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ON THE VOLUME OF CONVOLUTION BODIES IN THE PLANE

J. HADDAD

ABSTRACT. For every convex body K C R™ and § € (0,1), the §-convolution
body of K is the set of x € R™ for which |[K N (K + z)|,, > 6|K]|,,. We show
that for n = 2 and any 6 € (0,1), ellipsoids do not maximize the volume of
the §-convolution body of K, when K runs over all convex bodies of a fixed
volume. This behavior is somehow unexpected and contradicts the limit case
6 — 17, which is governed by the Petty projection inequality.

1. INTRODUCTION

Let K C R™ be a convex body (compact, convex and with non-empty interior)
and let gx (z) = |[K N (K + x)|,, denote the covariogram function, where | - | is the
n-dimensional Lebesgue measure. For § € (0, 1), the convolution body of parameter
¢ is the set defined by

CsK ={z e R" : g (x) > | K|, }.

The set Cs5K is called the convolution body of K, due to the fact that g is the
convolution of the indicator functions of K and —K. Convolution bodies and the
covariogram function were studied in [8] 9] [10 [12] [14]. Specifically, in relation to
the phase retrieval problem in Fourier analysis, it was studied in [I1 2, [3].

When 6 — 17 the set C5 K collapses to the origin. The shape of Cs K, if scaled
by a factor (1 —§)~1, approaches the polar projection body of K denoted by II*K,
which is the unit ball of the norm defined by

vl = [Py K|,y

for every umit vector v € S"!, where P,. is the orthogonal projection to the
hyperplane orthogonal to v. This was first observed by Matheron in [9], where the
covariogram function was introduced. Indeed it was proven in [I2, Theorem 2.2]
that

|ICsK]|,

(1) lim = 'K

§—1— (1 - 5)”

The classical Petty projection inequality (see Section 10.9 of [13]) states that
(2) K|, <|T"Bkl,

where By is the Euclidean ball with same volume as K. Equality holds in if and
only if K is an ellipsoid (an affine image of the Euclidean ball). The left-hand side
of inequality is invariant under volume-preserving affine transformations. This
was proven by Petty in [I1], and Schmuckenschldger gave a simpler proof of this fact
using (1)) and the obvious fact that Csp(K) = ¢(CsK) for every volume-preserving
affine transformation ¢.
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In the opposite endpoint, § — 0T, the body CsK converges to the difference
body of K, defined by

DK ={z—y:z,yec K}.
By the Brunn-Minkowsky inequality (see [I3, Theorem 7.1.1}), |DK]|,, > 2"|K]|,,

with equality if and only if K is symmetric with respect to some point (i.e. zo+K =
xg — K for some zy € K). Since By is origin-symmetric,

which is reverse to the inequality . Nevertheless, is an equality for all sym-
metric sets.

An extension of the Petty projection inequality to certain averages of volumes
of CsK can be deduced from the results in [§].

Theorem 1.1. For every non-decreasing function w : [0,1] — [0,00) and every
convex body K,

1 1
/w(a)\05K|nd5g/ w(8)|Cs B, db.
0 0

The results in [§] follow from the well-known Riesz convolution inequality, and
Theorem recovers the Petty projection inequality (without the equality case)
thanks to (1) and a limit argument. Namely, one chooses w to be an approximation
of the Dirac delta at 1. Since w must be non-decreasing, this argument cannot be
applied to a Dirac delta at some other point in (0,1). A particular case of Theorem

[L1is that
1 1
/|05K|nd5g/ Cs B ds
t t

for any t € (0,1).

A second application of the Riesz convolution inequality to convex bodies defined
from C5K, was given in [0].

A radial set is a set of the form

K = {0} U{z e R"\ {0} : |2|< px (x/]x])}

where pg : S"1 — (0,00) is continuous, and |-| is the Euclidean norm. A radial
body is a radial set for which pg is strictly positive. Every convex body is also a
radial body.

For every convex body K and p > —1,p # 0, the p-radial mean body of K is the

radial body defined by
1 1/p
o) = [ poswtoras)
0

while Ry K is defined as a limit of the sets R, K when p — 0. The original definition
given in [5] is different, but equivalent to ours. This can be deduced easily from
formulas (3), (16) and (17) in [7].

Theorem 1.2 ( [0, Theorem 20]). For every convex body K and p € (—1,n),
|R K|, <|R,Bgkl,.

For p > n the inequality is reversed. Equality holds if and only if K is an ellipsoid.
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It was proven in [5] that R,K approaches II*K when p — —1F, so Theorem [1.2
is yet an other extension of the Petty projection inequality involving averages of
CsK.

Theorems and suggest the possibility that for a fixed § € (0,1), |C5K],
is also maximized by ellipsoids, among sets of a fixed volume. Of course, due to ({3
this is only possible if we restrict the problem to the symmetric case, or to some
range of § € (0,1) far from 0. Let us formulate the weakest possible question:

Question 1.3. Is there a value of 6 € (0,1) such that
(4) |C5K],, < |CsBkl,
for every symmetric conver body K ?

The purpose of this paper is to give a complete answer to this question in di-
mension 2.

Observe that due to Theorem inequality (4) holds “in average” in § for every
K.

The following proposition describes the situation in which K is far from the
set of ellipsoids. Define the Banach-Mazur distance between two convex bodies
K,L CR"™ as

dpm(K, L) = min{\ > 0: K~z C ®(L—y) C e*(K —x) for ® € GL(n),z,y € R"}.

where GL(n) is the set of invertible linear transformations of R™. Let B be the unit
Euclidean ball in R™. It follows from the definition that dgas (K, B) = 0 if and only
if K is an ellipsoid.

Proposition 1.4. For every convex body K C R™ which is not an ellipsoid,
|C5K|,, < |CsBkl|,, for every § > ¢(dpm(K,B)), where ¢ : [0,00) = (0,1] is a
continuous function with (t) = 1 if and only if t = 0.

We will prove this fact in Section @] Proposition reduces the problem to a
local question: If (4)) is valid for every K sufficiently close to the Euclidean ball and
6 close to 1, then thanks to Proposition it is valid for every K and ¢ close to 1.

Definition 1.5. For any radial set K we will consider a one-parameter family of
radial bodies K; defined by

(5) P, (v) =14 tpk (v).
We also define
(6) Ky = Ko/ K,/

We will say that a radial set K is C? smooth with 8 > 1 if the radial function
pr is CP. Notice that this definition does not coincide with the smoothness of the
set OK as usual, because we are allowing px (v) = 0. But it is clear that if K is C”
smooth, then K; has a smooth boundary in the usual sense.

We will analyze ‘C(;E’n as a function of ¢ and 9, for ¢ near 0. First we obtain:

Theorem 1.6. For every C' radial set K C R™ and 6 € (0,1), the function

t > |C5E|n is C' and we have

0 J—
= |CsK =0.
8t| s t|n +=0
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Then it suffices to analyze the second derivative of ¢ — |C5K;| . In the limit
d — 17 this second derivative is completely described in Section |§| for n = 2, and
its sign is compatible with the fact that ¢ — |H*Kt| has a maximum at t = 0. In

. n
Section [6] we show:

Theorem 1.7. For every C? smooth radial set K C R? the function t — |C(;E’n
is C? for every § € (0,1) and

im — 2 o) <o
so1- (T—o)2 o200t 2| _ =

Equality holds if and only if px is the restriction of a homogeneous polynomial of

degree 2 to the unit circle.

The equality cases of Theorem correspond to variations K, that coincide up
to first order with families of ellipsoids.

At this point it is natural to expect that Theorem [I.7] combined with an approx-
imation argument and Proposition [T.4] could yield a positive answer to Question
However, for this argument to be complete we need the convergence of the
second derivatives of the volume as § — 17, to be uniform with respect to K. We
were unable to show this uniform convergence, and the following counterexample
shows why:

Theorem 1.8. Let K™ C R? be the (symmetric) radial set defined by prm (v) =
cos(2mw)? with v € [0,2x]. Then for every § € (0,1) there exists m € N such that

a2| |
— |Cs K™ > 0.
ot2 AP i

As a consequence, we get a negative answer to Question [1.3]in dimension 2, and
every value of 6 € (0,1).

Theorem 1.9. For every § € (0,1) there exists a symmetric convex body K C R?
such that |CsK|, > |Cs;Bk/|,. Moreover, K can be chosen arbitrarily close to the
FEuclidean ball in the C* topology.

It is important to remark that for a fixed m in Theorem [I.8] the set of § €

(0,1) for which g—; ‘CgK is positive, is a complicated union of intervals that

B

grow in number and accumtlﬂate near 1, as m — oo. Previous attempts to find
regular polygons being counterexamples to Question for ¢ close to 1 by direct
computation, failed probably because of this complicated behaviour. We still do
not know if regular polygons are counterexamples to Question [1.3

The following natural question remains open:

Question 1.10. For each fized § € (0,1), what convex bodies are mazimizers of
Cs K when K runs among sets of the same volume?

The rest of the paper is organized as follows:

In Section [2] we introduce al the notation that will be necessary for our computa-
tions in the following sections. In Section [3] we obtain the results concerning convex
sets far from the ball (Proposition , and establish several technical lemmas that
will be needed later.

In Section 4| we compute the first-order approximation of |C’5E’n att =0
(Theorem . All results in this section are stated in R™.
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In Section [5| we compute the second order approximation in the plane, and
establish Theorems [L.§ and [[.9

Finally in Section |§| we compute the limit of the second derivative of |C(;E’
when § — 17, and prove Theorem |1.7]

n

2. NOTATION

The closed Euclidean ball of center p € R™ and radius » > 0 will be denoted by
B(p,r). The closed unit Euclidean ball B(0,1) is denoted by B, and its volume, by
Wy, -

It is convenient to introduce some notation in order to simplify the lengthy
computations that we will carry over in Sections [4] and [5] The following notation
is by no means standard.

For any set L and « € R", we denote Gr(x) = LN (L + z). For z € R™ denote
L(z) =BN B+ z) = Ge(x), C(x) =S 1N B +2z) and S(z) = C(z) UC(—x).

The n — 1 dimensional volume S(s) = |S(sv)|,,_, is independent of v € S"~! for
any s > 0, as well as the n-dimensional volume L(s) = |L(sv)],,.

For a fixed radial set K, v € S"~! and § € (0, 1), denote

k(1) = Kl po(t) = Py (), su(t) = po(O)R(0)™ and gu(t, s) = gr, (s0).

These quantities depend on the set K which is not explicitly written in the notation.
The partial derivatives of a function g(¢, s) will be denoted by 0sgu, 0:gv, Os 9w
and so on. We will denote kg = k(0), k{, = k'(0), kj = k" (0).
For A C S™~! and functions f,g: S" ! — R it will be convenient to use:

[figla={tyeR" 1y € At € [f(y), 9]},
and for z € R",

With this notation we have K = [0, px|gn-1 and Gk (x) = [0, px|gn-1N[0, px|&n-1r-

The union of two disjoint sets will be denoted by A LI B to emphasize that
ANB=0.

To measure the parameter of the convolution bodies Cs K we will use the three
variables ¢ € (0,1),s € (0,2) and a € (0,7/2), related by the formulas

(7) d = L(s),s = 2cos(a).

Our computations will involve the quantities
Wieols) = [ prctw)dn, Iic= [ prclw)to.
S(sv) St

In the variable o we will denote wg () = Wi (2 cos(a)v).

For the computations in R? we will identify points in S! with their angle in
[0,27), and write indistinctly pg(v) for v € [0,27) or v € ST C R?. We will also
use the vector v, = (cos(a), sin(a)).

3. PRELIMINARY RESULTS

We start by proving Proposition [I.4] and Theorem [I.1
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Proof of Proposition[I} According to [12, Corollary 2], for every convex body
K CR"
S0
|Cs K|, < (—log())"[II" K],
K|
< (—log(d))* ———2|II"B

< % B .

Assuming K is not an ellipsoid, % < 1 and we may find an appropriate do(K)
for which |CsK|,, < |CsBk],, if 6 > 6o(K). Indeed, by a theorem of Bérdczky [4)

Corollary 5], there exists a constant -,, > 0 such that
K|, < (1 = vadpan(K,B) %) 1" B |

n

and we get

1 n
1o_g(;)> (1 = yudpum (K, B)' ") |Cs Bk ,,.

Using that %gé‘s) <6t for 6 € (0,1), it suffices to take

50(K) = (1 — ypdpar (K, B)16807)1/7 and the function ¢(t) = (1 — 7, t'%%0")1/» O

Proof of Theorem[I1.1 In [8, Section 2|, Kiener proves that for p > 1 and any
convex body K,

I%Ku§<

/QK(x)pdf < /gBK(x)pdm.

A quick inspection of the proof (stated also in [8, Lemma 3] for the equality
case) shows that the p-th power can be replaced by any convex, non-negative and
non-decreasing function ¢ : [0,1] — R™, this is,

(8) / o(gx (@))dx < / o(gp, (2))de.

Assume without loss of generality that w is C!. Take o(t) = fol W'(8)(t — §)4dd
which is clearly non-negative, convex and non-decreasing. Using Fubini, integration
by parts, the layer-cake formula,

[ ctanctanas = [ L) [ (ox0) 3o

1 1
:/ w’(é)/ (CL K], dsdo
0 )

1
:w’(O)/n gK(a:)d:c+/0 w(9)|C5K],,dé.

1
— O+ [ wl8)CsK] s
0

By we get the result. [
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FIGURE 1. Set in the left-hand side of equation @D

The following technical proposition is essential to estimate g (z) for small .
Set
L(K,x) = L(z) U[L, pr]o@) UL, pr]E 0y
The sets G, (z) and L(Ky,x) are very similar when ¢ > 0 is small, in fact they
coincide outside a small region of volume O(¢?), while the volume of L(Kj,x) is
easier to compute.

Proposition 3.1. For M > 0, x € R",|z|< 2 there exist ¢,tyg > 0 depending only
on M and |z|, such that for every radial set K C R™ with px < M and for every
te (07 t0)7
G, (@) \ T(ct) = L(K¢,2) \ T(ct)
where
T(t)={ycR":d(y,S" ' n(S" ' +2)) <t}
and Ky is defined by .
Proof. Let E be the line parallel to x passing through the origin, and P the hyper-
plane perpendicular to x, passing through z/2. Denote by a(y), b(y) the euclidean
distances from y to P and E, respectively. Since |z|< 2, we have |z|= 2 cos(a) for
a unique « € (0,7/2). Consider the set
U ={y e R"/a(y) <sin(a)}.
It is clear that U C L(x) U [0, 00]c(x) U [0, 00]¢ -

Now we claim that if ¢t € (0 ”HSCOS(Q)”) then

’ M

(9) UNB(0,1+ Mt)NB(z,1+ Mt) C B(0,1) U B(z, 1)

(see Figure [1)
Indeed, the equations defining the left intersection are

(10) (a(y) + cos(@))® +b(y)* < (1+ Mt)?,

(11) b(y) < sin(a).

If a(y) < 2cos(a), then (a(y) — cos(a))? < cos(a)? and we get from (LI)),
(a(y) — cos(a))? +b(y)* < L.
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If a(y) > 2cos(a), we also get
(aly) — cos(a))? + b(y)? = (aly) + cos(a))? + b(y)? — 4a(y) cos(a)
< (14 Mt)? — 4a(y) cos(a)
< 1+ 8cos(a)? — 4a(y) cos(a)
<1,
and this implies in both cases that
y € B(0,1) U B(z,1)

and the claim is proven.
Notice that

B(0,1) UB(x,1) = L(z) U ([0,1]gn-1 N [L, 00 gn-1) N ([0, U gn—s N [T, 00]Gn-1)-

Now, since both G, (z), L(K¢, x) lie inside B(0,1+ Mt) N B(z, 1+ Mt), a point
in either of the sets U N Gk, (x),U N L(K},x) must belong to

(B(0,1) U B(z,1)) N (L(x) U [0, 00 ¢(a) L [0, 00]E o))
= L(2) U ([0,1]§n N [1,00] o)) U ([0, 1 gnr N [1,00]E(_y))
Inside this set, it is clear that the conditions defining G, () and L(Ky,x) coin-
cide. To see this write G, () = [0, px,|sn—1 N[0, pr,]&n—1 and
Gre,(2) N (L) U (10,1501 1 [1, 00 0) U ([0, s N1 0f )
= L(2) U([0,1]§n1 N [1, pr,]o(e) U ([0, sn-1 N L, prcJE(—a)
LK1, @) 0 (L@) U ([0, U N1, 00)) U (10, gnr N[, 00f ) -
Then, we only need to prove that
B(0,1+ Mt)N Bz, 1+ Mt)\ U C T(ct).
The equations defining the left-hand side, are and
(12) b(y) > sin(«).
From (10)) we obtain
(13) a(y)? + cos(a)? + b(y)? < (1+ Mt)?,
and using fort <1,
(14) a(y)® < (1+ Mt)? —1=2Mt+ M*t* < (2M + M?)t.
From we also have
b(y)? < (14 Mt)? — cos(a)? < (2M + M?)t + sin(a)?,
which yields, together with and ,

(b(y) —sin(@))? + a(y)® = b(y)* — 2b(y) sin(a) + sin(@)® + a(y)®
< (2M + M)t + 2sin(a)? — 2b(y) sin(a) + (2M + M?)t
<2(2M + M?)t

for t € (0,1).
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On the other hand, the equations defining "~ N (S"~! + z) are
a(y) = 0,b(y) = sin(a),
and the equations defining T'(ct) are
(b(y) — sin(a))? + a(y)® < ct

Thus, we have proved that B(0,1+ Mt)NB(xz, 1+ Mt)\U C T(ct) for t € (0,to),
with ¢ = 2(2M + M?) and some ty small, and the proof is complete.
O

The following proposition guarantees that the computations of first and second
derivatives in the next section are correctly justified.

Proposition 3.2. Let K be a CP radial set with 3 > 1. Then there is € > 0 such
that the function

S x (—,6) x (0,2) = R
(’U, t7 S) — g’U (t’ 8) = gKt (S’U)
is CP smooth. Moreover, %gv(us) #0.

Proof. Fix vy € S" !, 59 € (0,2). Since K is C? and 0K, = S™! intersects
transversally with 0Ky 4 squg, there is £ > 0 small such that for all (v,t,s) in an
¢ neighborhood of (v, 0, sg), the boundaries 0K; and 0K; + sv intersect transver-
sally to each other, and to any line parallel to vy passing through a point in an ¢
neighborhood of Gk, .

Let P, ;s be the orthogonal projection of Gk, (sv) onto the plane orthogonal to
vo, (vo)t. By transversality, reducing ¢ further if necessary, the set G, (sv) can
be described as the region between the graphs of two functions f_ and f;. This is,

GKt(SU) = {y-f—l'l)o Y S Pv,t,svf*(vvtvy) +s S l S er(’U,t,y)}

for two CP functions fi defined for (v,t) in a neighborhood of (vg,0), and ¥ in a
fixed open set containing P, ; s for all such (v,t,s). The volume can be computed
as

(15) go(t, S)

/P (f+(v,t,y) —f,(v,t,y) _S)dy

p(v,t,s)
J [ ) — £ ostir) = s)drde,
Sn=10(vg)+ JO

where p(v,t,s) is the (C#-smooth) radial function of P, s. Then it is clear that
Go(t,5) is CP smooth around (vg, 0, s¢).

By , the partial derivative with respect to s is exactly —|P, ¢ |, ;, which is
non-zero since s € (0,2) implies Gk, has non-empty interior. [

4. FIRST-ORDER TAYLOR EXPANSION OF C5K;

In order to compute the derivative of |C’5E|n we need to compute that of the
covariogram function.
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Proposition 4.1. Let K be a radial set and K; be the radial body defined by ,
then for x € R™ with 0 < |z|< 2,

(16) gmm:umm+5//mwm+mﬂ.
S(z)

For z =0,

(17) |K|,, = B, + tIx + O(t?).

Here ng) is bounded by a constant independent of t € (0,1) (but possibly depending

on K and z).
Proof. Thanks to Proposition the set Gg,(z) can be approximated as the

disjoint union

(18) Gr, () ~ (1, p]c@) UL, pr]Ea U L(T)

where A ~ B means that the symmetric difference AAB has volume O(#2?). Indeed,
the symmetric difference must lie inside the torus T'(ct), whose volume is bounded

by ¢, (ct)? where c,, is some dimensional constant.
We obtain

gr, () = |L(@)]y + | [ p)e@) |, + [[1 pro(a ], +O).

Integrating in polar coordinates,

L pxle@ |y + [ pE)o-a)|, = 1 pE)s@) |,

1 " D
—Lm@mw 1)d

n

1
=2 [ ttpwte) + 0G0
" Js(x)
(19) = t/ px (v)dv + O(?),
S(x)
and the proposition follows. ([

Proof of Theorem[I.¢ For t =0, K is the Euclidean ball of volume 1. The body
CsK) is also a ball, and its radius pg satisfies L(pg) = 0.

Start observing that for any A > 0,

Ik (Az) = N'gk (@),
implying that
95 (2) = K| grc (|61, ).

Since /’C(;E(U)U is in the boundary of C5Kj, by the continuity of volume, the

radial function pg, z (v) satisfies

§ = g (po, 7 (0)0) = Ko, g, (Kol Y oo (0)0).
We get
(20) 8§ = k(t) " g, (t, pu (H)EE)Y™).

Clearly, for t close to 0, the function k(t) is C'* smooth and bounded away from 0.
By Proposition and the Implicit Function Theorem, the function p,(t) must be
C' with respect to (¢,v), in a neighborhood of t = 0.
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We can take derivative of with respect to t, to obtain
(21) 0= —k(t) 2K ()gu(t, po ()k(t)/™)

() Dugo (2, po (DR (1k<t>i-1k’<t>pv<t> n k(t)l/ww)

+ k(t)_latgv (tv pv(t)k(t)l/n)

Notice that g¢,(0,s) = L(s) for every s > 0, so 959,(0,s) = L'(s). From we
compute

(22)  p(0) = w, ML (s0) " (wy, 'K (0) L((s0) — D190(0, 50)) — %wilk'(o)po

where w,, = k(0) and so = s(0) = p,(0)k(0)'/™ is independent of v.
The volume of C5K, can be computed as

N 1 "
(23) |Cs K|, = - /Sn_l pesze; (v) dv

so taking derivative with respect to ¢ and using and ,

0 J—
Floml a7 [ s
ot "li—o gn—1
n— _ L(So) 1 _
= pnto Vn i L,(so)nwn—gwnllegnwn
n—1 —1/ng/ -1 9
—py wn "L (s0) -9k, (sov)|  dv.
Sn—1 6t ) t=0

By in Proposition we have %gm (sov) = Wk v(s0). Observe that
t=0

S(z) is a union of two spherical caps, so for v,w € S"~!, we have v € S(sow) if
and only if w € S(spv), then

(24) Wk »(s0)dv = / X S(sov) (W) px (w)dwdv
Sn— 1 Sn— 1 Sn— 1
/ / XS(sow) dvpK( )d
Sn— 1 Sn— 1
= S 50 IK
We get
0 —_— _ L(So) _
fCK _ n—1 1/11 I —I _ n—1 1/nL/ 1 I
6t| g t‘n —o =Po Wn L/( 0) KPO Po Wy (s0)” " S(s)IKk

= I L'(s0) " 'w, /" pp (nL(s0) — s0L' (s0) — S(s0)).

Finally we shall prove that
nL(so) = soL'(s0) + S(s0)

which concludes the proof.

Consider the n — 1 dimensional circle Sy = (%sov +01) N (B + spv) and observe
that L'(sg) = |S2|,_;. Consider the cone Dy with vertex at the origin and base
Sy. Using the cone volume measure (see (9.33) of [13]), this is, L|(n(z),z)|dS(x)

’'n
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(where n is a unit normal vector to the surface) to compute the volumes of the
cones we get

L(so) = 2(|D(x)l,, — |D2l,,)
2 / / So
= — 1dS(x) — —dS(x
n(cm (@) sy 2 ()>
_ 21 S0
= 2(55() — 2L'(s0))
and the proof is complete. O

5. SECOND-ORDER TAYLOR EXPANSION OF CsK; IN THE PLANE

In order to compute the second derivative of |C(;E|n we need a second-order
estimate of the covariogram of K;. From now on, all computations will be made
for n = 2. We will make use of Proposition again. In dimension 2, the set T'(ct)
is a union of two closed balls.

Proposition 5.1. Let K C R? be a planar radial set and K; be the radial body
defined by , then

g, () = L(z) + ¢ /

1
px (v)dv + t2§ / px (v)2dv + 2Tk (z) + o(t?)
S(z)

S(z)

where O(tt;) — 0 ast— 0T, for fited K and x, and

Ty (w) = W (4o (0o (02) + pic (v3)prc(02))

+ (i) + pirc(va)? + pic(va)? + pic(v0)?) (12 ~2) )

where (v1,v2) are the boundary points of S(x) and (vs,vs) are the lower ones, as
shown in Figure 24
Moreover,

Proof. Without loss of generality we may assume x = (|z|,0). Let py,p_ be the
upper and lower intersection points of S! and S! + 2. Proposition provides
constants tg, ¢ > 0 sufficiently small such that outside the balls B(p, ct), the sets
in the left and right of are equal for all ¢ € [0, ¢p]. This is,

(25) G, (2) \ B(py,ct) \ B(p—ct)
= (L(I) u [la pKth(I) U [LpKt]%(—x)) \B(p-‘r?‘:t) \ B(p—v Ct)'
(see Figure [2a))

To simplify the computations, we will only compute the volume of Gk, (z) in-
tersected with the upper half-plane H*. For any measurable A C R?, we denote
|Al,, = [AN H"|,. The intersection with the lower half-plane is similar and will
be omitted. For small ¢ > 0, B(p,ct) lies in H+.

To compute the second order term inside the ball we use a blow-up argument at
the point py. The set

Ri(#) = (G (0) \ L) 1 By, ct)) — py)
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(A) Sets of equation and B(py,ct). (B) Boundary points of S(z),

V1, V2, V3, V4

is uniformly bounded with respect to ¢, and converges in the Hausdorff metric to

(26) Ri(0) = {y € R?: |y|< d, max{y.va, y-vs—a} = 0,

Yo < pr (@), Y Ur—a < pr (T — a)}

(see Figure [3a)).
On the other hand, the set
1 x
Ba(t) = 1 (1L oo U L oS sy = p4) N B(pict))

is also uniformly bounded with respect to ¢t and converges in the Hausdorff metric
to

(27) Ral0) = {y €R?: Jyl< d, (0 < yve < pi (v0), Yvmnsa = 0)
or (O S YUr_a < pK(U‘Ir—Oz)7 Y- Vn—atmn/2 > O)}

(see Figure [3).
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(A) Approximation of the set (B) Difference between R: (C) Approximation of the set
R near p4. and Ra. R2 near p4.

PK(TT=Q).Vr-q

r@va

We get from 7 , and that
G (@], = 1 @)\ L@)\ Blo, ety + [ERL 0]y + | L)l

= | (1 picJow) UL prc e ) \ Bl )|+ [tRa(0)], + |L()
+ (R (D), — | Ra(t)],)

= ’[l,pKJC(m) UL prJE(-a)
+ t*(R1(0) — R2(0)) + o(t?)

1
L@+t [ @5 [ P
S(z)nH, 2 Js@)nH,

+ 2 (IR1(0)l = [R2(0)1,) + o(t?)

The difference |R;(0)|, — |R2(0)|, is exactly the signed area of the quadrilateral
with (ordered) vertices 0, pg, ()Va, Pa, P, (T —@)Vr_q, Where p, is the intersection
point of the two lines p, - v4 = pi, (@) and pq - Vr—o = pk, (T — a). The sign of the
area of each region bounded by the quadrilateral is given by the sens of rotation
of the boundary around it. (see Figure This quadrilateral is always convex
if a € (0,7/4). It is clear that this signed area is exactly (det(px,(@)va,pa) +
det(pa, px, (T — @)Vr_q). By computing p, in terms of «, pg, () and pg, (7 — ),
and adding the corresponding term for the lower half space, we obtain the formula
for Tk (x).

The second formula is computed easily as

1
Kl = [ pr0)de
S1

— 3 [+ 2 0) + o))

L
ot + | (55)‘24-

=7 —|—t/ px (v)dv + t*|K]|,,.
Sl

O

We are ready to compute the second derivative of the volume, in dimension 2.
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Proposition 5.2. Let K be a C? smooth radial set and K, be defined by @, then
if a is given by ,

(28)
. 2
L [ foen T 2o et
+ ml((y)? /sl (wK7v(a))2 dv + 2/31 prx (v —a+7)pk(v+ a)dv
+ 4cos(2a)|K|2>
where

o+ 5+ 2 )| = picv+a) +px(v =) +px(v+7+ ) + pc (v +7— @),

Proof. First we compute the second derivative of |C’5K}n with respect to t using
(23), at t = 0.

I
(29) @|C5Kt|2

— [ APt [ o
st st
In order to simplify the computations we write as

(30) § = k()" gu(t, 50(t))
where s,(t) = k(t)'/?p,(t) and take derivative with respect to ¢ at t = 0, to obtain

t=0

kygv,0 — k00rgv,0
31 s,(0) = 2= Lo
( ) ( ) koasgu,o

where g, 0 = ¢4(0,5,(0)), Orgv,0 = 9:9s(0,5,(0)). Take the second derivative of
with respect to t, at t = 0, and use to get
(32)

1
52,/(0) 3 (kOgv,O <_2k6839v708t,sgv,0 + 2145(/)837391),081&91),0 + k(l)/ (8391170)2)

k(z) (asgv,o)
- (@91;,0)2 k(Q)as,sgv,O + 2]{:86391),081591),0815,3911,0 - k(Q) (asgv,O)Q 8t,tgv,O

2
- (k(/)) 912),068,891),0>
The terms pf,, p!’ can be computed from s, s” by the relation s,(t) = k(t)'/2p,(t)
as
_ 1 —
(33) pu(0) = 5, (0)kg % = Z50 (0)ky kG
and

ko5, (0) | 0(0) | 3(kp)® pu(0) _ kgpu(0)
i _ 0w v 0 v _ MoFPv
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Using Propositions .1] and [5.1] we get the following identities:
ko= ky = Ik ky = 2|K|,

35
(35) gv,0 = L(So) 0sGv,0 = L'(s0) Osgv,0 = L”(SO)

8tgv,0 = WK,U(SO) 8t,tgv,0 = fs(sm,) PK(w)de + 2Tk (sov)
at,sgv,o = Wil(,v(SO)'

Notice that gy,0,959v,0,0s,59v,0 are independent of v.
Integrating ,
1

(37) / sy (0)dv = ——— [ - 27TIKLL’/ Wi pdv+2nLIgL" | Wk pdv
g1 s (L) g1 ’ g1

(36)

+ 472 LK |, (L)* - sz’// Wi ,dv — 2n I L*L"
Sl
+73(L)? / (/ px (w)?dw + QTK(sov)>dv
St S(sov)

+ 272/ WK’UW}(’vdv]
Sl

where we omitted the argument sq in the functions Wy ,, ka, L,L and L".
Using a computation similar to (24)), we obtain

(38) / / px (w)?dwdv = 25(s0) | K|,
St JS(sov)
Also from ,
(39) / ka(so)dv = S'(s0)Ik-
Sl

We combine , , , , the identities and , and ,
([39), and we get

82’ —
40) =— |Cs5 K =
(40) o219 t|2 o

2
1 9 1 9
+ Wi dv+ —(pol
2 7r3/2L’> w(L')2 /Sl K@Y 271-(p0 K)

IRLS 2 polL  po IiS O[_ 1 121

2<IKL

_ 71'2(L/)2 7T3/2 L' 7r3/2 J 73/2 I
1% S 1 3
+ ﬁ + 5 /S sy (0)dv + o—polfc — 2p0K|2}

We combine , with 7 , the identities and , and after lengthy

but straight-forward computations we get

0 1
Z = |2rsoL Wi od
ot? t=0 w2(L')3 [ o < 51 Wi Wico U>

+ 7 (L —soL”) </ W[avdv) — 2mso(L))? </ T(v, so)dv>
51 st
—2msg| K |2(L')? + dmso| K|, L(L)? + 25317 (L')?

— 280l LS'L' + 25013 SLL" + 2s01%S(L')? — 217 SLL’

(41) -5 |Cs K

— 250l % L2L" — 4soI2-L(L')? + 213 L°L — 277505(1/)2|K|2] :
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FIGURE 4. The sets K" for m =1,2,3,4 and t = 515
@nYanYanyan
' \ { !

Now we parametrize with respect to the variable o € (0, 7/2) with s = 2 cos(a).
We have the following relations:

s0 = 2cos(a) L(s )/77
(42) S(so) = 4 S’(So) o)
L'(sg) = —2sin(a) L"(sp) = tan(a)~! L(so) = 2(a — cos(a) sin(a))

To compute the term W1/<,U7 observe that

(43) —2sin(a)Wp ,(2cos(a)) = wi ,(a)

8 (/v+a v+m4a
== pr(w)dw +/ pK(w)dU))

80& v—Q v+T—0
=pr(v+a)+pg(v—a)+pgk(v+m+a)+px(v+m—a)

= [pK(v—i-g:I:g:I:a)].

Using the identities and we simplify equation to obtain .

We are ready to compute the counterexample:

Proof of Theorem[I1.8 Consider the (infinitely smooth and symmetric) radial set
given by

1 1
44 Kxm (V) = cos(muv 2 = Zcos(2mw) 4 =
P 2 2

(see Figure [4] )
All integrals in can be computed exactly using the two expressions for
prm (V) in @ To compute the last integral we use the identity

cos(m(v — a))? cos(m(v + a))? = %(cos(va) + cos(2ma))?.

Integrating every term in (28) we obtain
3 1
Ix =7, |K|,= 3™ pr(v—a+7)pk(v+a)dv = Zﬂ(cos(élam) +2)
Sl

Wi p(a) = i (sin(2m(a +v)) + sin(2m(a+ v + 7)) — 2sin(2m(v — a)))

) 7 (16a*m? — cos(4am) + 1)
v dv =
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FIGURE 5. The function sin(a)?F,,(a) for m = 10.

/\N\ /\v[\ Ao,
gL

T 1 .
/S1 [pK(v + 0 + 5 + a)} Wi, ()dv = Eﬂ'(Sam + sin(4am)).

1

and

Denote F,(a) = g—; |C’,5K7tm|2 , where § and « are related by (7). Putting all

t=0
the integrals together we get
1 1 1
(45) F(a) = sn(a)? (2 cos(2ar) + 3 cos(4dam)
1 _ cos(4am)  sin(4am) )
8m2sin®(a)  8m?2sin*(a)  2mtan(a)

Every pair m, « for which F,,(«) is positive will provide us a counterexample to
Question To finish the proof, it remains to prove that for every ag € (0,7/2)
there exists m such that F),(ag) > 0.
Consider
1 cos(4am) sin(4am)
8m?sin(a)?  8m?2sin’(a) 2mtan(a)’

Equation can be written as

cla,m) =

1 1
sin(a)?Fgm (a) = B cos(2ar) + 3 cos(4dam) + c¢(a, m).

(see Figure |9)

The function ¢(«, m) tends to 0 as m — oo, for every a € (0,7/2].

Fix ag € (0,7/2) and consider mg such that for every m > my, 1 cos(2ag) +
¢(ag, m) > —1/2. This is possible since cos(2ay) € (—1,1).

If ag/m is a rational number, choose a suitable m > mg such that cgm/7 is
integer, then cos(4mayg) = 1. If o/ is not rational, the sequence cos(4dmayg), m >
my is dense in [—1,1] and we may choose m > myq so that cos(4may) is arbitrarily
close to 1.

In both cases we obtain at least one value of m such that Fy,,(ag) > 0. O

Finally we are ready to give a negative answer to Question [1.3

Proof of Theorem[I.9 Let § € (0,1) and take the value of « given by the relations
(42). By the proof of Theorem there is m € N such that F},(«) > 0. Consider
the radial set K™ defined by (44]) and the radial body K" = (K™); defined by
. Since the function pgpm converges to 1 in the C” topology for every 3 > 0, and
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since convexity is a C2 property of p, there exists #,, > 0 such that K™ is convex
for every t € [0,¢ ] (by analyzing the Gauss curvature, one can see that K" is
convex for t € [0, 513]). By Theorems and . there exists t,, < t,, such that

the function t — |C'(5Km|2 is increasing at [0,%,,]. Then

|C5@2 >

|C5KE

‘2:

and the proof is complete. ([

6. THE LIMIT AS § — 1

In this section we prove Theorem [1.7, We split the proof in two parts: first we
compute the limit as 6 — 1, and later we show that the limit is non-positive.
Theorem [I.7]is a direct consequence of Propositions [6.1] and [6.2}

Proposition 6.1. Let K be a C? smooth radial set, then
. 1
lim |C§ t|

:§7T/ pi(v) + pr (v + ) Zdv
so1- (1—0)2 26t2 o 4 e 2

(46) -2 ( /. pK<v>dv)2 -7 [ Aetwpan+ il

Proof. First notice that

1-9
lim —— =1,
a—m/2= 2 cos(a)
where 0 and « are related by (7] . SO we may replace the factor (1 —§)? in . 46)) by
cos(« e rearrange some terms o ) to obtain
= . W f (28) to ob
(47) msin(a) 9%
cos(a)?
. LA (@) + 245(a) — —— Ay(a) + 8K], — °12
~ sin(a) ! 2 sin(a)2 2 oK
where

i) = s (2= g [ oo+ 52 T ] un ()

As(a) = cos(la) {/ pr(v—a+m)pg(v+ a)dv — /51 p(v)de]
Asz(a) = ! 5 {20[ I — 3/51 wK,v(CV)2d’U] :

cos(a)? | w

Here we used the identities cos(2a) = 2 cos(a)? — 1 and sin(2a) = 2sin(a) cos(c).
To compute the limits, first we observe that

. Iy —wg(a) 1
1 _ L = 2 — /2
B N 2(P(U+7T/ )+ p(v—7/2)),

since the left term is the average of px in the complement of S(cos(a)v).
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We compute Aj:

1 T, T Ik —wk ()
I+ 5(2m—4 [ T Ty }7761
K+2(7r 04)/51 pK(v—|—2 5 ) S v

cos(a) A () = 4?04
1

™ T
_5/51 {pK(U‘Fiigia)}d’l}IK

Ik — wr(@)

dv.
21 — 4o v

= %[ﬁ(afw/2)+2(7r/2foz)/51 [PK(UJnggia)}

cos(a)

77— — 1 when o — /2 we obtain

2
4
lim Al(a)zg/ (pK(U)+PK(U+7T)) wotp
a—mw/27 51 2 T

Since

We compute Aj:

cos(a)?As(a) = /sl pr(v—a+7m)pr(v+ a)dv — ; i (v)2dv
- %/ (2px (v — a+m)pr(v+ a)dv — pr(v+ @) — px (v — a+7)?)dv
Sl

(et s,

— 9(n/2 - a)2/

S1

we get

lim  Ay(a) = —2 / o (v)2d.
Sl

a—mw/2-

We compute As:

202 1
:IZ —_— J— _7[ v
(2 43) i f onorn
_4<E—a)2/ <U)K’“(a)_IK>2dU
2 S1 2m — «
202 2 Ja) =T 2
II2( &—FE—QO( —4(E—a)/ w dv
& 2 2 S1 2r — «

(e o) [ () e

and we get
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Putting together all the terms A; in ([47)), we get

t_0:3/51 (pK(v)+gK(v+7r)>2dU

2
2
2 ([ owtar) = [ et 2ix),
™ St S1

and the Proposition is proved. [l

) ™ o —
fim 4cos(a)? 012 |Cs K |2

Finally, we shall prove that the limit of the second derivative is non-positive.

Proposition 6.2. For every C? smooth radial set K,

3/3 (pK<v>+gK<v+w>>2dv_ % (/S pK(mv)z

—/ phe(v)2dv + 2 K], < 0.
Sl

FEquality holds if and only if
pi (@) = a+ beos(a) + csin(a) + d cos(2a) + esin(2«)
for some constants a,b,c,d,e.

Proof. Since pg is a real periodic and continuous function we can represent it as a
Fourier series

PK (Oé) — Z aneina

neZ

with a_,, = a,,ap > 0. The integrals are expressed as

@) [ ox=rman [ pk=amSlaaPrrnad, [ () = am Yl

n>1 n>1

The symmetric part is

pK(a)+pK(a+7T) :ZE a eina

2
neZ

where €, = 1 if n is even, and €, = 0 if n is odd. Using we have

2
/ (pK(U) +pK(U—|-7T)> do — 4ﬂz€n|an|2+2ﬂa§
Sl

2
n>1
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and we compute

mF(a)

lim ———
Ty cos(a)?

2
=3 47r25n\an\2+27ra3 — Z(2magp)?
T

n>1

— 47anQ|an|2 + 47r2|an|2+27ra(2)

n>1 n>1

=127 Z Enlan|>—4m Z n?|a,|?+4mw Z|an\2

n>1 n>1 n>1

= 4r Z(l + 3en)|an|*— Z n?la,|?

n>1 n>1

Observe that 1+ 3¢,, < n? for every n > 1, then the inequality follows.
Equality holds if and only if a,, = 0 for all |n|> 3, which happens if and only if
K has radial function

pr (@) = a+ beos(a) + csin(a) + d cos(2a) + esin(2a).

This function is a homogeneous polynomial of degree 2 in two variables, evaluated
in vg. (I

(1
2]
(3]
[4]
(5]
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