20] formalism covariantly extended by the Arnowit-Deser-Misner (ADM) [21] method , the
counterterm method [22], the Euclidean action method [23]. Utilizing these theories, we can ef-
fectively demonstrate the first law of black hole mechanics. Wald first combined thermodynamic
quantities with the first law of mechanics [24] 25], establishing the first law of black hole thermo-
dynamics, where the mass of a black hole is determined by Wald’s formalism. This law posits that
the entropy of a black hole is the Noether charge [24] , and the derivation of the entire process is
generic, hence applicable to special theories such as supergravities and higher derivative gravities.
According to Wald’s formalism, the essence of the first law of thermodynamics is the conservation
law, which can be expressed as the superposition of contributions from different source fields, such
as gravitational fields, vector fields, and scalar fields. In Ref. [I6], the idea of using the coupled
term between Maxwell field and scalar field to induce charged Lifshitz background when looking
for analytical Lifshitz black holes to discuss black hole thermodynamics. Here, we also explore an-
alytical aspects of thermodynamics and its associated critical behavior of these scalarized lifshitz
black holes.

This work is organized as follows. In Sec. [T} we introduce the theoretical framework describing
the nonminimal coupling between the scalar field and Maxwell field, and then present scalarized
Lifshitz black holes with three different geometric properties. In Sec. [Iljthe conserved quantities
and corresponding thermodynamics is provided, and we prove the first law of black hole thermo-
dynamics by using the Wald formalism. Furthermore, we have also studied the thermodynamic
stability of black holes. Finally, we end the paper with closing remarks in Sec. [[V] Throughout
this text, we use Planck units, where G = ¢ = h = 1 in theoretical calculations, and utilize the

(—,+,+,+) signature for the metric.

II. SOLUTIONS OF CHARGED LIFSHITZ BLACK HOLES

In this study, we will explore the solutions to a generalized Einstein-Maxwell-Dilaton setup in

four spacetime dimensions. Namely, the action of our framework reads
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where g = det(g,,) denotes the metric determinant, R is the Ricci scalar, A is the cosmological
constant, x is the Einstein’s gravitational constant, F),, = 0,4, — 0, A, is the standard Maxwell
field and we recall that h(¢) is a nonminimal coupling funtion .

Varying the action with respect to the metric g,,, dilaton field ¢, and electromagnetic



potential A, leads to
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where G, = R,y — %ng, is the Einstein tensor, T}, is the energy-momentum tensor:
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Now we consider the following four-dimensional metric Ansatz

9, 12dr?
ds? = —(7)2 f(r)dt2 + 25 0r)

where z is dynamical critical exponent and d?(; represents the line element given by

+ TQdQQk, (6)

de? +sin?0d¢? k=1,
d*Q = ¢ do? + de? k=0, (7)
d6? + sinh? 6d¢? k= —1.
Note that the fields to inherit the spacetime isometries such that they are functions of the r

coordinate only. The vector potential is taken to be of the purely electrical form, thus, the field

ansatzes are:

¢p=¢(r), A=V(r)dt (8)

Substituting the metric ansatz @ and Eq. into the Maxwell equation , we have

PR @V () (1) + h(9)| — (=3 + 2)V(r) + V()] =0. 9)
Under these requirements, Eq.@ becomes
V() = s (10)

in which @ is an arbitrary constant, and takes the role of the electric charge.

Dealing with the difference for components of Einstein field equations (3]), one can find the

identity
B, BT, = f(r)(2 - 22; k¢! (r)?) o, (11)
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Then, we obtain the solution for the scalar field ¢(r) in generalized Einstein-Maxwell-Dilaton
gravity from Eq.(11)
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where a, b and ¢ is an integration constant. Obviously, this solution is valid for z > 1.
By inserting the expression of the solutions ¢(r), V/(r) and f(r) in the set of equations presented

in the Einstein equation (3]), as a consequence the nonminimal coupling funtion h(r) becomes
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Through the dilaton field equation, the relation of r with respect to ¢ can be inversely solved as
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Plugging it into the nonminimal coupling function (15)), the solution for h[¢(r)] can be represented
like this
o 25 (4
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Suppose Maxwell equations accept trivial first integrals, the gauge potential is
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where 1} is an integration constant. The remaining scalar field equation (2)are left for checking
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Altogether, in the present form, all solutions satisfy the whole set of equations of motion, and

the metric function must satisfy the asymptotic condition
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III. THERMODYNAMICS OF SCALARIZED LIFSHITZ BLACK HOLES

In this section, we shall derive the thermodynamic quantities of charged Lifshitz black holes

and apply Wald formalism to verify compliance with the first law of thermodynamics of black



holes.Wald has showed the process of the variation of a Hamiltonian derived from a conserved
Noether [24]. Its application in the Einstein-Maxwell theory and the Einstein-scalar theory can
be found in Refs. [26] and [27]. By analogy, we shall take this approach to verify the exactness
of the conclusion in the Einstein-Maxwell-Dilaton theory by superimposing all the contributions.

Following [28], we can first consider a general variation of the Lagrangian (1):
0L = eom. ++/—gV, J", (21)

where e.o.m. denotes terms proportional to the equations of motion for the fields, and
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where { = 0; is the time-like Killing vector that is null on the horizon, i¢ denotes a contraction of
& on the first index of the p — form ©(;,). Wald shows that the variation of the Hamiltonian with

respect to the integration constants of a given solution is

1 |
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where 2(2) denotes two-boundaries of a Cauchy Surface, one at infinity and one on the horizon 74,.
The entropy of a black hole can be determined by the area law of entropy, which is applicable
to nearly all types of black holes, including those that involve expansion within the framework of

Einstein’s theory of gravity. Thus, the solution of entropy is calculable

(30)



Accordingly, the Hawking temperature reads

Ty — (7)'2;1”(”’). (31)

The measurement choice is indispensable in order for the contribution of H,, on the horizon
to be equivalent to Tpd.S, which requires Maxwell field A, to vanish at the horizon.

Given the near-horizon form of the metric, we will have

Fr)=(r=rp) f'(rn) + (= rn)2f" () + -, (32)

where 7y, is the horizon radius. Thus §f] = —rnf' (ry) and §H on the horizon is given by

r=rp,
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since Ty = (4m) " H(%)* ™ f'(ry,) and 6 A = 465 = 0(rp*w(2)) = 2w(2)T07 With w(g) = 47 represents
the volume of constant curvature subsurface described by dﬂé). One can apply Gauss’s law to

calculate the charge of a black hole
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where u and n are timelike and spacelike normal unit vector given by
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The electrostatic potential difference between the horizon and infinity (®.) associated with Maxwell

field is defined as
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T and expand these functions V (r),

We then plug in the asymptotic condition A =
f(r) ,¢(r), h(r) in Eq.(28) at infinity
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Variations act on the parameter space including the integration constants, Vp and ¢ fixed to make
contributions from V(r), ¢(r) vansih on the horizon, so the parameter space is solely spanned by

@, a and b. For variation f(r)
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The rest of contributions are similar. Substituting all these expansions and variations,and take the

infinity limit and algebraic substitution a = —m
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where M = w9y gZer-
All other contributions vanish at infinity. The first law of black hole thermodynamics arises
from the equality between the variation of the Hamiltonian at asymptotic infinity and that on the

horizon. i.e.
0H,, =0H. (44)

Indeed, substituting the solution into the Wald equation leads to the following first law of black

hole thermodynamics
oM =TS + ®.6Q).. (45)

In terms of horizon radius rj, the mass M of Wald formalism is obtained, according to the

solution of f(r),
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The Hawking temperature of Lifshitz black holes can be calculated
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The local stability of a black hole depends on the sign of its heat capacity. A positive heat
capacity corresponds to the black hole being locally stable under thermal fluctuations, whereas a
negative heat capacity indicates the black hole is locally unstable. The heat capacity for a fixed

charge is expressed as

oM oM 3TH>
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In Fig. we have plotted Cg as a function of horizon radius r; in the case of £ = 1,
k =0, k = —1, the clearer image is displayed in Fig. Consider the heat capacity at three
different geometric properties, their geometric characteristics are similar, we choose condition £ = 1
to illustrate. The graph of M and Cg is plotted in Fig. By finding the extremum of M,
we discover that 7, reaches its minimum value at rq;; ~ 0.868, then steadily increases, always
remaining a positive value. From Fig. |Z|7 the heat capacity Cg starts from zero at ..+ ~ 0.868 and
increases sharply reaches a local maximum at r,, ~ 1.087, Therefore, the Cp maintains positive in

the region re,¢ <rp < rp,, and the black holes are locally stable in the domain e, < 15 < 7.

' Th
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FIG. 1: Heat capacity Cg versus horizon radius rj forb =1, w=1,1=1,2=2
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FIG. 2: Heat capacity Cg and M versus horizon radius 7, forb =1, w=1,1=1,2=2, k=1

IV. CLOSING REMARKS

In this paper, we have constructed static asymptotically Lifshitz black hole solutions of Ein-
stein—Maxwell-Dilaton theory in the presence of cosmological constant . In these theories, the
presence of a scalar field is the reason for breaking the isotropy of space and time, and it is repre-
sented by z to indicate the degree of departure from isotropy (z > 1). The coupling relationship
between the Maxwell field and the scalar field is expressed using a non-minimal coupling function
h[é(r)]. Under the Lifshitz metric ansatz, the field equations have been derived from the variation
principle. To solve these equations, we focus on the case where there are only charges in the vector
field and assume that the scalar field has radial dependence only. We finally obtained analytical
black hole solutions in the 4-dimensional. By applying Wald’s formalism, we further examined
the first law of thermodynamics of these black holes and obtained a thermodynamic conservation
quantity. Studying the thermodynamics of these charged black hole solutions is of significant im-
portance for the physical interpretation of their associated constants. Subsequently, We summarize
the stability issues for scalarized black hole solution. We then explored the stability of the Lifshitz
black hole solution. Initially, we calculated the expressions of the mass M and the heat capacity
Cgq of the system with respect to the event horizon radius rj, and plotted their graphs. Based on
this, we identified the stable region where the heat capacity is positive.

Furthermore, this work can be expanded and applied from various perspectives. We may ex-
plore other coupled theories such as the Einstein-Born-Infeld-scalar gravity within the Lifshitz
background. Also, we can consider the case where there is magnetic vector field , this limitation
of purely electrical form can be eased. Moreover, We believe that the Einstein—-Maxwell-Dilaton

theory makes a significant contribution to the study of spontaneous scalarization.
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