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The long proton beams present at CERN have the potential to evolve into a train of microbunches through the self-
modulation instability process. The resonant wakefield generated by a periodic train of proton microbunches can
establish a high acceleration field within the plasma, facilitating electron acceleration. This paper investigates the im-
pact of plasma density on resonant wakefield excitation, thus influencing acceleration of a witness electron bunch and
its corresponding betatron radiation within the wakefield. Various scenarios involving different plasma densities are
explored through particle-in-cell simulations. The peak wakefield in each scenario is calculated by considering a long
pre-modulated proton driver with a fixed peak current. Subsequently, the study delves into the witness beam acceler-
ation in the wakefield and its radiation emission. Elevated plasma density increases both the number of microbunches
and the accelerating gradient of each microbunch, consequently resulting in heightened resonant wakefield. Never-
theless, the scaling is disrupted by the saturation of the resonant wakefield due to the nonlinearities. The simulation
results reveal that at high plasma densities an intense and broadband radiation spectrum extending into the domain of
the hard X-rays and gamma rays is generated. Furthermore, in such instances, the energy gain of the witness beam is
significantly enhanced. The impact of wakefield on the witness energy gain and the corresponding radiation spectrum
is clearly evident at extremely elevated densities.

I. INTRODUCTION

Electrons can be efficiently focused and accelerated within
the plasma wakefield generated by a high-intensity driver, e.g.,
laser pulse,1 electron-2 or a proton beam,3 due to the presence
of very strong transverse and longitudinal electric wakefields.
The wiggling electrons then emit electromagnetic radiation
referred to as betatron radiation (BR)4–6 that is usually charac-
terized by a high brightness, synchrotron-like broadband radi-
ation. The pulse duration is equivalent to that of the electron
bunch, typically on the femtosecond scale, in various wake-
field accelerator concepts. BR in laser-plasma accelerators
has been observed experimentally in the keV photon energy
range,7 pursued by advanced experiments to boost the peak
brightness8 and expand the energy range.9 Advanced single-
shot phase contrast imaging with BR has been demonstrated in
experiment.10 Furthermore, BR can serve as a non-destructive
diagnostic tool for assessing electron beam parameters. As a
result, betatron spectroscopy has attracted attention in various
wakefield accelerator contexts.11–17

In contrast to laser pulses and electron beams, the proton
driver maintains its energy in a plasma medium over much
longer distances ranging from hundreds to thousands of me-
tres.18 The Advanced Wakefield Experiment (AWAKE) Run
1 (2016-2018) at CERN has successfully demonstrated the
proton-driven plasma wakefield acceleration (PD-PWFA) us-
ing the Super Proton Synchrotron (SPS) proton beam.19 Cur-
rently, the AWAKE Run 2 (2021-) is focused on achieving

the generation of a multi-GeV electron beam while control-
ling its emittance, which holds potential for particle physics
experiments.20 To mitigate the beam filamentation instability,
AWAKE deliberately operates at a density where the plasma
skin depth is on the order of the radius of the SPS proton
driver. The acceleration of the witness beam and the corre-
sponding BR at this plasma density have been investigated
in previous studies.16,17 These studies demonstrated that the
electron beam accelerates up to several GeV energies. Simul-
taneously, the betatron spectrum was observed in the UV to
X-ray range.

Opting for the higher plasma density would necessitate a
smaller proton driver radius. Research into proton-driven
wakefield at high densities is less extensive compared to that
conducted in the AWAKE. In a simulation study utilizing the
long proton driver proposed for the RHIC-EIC project at the
Brookhaven National Lab, proton beams with radii of 100 µm
and 40 µm have been considered.21 The results revealed a sig-
nificant increase in the peak wakefield.

In this study, particle-in-cell (PIC) simulations are con-
ducted to explore the influence of plasma density on the gen-
eral case of resonantly driven wakefield acceleration. The
peak wakefield in each scenario is determined by consider-
ing a long pre-modulated proton driver with a fixed peak cur-
rent. The strong scaling observed at low densities is ulti-
mately constrained by saturation of the wakefield growth at
extremely high densities. Subsequently, the investigation cen-
ters on electron acceleration within the peak wakefield, while
also examining the corresponding radiation emission. The pa-
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FIG. 1. Maximum plasma density (red line) and the wavebreaking limit (blue
line) versus the proton beam radius, ensuring prevention of beam filamenta-
tion instability. The dashed line indicates the SPS beam radius.

per is structured as follows: Section II provides an overview
of proton-driven wakefield. In Sec. III, the simulation model
and the methodology are elucidated in detail. In Sec. IV, the
results are presented and discussed. Conclusions are summa-
rized in Sec. V.

II. PROTON-DRIVEN WAKEFIELD

The PD-PWFA concept, first proposed by Caldwell et al,22

has introduced a pioneering approach to future plasma-based
colliders that could be realized within a single acceleration
stage.23 While AWAKE Run 1 has marked significant strides
in advancing the realization of PD-PWFA using SPS proton
beam,19 AWAKE Run 2 aims to achieve a more stable beam
suitable for applications in particle physics experiments.20

The geometry of the SPS beam imposes limitations on its
suitability for plasma wakefield excitation. The SPS beam
has a few centimeter-scale length, while it should be on the
order of the plasma wavelength, i.e., sub-millimeter scale,
to effectively generate wakefields in the plasma. However,
this obstacle is overcome by an intrinsic plasma instability.
The long proton beam undergoes self-modulation instability
(SMI) in the plasma, resulting in the formation of a train of
microbunches with a period on the order of the plasma wave-
length.24 Although SMI is a complex phenomenon, it has un-
dergone comprehensive examination and validation through
extensive studies conducted in the AWAKE experiment.25

The current filamentation instability can destroy the proton
beam when interacting with the plasma. To avert this instabil-
ity, the proton beam radius, σrP, needs to be on the order of or
smaller than the plasma skin depth26, or

kpσrP ≤ 1, (1)

where kp = 2π/λp and λp is the plasma wavelength. The nor-
malized emittance of the SPS proton beam is 3 mm mrad, and
so the beam is focused to a radius of 200 µm. In this case, a
maximum plasma density of 7×1014 cm−3 is required to meet
the condition outlined in Eq. (1).

Plasma density is pivotal in wakefield acceleration as it di-
rectly influences the wavebreaking limitation. Nevertheless,
opting a higher plasma density would require proton driver
with smaller radius as indicated by Eq. ( 1). For instance,
a proton driver with a radius of 100 µm could be used with
the plasma density of 2.8×1015 cm−3. The maximum plasma
density and the wavebreaking limit, EWB, versus the proton
beam’s radius are illustrated in Fig. 1.

In the following section, we delve into the impact of plasma
density on the wakefield generated by a long pre-modulated
proton driver and determine its peak magnitude. Additionally,
we investigate electron acceleration within the peak wakefield
using PIC simulations. The three-dimensional quasi-static
PIC code QV3D, built upon the VLPL code platform,27 is em-
ployed. The code incorporates a built-in module to calculate
the synchrotron radiation for each macroparticle.

III. SIMULATION CONFIGURATION

The simulation study investigates witness beam accelera-
tion and its associated radiation emission in a baseline density
alongside three specific cases featuring higher plasma den-
sities. The Baseline scenario includes a plasma density of
7× 1014 cm−3 and a proton driver with a radius of 200 µm.
The Baseline parameters are selected to yield the same peak
wakefield amplitude as in.17,28 Three other cases are con-
sidered with proton driver radii of 150 µm (Case I), 100 µm
(Case II) and 50 µm (Case III). Plasma parameters are sum-
marized in Table I

A. Peak wakefield

The self-modulation process within the plasma divides a
lengthy proton beam into short microbunches, each spaced by
the plasma wavelength. These microbunches resonantly ex-
cite a substantial wakefield,24 a phenomenon demonstrated in
both the AWAKE experiment25 and simulations conducted at
higher plasma densities.21

In this context, rather than conducting a full PIC simulation
of the self-modulation of a long proton beam, we provide an
estimation of the peak wakefield through the utilization of a
pre-modulated proton driver. For all scenarios, we consider
a proton beam comprising 1.62× 1010 particles, spanning a
length of 32.8 mm. The beam is structured as a periodic se-
quence of microbunches, with a period equal to the plasma
wavelength. The charge is chosen to ensure that in Baseline
the pre-modulated driver generates a peak wakefield of 450
MeV/m.17,28 Gaussian microbunches with equal charges are
used, facilitating an estimation of the peak wakefield. Ad-
hering to the criterion in Eq. (1), the maximum beam radius
is utilized in each scenario. The number of microbunches can
be determined through a straightforward algebraic calculation.
For instance, in the Baseline scenario, 26 microbunches are
present with a spacing equivalent to the plasma wavelength.
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TABLE I. Plasma parameters for comparative simulation study of a Baseline scenario and three distinct cases with higher plasma densities.

Plasma parameter Symbol [Unit] Baseline Case I Case II Case III

Skin depth [µm] 200 150 100 50
Density n0 [cm−3] 7×1014 1.25×1015 2.80×1015 1.13×1016

Length [m] 10 10 10 10
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FIG. 2. The wakefield (blue line) of a train of microbunches (red contours) for Baseline (a), Case I (b), Case II (c) and Case III (d). The microbunch parameters
are provided in Table II. The green dashed lines represent the linear superposition of the wakefields.

TABLE II. Microbunch parameters in the periodic train driver with
a total of 1.62×1010 protons spanning a length of 32.8 mm.

Parameter [Unit] Baseline Case I Case II Case III

No. Microbunch 26 34 52 104
Length [µm] 283 213 142 71
Radius [µm] 200 150 100 50
Charge [pC] 100 76 50 25

The length of each microbunch is chosen as

kpσξ mb =
√

2, (2)

to maximize the wakefield.29 Here, σξ mb represents the length
of each microbunch. The parameters of the microbunches are
summarized in Table II.

A simulation of a periodic train driver is conducted,
with each microbunch’s parameters remaining consistent with
those outlined in Table II. Figure 2 depicts the periodic train
driver and the initial wakefield in various scenarios. The
notable rise in the peak wakefield at elevated plasma densi-
ties can be attributed to both the augmented number of mi-
crobunches and the heightened wakefield of each microbunch.
Each microbunch density is much smaller than the plasma
density; therefore, the peak wakefield can be estimated using

the linear theory formula as29

Emb[MV/m] = 240
(

Nmb

4×1010

)(
600 µm

σξ mb

)2

, (3)

where Nmb is the number of particles in each microbunch. In
the linear regime, we can assume a linear superposition of
the wakefields to calculate the net wakefield of the modulated
proton driver. The green dashed lines in in Fig. 2(a)- 2(c)
make it evident that the wakefields of microbunches superim-
pose linearly reaching a maximum at the end. However, in
Fig. 2(d), the wakefield grows up to a certain point and then
saturates. This observation aligns with the understanding that
the wakefield of a train of microbunches may decay at some
point (about 40% of the wavebreaking field) due to the plasma
non-linearities, i.e., the nonlinear elongatoin of the wave pe-
riod that leads to the de-phasing between the microbunches
and the wakefield30. In Fig. 2(d), the saturated wakefield ex-
hibits a renewed increase due to the linear superposition of the
remaining microbunches within the driver. The wakefield sat-
uration could potentially occur in other scenarios if additional
microbunches are incorporated into the driver. The same re-
sult is evident in Table III, where a comparison of peak wake-
fields in simulation, Epeak, and theory is provided. Table III
also incorporates information on wavebreaking, EWB, and the
Ratio, calculated as the percentage of Epeak/EWB, providing a
clearer understanding of the peak wakefield.

It is noteworthy that in the AWAKE experiment, as the
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TABLE III. The peak wakefield of the train driver calculated by QV3D simulations, Epeak, and using the linear theory formulae, the wave-
breaking limit EWB and the Ratio parameter.

Epeak [GV/m] Linear theory value [GV/m] EWB [GV/m] Ratio

Baseline 0.45 0.44 2.55 18%
Case I 0.76 0.77 3.40 22 %
Case II 1.71 1.73 5.09 34 %
Case III 3.9 7.00 10.22 38 %

modulated proton driver travels within the plasma, the am-
plitude of the wakefield decays after reaching saturation. It is
proposed that introducing a density step into the plasma helps
the wakefields maintain a near-saturation amplitude for an ex-
tended distance along the plasma.31

B. Witness beam acceleration in peak wakefield

We employ a simulation model introduced by Olsen et al28

to investigate the electron beam acceleration in the peak wake-
field of the pre-modulated drivers in Sec III A. The simula-
tion model comprises a short proton bunch as the driver and
a trailing witness electron beam moving in the background
plasma. The proton mass of the driver is multiplied by 106

and the emittance is set to zero, to render the proton driver
highly rigid regardless of the beam radius, and hence neglect
the wakefield variation along the plasma. The dummy driver
is selected in such a way that its peak wakefield mirrors that
of the pre-modulated driver beam. This model is chosen to re-
duce the simulation size and, consequently, the computational
requirements. While the model is highly convenient, it im-
poses certain physical constraints. Since the evolution of the
driver is neglected, it is only appropriate in regimes in which
the limiting factor on acceleration is the plasma length, and
not dispersion or depletion of the driver. This would also re-
quire the emittance of the initial bunch to be scaled with the
driver radius to avoid a stronger divergence for narrow beams.

With the peak wakefield identified in all scenarios, the pa-
rameters for the dummy driver in the toy model can now be
established. It shares the same radius as the train driver in
each scenario. In all cases, the bunch length is assumed to
be identical to that in the Baseline scenario which is 40 µm.
However, the charge is optimized using QV3D simulations to
align its peak wakefield with Epeak detailed in Table III. It is
important to note that the dummy driver should maintain a
relatively small density, specifically nP/n0 ≲ 1, to ensure its
operation within the quasi-linear regime.32

The witness bunch radius at the entrance of the plasma
must be adjusted to ensure that the witness emittance pres-
sure matches the focusing force from the blowout. This ad-
justment prevents beam radius oscillation and consequently
controls emittance growth. For a Gaussian electron beam, the
matched radius is determined by28

σre =
(
2ε

2
ne/γek2

p
)1/4

, (4)

where εne and γe represent the normalized emittance and the
Lorentz factor of the witness beam, respectively. This results
in distinct beam radii for each scenario. The beam length
should be less than λp/4 to ensure that the witness beam re-
mains in the accelerating phase of the wakefield. As a result,
kpσξ e is chosen to be constant in all scenarios. This leads to
a shorter witness lengths at higher plasma densities. The wit-
ness charge is selected such that Ie = 1.33×103Epeak/EWB to
maintain consistent beam loading across different scenarios.
This configuration ensures that the entire bunch experiences
an almost identical electric field, leading to collective acceler-
ation and the production of a quasi-monoenergetic beam with
minimal energy spread. However, it results to a marked reduc-
tion of the witness beam density in case III, due to the impact
of saturation.

The parameters for the dummy driver and the witness beam
in all scenarios are summarized in Table IV. Now that all the
parameters are available, we can commence the simulation
study of the witness beam acceleration and its associated ra-
diation emission.

IV. SIMULATION RESULTS AND DISCUSSION

PIC simulations are conducted by defining a simulation
window of dimensions (11,5,5)× k−1

p in (x, y, z) directions.
Here, x denotes the longitudinal direction, and y and z rep-
resent the transverse directions. A spatial resolution of
(0.1,0.05,0.05)× k−1

p , and a time step of 5ω−1
p are consid-

ered in all scenarios. The number of macroparticles per cell
for the plasma, driver, and witness beams are set at 4, 1, and
16, respectively. A spatial delay of kpξ = 6 is introduced be-
tween the witness and driver beams to ensure that the witness
beam is in the accelerating phase of the wakefield. Details of
all simulation parameters are summarized in Table IV.

In Fig. 3, the wakefield (blue line), the beam-loaded wake-
field (dashed blue line), and the driver and witness beams are
depicted for Baseline (a), Case I (b), Case II (c), and Case III
(d). It is evident that the maximum unloaded wakefields align
with the Epeak as outlined in the Table III. On the other hand,
the loaded wakefields exhibit near uniform fields, facilitating
the acceleration of the witness beam in a quasi-monoenergetic
manner. A comparative plot of the driver wakefields in dimen-
sionless units is shown in Fig. 4. The wakefields peak almost
at the position of the witness beam.

In Fig. 5 the energy gain and energy spread of the witness
beam in various scenarios are depicted. As anticipated, the
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TABLE IV. Parameters for simulation of the witness beam acceleration in the wakefield of the dummy driver for various scenarios.

Parameter Symbol [Unit] Baseline Case I Case II Case III

Dummy Driver
Energy EP [GeV] 400 400 400 400
Charge QP [nC] 2.34 2.37 2.51 2.02
Density nP/n0 0.83 0.83 0.88 0.71

Bunch Length σξ P [µm] 40 40 40 40
Bunch Radius σrP [µm] 200 150 100 50

Electron Witness
Density ne/n0 34.1 32.7 32.3 18.1
Charge Qe [pC] 120 115 113 64

Bunch Length σξ e [µm] 60 45 30 15
Bunch Radius σre [µm] 5.75 4.98 4.07 2.87

Energy Ee [MeV] 150 150 150 150
Energy Spread δEe 0.1% 0.1% 0.1% 0.1%

Normalized Emittance εne [mmmrad] 2 2 2 2
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FIG. 3. The wakefield (blue line), the beam-loaded wakefield (dashed blue line), and contour plots of the witness beam at kpξ = 3 and the dummy driver at
kpξ = 9 for Baseline (a), Case I (b), Case II (c) and Case III (d). Parameters are detailed in Table IV.

energy gain is significantly enhanced with increasing plasma
density. The Baseline achieves 3.5 GeV with 7% energy
spread, a result comparable to those reported by Liang et al.17

The toy model simulations conducted by Olsen et. al.28 for a
similar witness beam, albeit with charge and energy of 100 pC
and 217 MeV, reveal a mean momentum of 1.67 GeV/c and an
energy spread of 5.2% over 4 m of plasma. Moreover, Fig. 5
also illustrates that the Case I, II and III achieve final ener-
gies of 5.8 GeV, 12.2 GeV and 25.9 GeV, respectively, with
energy spreads of 7%, 9% and 9%, respectively. The findings
indicate that the plasma density is a crucial factor for reso-
nantly driven wakefield acceleration over a restricted length.
A straightforward comparison with the Baseline reveals that
augmenting the plasma density by a factor of 1.8 (as in Case

I) results in a 1.7-fold increase in energy gain. Likewise, in
Case II, where the plasma density increases by a factor of 4,
the energy gain escalates by a factor of 3.5 compared with
the Baseline. In Case III, with a plasma density increase by
a factor of 16.1, the energy gain rises by a factor of 7.4. As
previously discussed, an increase in plasma density leads to
a rise in both the number of microbunches and the wakefield
driven by an individual microbunch. In linear scenarios as
in Baseline, Case I and Case II, this results in an accelerat-
ing field proportional to ω2

p , i.e. the plasma density. How-
ever, upon reaching saturation as in Case III, the benefit of
“more microbunches” diminishes since the wakes saturate af-
ter a certain number of microbunches. Nevertheless, the wake
driven by one single microbunch still remains higher, result-
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FIG. 4. The driver wakefields in dimensionless units.

ing in a scaling of wakefield approximately proportional to
ωp, i.e. √np.

Figure 6 displays the witness beam radiation spectra for
the Baseline and three distinct cases of high plasma densities.
The spectra are integrated over the 10-metre plasma length.
The radiation spectrum of the Baseline is primarily in the
UV to low-energy X-ray range, featuring a critical energy of
Ec = 302eV. The critical photon energy of the bunch is cal-
culated as Ec = 15

√
3⟨E⟩/8 where ⟨E⟩ is the mean photon

energy of the spectrum. At the critical energy half of the radi-
ated energy is below it and the other half is above. The simu-
lation results indicate the critical energies of 1.1keV, 9.0keV
and 9.1keV for Case I, Case II and Case III, respectively.
The spectrum spans more broadly into the hard X-ray to the
gamma ray range as the plasma density elevated. It is notice-
able that the spectrum in Case III does not exhibit an increase
in photon numbers compared to Case II. This distinct nature
of Case III stems from saturation, necessitating a reduction in
the witness current to maintain equivalent acceleration. This
leads to a dual reduction in the witness charge—firstly due to
its shorter length and secondarily because of the lower current.

The BR would exhibit a pulse length on the order of 100
femtosecond, encompassing total photon numbers of 3.8 ×
109 in Baseline, 2.2× 1010 in Case I, 3.7× 1011 in Case II
and 1.5×1011 in Case III.

V. CONCLUSION

This paper presents a simulation study investigating the im-
pact of plasma density on the energy gain of the witness beam
and the corresponding betatron radiation in a resonantly-
driven wakefield produced by a multi-microbunch driver. The
peak wakefield is computed by employing a periodic train
driver in four distinct scenarios of different densities. The
wakefield grows until nonlinear effects occur, which leads to
a subsequent decay in the wakefield. The simulations demon-
strate that the elevated plasma density significantly enhances
electron energy gain. For instance, in Case III, where the
plasma density is 16 times higher, the witness beam achieves
about 7.4 times higher energy compared to the Baseline. Nev-
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FIG. 5. Final energy of the witness beam (in red) along with the correspond-
ing energy spread (in blue) for various scenarios outlined in Table IV.
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FIG. 6. Betatron spectra for various scenarios outlined in Table IV.

ertheless, the nonlinear effect of wakefield decay becomes ev-
ident in Case III as the energy gain scales less than ω2

p . The
findings also indicate that the elevated plasma density results
in the emission of more betatron photons at higher energies
until wakefield saturation occurs. For example, in Case II, the
plasma density is four times that of the Baseline, where the the
corresponding BR extends into the hard X-ray and gamma ray
range, with approximately 100 times more photons per pulse.
It is noteworthy that the process of focusing the proton beam
may require the implementation of some experimental tech-
niques, particularly considering that it could inherently result
in a broader divergence of the beam. This effect will be thor-
oughly explored in our forthcoming research endeavors.
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