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BI-LIPSCHITZ RIGIDITY OF DISCRETE SUBGROUPS

RICHARD CANARY, HEE OH, AND ANDREW ZIMMER

Abstract. We obtain a bi-Lipschitz rigidity theorem for a Zariski dense
discrete subgroup of a connected simple real algebraic group. As an
application, we show that any Zariski dense discrete subgroup of a higher
rank semisimple algebraic group G cannot have a C1-smooth slim limit
set in G/P for any non-maximal parabolic subgroup P .

1. Introduction

For i = 1, 2, let Gi be a connected simple real algebraic group and Γi a
Zariski dense discrete subgroup of Gi. Let

ρ : Γ1 → Γ2

be an isomorphism. The classical rigidity problem searches for a condition
on ρ which guarantees that ρ is algebraic, that is, it extends to a Lie group
isomorphism G1 → G2.

If Γ1 is a lattice in G1 and either

• G1 = G2 has rank one and is not locally isomorphic to PSL2(R), or
• G1 has higher rank,

then any isomorphism ρ : Γ1 → Γ2 is algebraic by celebrated theorems of
Mostow, Prasad, and Margulis ([16], [17], [15]). On the other hand, there
are very few rigidity theorems for non-lattice discrete subgroups, especially
in higher rank. In this article, we provide a rigidity criterion ρ : Γ1 → Γ2 in
terms of a ρ-boundary map between the limit sets of Γ1 and Γ2.

Since Γi is Zariski dense, there exists a unique Γi-minimal subset Λi in
Fi = Gi/Pi for a parabolic subgroup Pi of Gi, called the limit set. When
both parabolic subgroups are maximal, our result takes the following simple
form:

Theorem 1.1 (Bi-Lipschitz rigidity theorem I). Assume that P1 and P2 are
maximal parabolic subgroups. Let ρ : Γ1 → Γ2 be an isomorphism. If there
exists a bi-Lipschitz ρ-equivariant map f : Λ1 → Λ2, then ρ extends to a Lie
group isomorphism

ρ̄ : G1 → G2

which induces a diffeomorphism f̄ : F1 → F2 such that f̄ |Λ1
= f .

Canary is partially supported by the NSF grant No. DMS-2304636. Oh is partially
supported by the NSF grant No. DMS-1900101. Zimmer is partially supported by a Sloan
research fellowship and NSF grant No. DMS-2105580.
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Recall that f : Λ1 → Λ2 is bi-Lipschitz if there exists C ≥ 1 such that for
all ξ, η ∈ Λ1,

(1.1) C−1dF1
(ξ, η) ≤ dF2

(f(ξ), f(η)) ≤ CdF1
(ξ, η)

where dFi
is a Riemannian metric on Fi for i = 1, 2. Since any two Rie-

mannian metrics on Fi are bi-Lipschitz equivalent to each other, this notion
is well-defined. We note that there can be at most one ρ-equivariant map
f : Λ1 → Λ2 [12, Lemma 4.5]. We emphasize that we do not require f to
be defined on all of F1, but only on Λ1. For G1 = G2 = SO(n, 1)◦, n ≥ 2,
Theorem 1.1 was proved by Tukia [29, Theorem D].

Remark 1.2. (1) The hypothesis that G1 and G2 are simple is necessary;
see Remark 4.8.

(2) The global bi-Lipschitz hypothesis on f can be replaced by the con-
dition that f is bi-Lipschitz on some non-empty open subset of Λ1;
see Lemma 4.9.

We now state a general version of Theorem 1.1 where P1 and P2 are
arbitrary parabolic subgroups.

Theorem 1.3 (Bi-Lipschitz rigidity theorem II). Let ρ : Γ1 → Γ2 be an
isomorphism. If there exists a bi-Lipschitz ρ-equivariant map f : Λ1 → Λ2,
then ρ extends to a Lie group isomorphism

ρ̄ : G1 → G2.

Moreover, there exists a parabolic subgroup P ′
2 of G2 containing P2 such

that ρ̄(P1) ⊂ P ′
2 up to a conjugation and the smooth submersion G1/P1 →

G2/P
′
2 induced by ρ̄ coincides with the composition π ◦ f on Λ1 where π :

G2/P2 → G2/P
′
2 is the canonical factor map.

Λ1 Λ2

G1/P1 G2/P
′
2

f

	 π

ρ̄

See Theorem 4.7 for a stronger version which relaxes the bi-Lipschitz
condition to a κ-bi-Hölder condition for κ > 0.

Remark 1.4. In general, P ′
2 is not the same as P2. We use the theory of

hyperconvex subgroups to construct a Zariski dense discrete subgroup of
SL8(R) which demonstrates this point in Proposition 6.1.

Theorem 1.3 also has consequences for the regularity of the limit set of Γ
in G/P when G is a higher rank semisimple real algebraic group and P is a
non-maximal parabolic subgroup.

Theorem 1.5 (Regularity of slim limit sets). Let G be a connected semisim-
ple real algebraic group of rank at least 2 and P a non-maximal parabolic
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subgroup of G. Any Zariski dense discrete subgroup of G cannot have a slim
limit set in G/P which is a C1-submanifold.

Note that any non-maximal parabolic subgroup P is contained in at
least two non-conjugate maximal parabolic subgroups of G. We call a sub-
set S ⊂ G/P slim if there exists a pair of non-conjugate maximal par-
abolic subgroups P1, P2 containing P such that the canonical factor map
πi : G/P → G/Pi is injective on S for i = 1, 2.

G/P

G/P1 G/P2

π1 π2

In particular, the limit set of any subgroup of a P -Anosov or relatively P -
Anosov subgroup is always slim. More generally, if any two points in the
limit set are in general position, then the limit set is slim.

The non-maximal hypothesis on P in Theorem 1.5 is necessary, as there
are many Zariski dense discrete subgroups of PSLn(R), n ≥ 3, whose limit
sets are C1-submanifolds of P(Rn), e.g., images of Hitchin [14] and Benoist
representations [2]. We remark that the limit sets of these examples are not
C2 as shown by Zimmer [32].

Remark 1.6. (1) When G is of rank one, the limit set Λ of a Zariski
dense subgroup of G is not a proper Cr-submanifold of G/P where
r = 1 for G = SO(n, 1)◦ and r = 2 for other rank one groups
([30, Proposition 3.12 and Corollary 3.13]). In higher rank, there
exists 0 < r < ∞, depending on G, such that Λ is not a proper
Cr-submanifold of G/P for any parabolic subgroup P [5, Lemma
2.11].

(2) Theorem 1.5 was previously established for images of Hitchin repre-
sentations [26, Corollary 6.1] and for images of (1, 1, 2)-hyperconvex
representation of a surface group [18, Corollary 7.7]. We also men-
tion [6], [31], and [20] for related work on the regularity of the limit
set for certain classes of subgroups of G = SO(d, 2), PSLd(R) and
SO(p, q) respectively.

On the proofs. We deduce Theorem 1.3 and Theorem 1.5 from the fol-
lowing property of limit sets of a Zariski dense subgroup in higher rank:

Proposition 1.7. Let G be a connected semisimple real algebraic group of
rank at least 2. Let Q1 and Q2 be a pair of parabolic subgroups of G such
that there is no parabolic subgroup of G containing Q1 and a conjugate of
Q2 (e.g., a pair of non-conjugate maximal parabolic subgroups).

If Γ < G is a Zariski dense discrete subgroup, then there is no Γ-equivariant
bi-Lipchitz map between the limit sets of Γ on G/Q1 and G/Q2.
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Indeed, if ρ in Theorem 1.3 does not extend to a Lie group isomorphism
G1 → G2, then the following self-joining subgroup

(1.2) Γ = (id×ρ)(Γ1) = {(g, ρ(g)) : g ∈ Γ1}

is a Zariski dense subgroup of the product G = G1 × G2. On the other
hand, a bi-Lipschitz map f as in Theorem 1.3 yields a bi-Lipschitz homeo-
morphism between the limit sets of the self-joining group Γ in G/(P1 ×G2)
and G/(G1 × P2), which then gives a desired contradiction by Proposition
1.7. We mention the recent work [10] and [11] on related rigidity theorems
which use the idea of self-joinings.

If Γ has a C1-slim limit set in G/P as in Theorem 1.5 and P1 and P2

are non-conjugate maximal parabolic subgroups containing P , we get a bi-
Lipschitz map between the limit sets of Γ in G/P1 and G/P2 from the
slimneess hypothesis. Therefore Proposition 1.7 implies Theorem 1.5.

For the proof of Proposition 1.7, we relate the exponential contraction
rates of loxodromic elements γ ∈ Γ on G/Qi with the Jordan projections of
the image of γ under Tits representations of G. This part of the argument is
motivated by earlier work of Zimmer [32, Section 8]. We then show that the
bi-Lipschitz equivalence of the limit sets gives an obstruction to Benoist’s
theorem [1] on the non-empty interior property of the limit cone of a Zariski
dense subgroup (see the proof of Proposition 4.3).

Acknowledgement. We would like to thank Dongryul Kim for helpful
comments on a preliminary version of this paper.

2. Preliminaries

Unless mentioned otherwise, let G be a connected semisimple real al-
gebraic group throughout the paper. This means that G is the identity
component G(R)◦ for a semisimple algebraic group G defined over R. A
parabolic R-subgroup P of G is a proper algebraic subgroup defined over R
such that the quotient G/P is a projective algebraic variety. A parabolic
subgroup P of G is of the form P(R) for a parabolic R-subgroup P of G;
in this case, the quotient G/P is equal to (G/P)(R) and is a real projective
variety, called a G-boundary [3]. Any parabolic subgroup P is conjugate
to a unique standard parabolic subgroup of G, once we fix a root system
associated to G.

To be precise, let A be a maximal real split torus of G. The rank of
G is defined as the dimension of A. Let g and a respectively denote the
Lie algebras of G and A. Fix a positive Weyl chamber a

+ ⊂ a and set
A+ = exp a+, and a maximal compact subgroup K < G such that the
Cartan decomposition G = KA+K holds. We denote by M the centralizer
of A in K. For g ∈ G, we denote by µ(g) the Cartan projection of g, which
is the unique element of a+ such that g ∈ K expµ(g)K.

Any g ∈ G can be written as the commuting product g = ghgegu where gh
is hyperbolic, ge is elliptic and gu is unipotent. The hyperbolic component
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gh is conjugate to a unique element expλ(g) ∈ A+ and

(2.1) λ(g) ∈ a
+

is called the Jordan projection of g. When λ(g) ∈ int a+, g ∈ G is called
loxodromic in which case gu is necessarily trivial and ge is conjugate to an
element m ∈ M .

Let Φ = Φ(g, a) denote the set of all roots and Π the set of all simple
roots given by the choice of a+. The Weyl group W is given by NK(A)/M
where NK(A) is the normalizer of A in K.

Consider the real vector space E∗ = X(A)⊗ZR where X(A) is the group of
all real characters of A and let E be its dual. Denote by (·, ·) a W-invariant
inner product on E. We denote by {ωα : α ∈ Π} the (restricted) fundamental
weights of Φ defined by

2
(ωα, β)

(β, β)
= cαδα,β

where cα = 1 if 2α /∈ Φ and cα = 2 otherwise.
Fix an element w0 ∈ NK(A) of order 2 representing the longest Weyl

element so that Adw0
a
+ = −a

+. The map

i = −Adw0
: a → a

is called the opposition involution. It induces an involution of Φ preserving
Π, for which we use the same notation i, so that i(α) = α ◦ i for all α ∈ Φ.

For a non-empty subset θ of Π, let aθ = ∩α∈Π−θ kerα, and let Pθ denote
a standard parabolic subgroup of G corresponding to θ; that is, Pθ = LθNθ

where Lθ is the centralizer of exp aθ and Nθ is the unipotent radical of Pθ

which is generated by root subgroups associated to all positive roots which
are not Z-linear combinations of elements of Π− θ. If θ = Π, then P = PΠ

is a minimal parabolic subgroup. For a singleton θ = {α}, Pα is a maximal
parabolic subgroup of G. Any parabolic subgroup P is conjugate to a unique
standard parabolic subgroup Pθ for some non-empty subset θ ⊂ Π.

We consider the θ-boundary:

Fθ = G/Pθ.

We denote by dFθ
a Riemannian metric on Fθ. Let P

+
θ = w0Pi(θ)w

−1
0 , which

is the standard parabolic subgroup opposite to Pθ such that Pθ ∩ P+
θ = Lθ.

Hence Fi(θ) = G/Pi(θ) = G/P+
θ . The G-orbit F

(2)
θ = {(gPθ , gw0Pi(θ)) : g ∈

G} is the unique open G-orbit in G/Pθ × G/P+
θ under the diagonal G-

action. Two elements ξ ∈ Fθ and η ∈ Fi(θ) are said to be in general position

if (ξ, η) ∈ F
(2)
θ .
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3. Contraction rates of loxodromic elements and Tits

representations

The first part of the following theorem immediately follows as a special
case of a theorem of Tits [25], and the second part is remarked in [1] and
proved in [23].

Theorem 3.1 ([25, Theorem 7.2], [23, Lemma 2.13]). For each α ∈ Π,
there exists an irreducible representation ρα : G → GL(Vα) whose highest
(restricted) weight χα is equal to kαωα for some positive integer kα and
whose highest weight space is one-dimensional.

Moreover, all weights of ρα are χα, χα −α and weights of the form χα −
α−

∑

β∈Π nββ with nβ non-negative integers.

These representations are called Tits representations of G. Fix α ∈ Π and,
as before, set Fα = G/Pα. We denote by V1 and V2 the weight spaces of ρα
for the highest weight χα and the second highest weight χα−α respectively.
We have dimV1 = 1 and dimV2 ≥ 1. If we set ξα = [Pα] ∈ Fα, the map
gξα 7→ gV1 gives an embedding

(3.1) Fα → P(Vα)

whose image is a closed subvariety. We may hence identify Fα as a closed
subvariety of P(Vα). Let 〈·, ·〉α be a K-invariant inner product on Vα with
respect to which A is symmetric and we have the orthogonal weight space
decomposition of Vα. Using the norms on Vα and ∧2Vα induced by this inner
product, we get a K-invariant Riemannian metric dα on P(Vα):

dα([v], [w]) =
‖v ∧ w‖

‖v‖‖w‖
for [v], [w] ∈ P(Vα).

Recall that an element g ∈ G is loxodromic if there exist a ∈ intA+ and
m ∈ M such that g = hgamh−1

g for some hg ∈ G. The element hg is then

uniquely determined modulo AM and λ(g) = log a ∈ int a+.
Let πi = πα,i : Vα → Vi be the orthogonal projection for i = 1, 2. Recall

the following standard lemma:

Lemma 3.2. Let g be a loxodromic element of G. For ξ ∈ Fα, we have
π1(h

−1
g ξ) 6= 0 if and only if gnξ converges to hgξα as n → ∞.

The point ygα := hgξα ∈ Fα is called the attracting fixed point of g.

Lemma 3.3. Let g ∈ G be a loxodromic element and α ∈ Π.

(1) For all ξ ∈ Fα with π1(h
−1
g ξ) 6= 0, we have

−α(λ(g)) ≥ lim sup
n→∞

1

n
log dα(g

nξ, ygα).

(2) For all ξ ∈ Fα with π1(h
−1
g ξ) 6= 0 and π2(h

−1
g ξ) 6= 0, we have

−α(λ(g)) = lim
n→∞

1

n
log dα(g

nξ, ygα).
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Proof. It suffices to prove the claim when hg = e, i.e., g = am ∈ AM
with log a ∈ int a+. Considering ξ ∈ Fα ⊂ P(Vα), choose a vector v ∈ Vα

representing ξ. List all distinct weights of ρα given by Theorem 3.1 as
follows: χ1 = χα, χ2 = χα−α, and χi = χα−α−βi, 3 ≤ i ≤ ℓ; in particular,
βi 6= 0 is a non-negative integral linear combinations of simple roots. Let Vi

denote the weight space corresponding to χi and write v = v1+ v2+ · · ·+ vℓ
so that vi ∈ Vi for each 1 ≤ i ≤ ℓ. Suppose that π1(ξ) 6= 0, that is v1 6= 0.
We may then assume that v1 is a unit vector relative to 〈·, ·〉α. Since M
commutes with A, M stabilizes each weight subspace, and in particular,
Mv1 = ±v1. Now

gnv = enχα(log a)mnv1 + en(χα−α)(log a)mnv2 +

ℓ
∑

i=3

en(χα−α−βi)(log a)mnvi.

Hence the projection p(gnv) of gnv to the affine chart A = {w ∈ Vα :
π1(w) = v1} is

p(gnv) = v1 + e−nα(log a)mnv′2 +
ℓ

∑

i=3

e−n(α+βi)(log a)mnv′i

where v′i = ±vi, depending on the sign of mnv1. Note that lim gnξ = V1,
and that the metric dα on a neighborhood on V1 in P(Vα) is bi-Lipschitz
equivalent to the metric d on the affine chart A, obtained by restricting the
distance on Vα induced by 〈·, ·〉α.

Since the weight spaces are orthogonal, we have

d(p(gnv), v1) = e−nα(log a)
(

‖v2‖
2 + ‖wn‖

2
)1/2

where wn =
∑ℓ

i=3 e
−nβi(log a)mnv′i and ‖ · ‖ is the norm induced by 〈·, ·〉α.

Since log a ∈ int a+ and hence βi(log a) > 0 for all 3 ≤ i ≤ ℓ, we have

lim
n→∞

wn = 0.

First consider the case when π2(ξ) = 0, that is v2 = 0. Since log ‖wn‖ < 0
for all large n, we have

lim sup
n→∞

1

n
log dα(g

nξ, ygα) = lim sup
n→∞

1

n
log d(p(gnv), v1)

= lim sup
n→∞

1

n
(−nα(log a) + log ‖wn‖) ≤ −α(log a).

Now suppose that π2(ξ) 6= 0, that is v2 6= 0. Again since wn → 0, we have

lim
n→∞

1

n
log dα(g

nξ, ygα) = lim
n→∞

1

n
log d(p(gnv), v1) = −α(log a).

This finishes the proof. �
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4. Bi-Lipschitz rigidity of discrete subgroups

Let G be a connected semisimple real algebraic group and X = G/K be
the associated Riemannian symmetric space and fix o = [K] ∈ X.

We consider the following notion of convergence of a sequence in G to an
element of Fθ = G/Pθ for a non-empty subset θ ⊂ Π.

For a sequence gio ∈ X and ξ ∈ Fθ, we write lim gio = ξ and say gio ∈ X
converges to ξ if

(1) minα∈θ α(µ(gi)) → ∞ as i → ∞; and
(2) limi→∞ κgiPθ = ξ in Fθ for some κgi ∈ K such that gi ∈ κgiA

+K.

Definition 4.1. Let Γ < G be a discrete subgroup and let F = G/P for
a parabolic subgroup P . Let θ ⊂ Π be a unique subset such that P is
conjugate to Pθ and hence F = Fθ. The limit set of Γ in Fθ is then defined
as the set of all accumulation points of Γ(o) in Fθ:

Λθ = Λθ(Γ) = {lim γi(o) ∈ Fθ : γi ∈ Γ}.

It is a Γ-invariant closed subset of Fθ, which is non-empty provided Γ con-
tains a sequence γi satisfying limi→∞minα∈θ α(µ(γi)) = ∞. If Γ is Zariski
dense, Λθ is the unique Γ-minimal subset of Fθ and can also be described
as the set of all ξ ∈ Fθ such that the Dirac measure δξ is the weak limit
of (γi)∗ Lebθ for some sequence γi ∈ Γ where Lebθ denotes the unique K-
invariant probability measure on Fθ ([1], [21]). Moreover, if Θ ⊂ θ, then
ΛΘ is equal to the image of Λθ under the canonical projection Fθ → FΘ, by
minimality.

The limit cone of Γ is defined as the smallest closed cone of a+ containing
all Jordan projections of loxodromic elements of Γ.

Theorem 4.2 (Benoist [1]). If Γ < G is Zariski dense, its limit cone has
non-empty interior in a.

For κ > 0 and θ1, θ2 ⊂ Π, a map F : Λθ1 → Λθ2 is called κ-bi-Hölder if
there exists C > 0 such that for all x, y ∈ Λθ1

(4.1) C−1dFθ1
(x, y)κ ≤ dFθ2

(F (x), F (y)) ≤ CdFθ1
(x, y)κ

where dFθi
is a Riemannian metric on Fθi for i = 1, 2. Observe that if Γ

is Zariski dense, any Γ-equivariant κ-bi-Hölder map Λθ1 → Λθ2 is a homeo-
morphism; the minimality of Λθ2 implies the surjectivity and the bi-Hölder
property implies the injectivity. Therefore F is κ-bi-Hölder if and only if F
is κ-Hölder and F−1 is κ−1-Hölder.

Proposition 1.7 follows from the following for κ = 1:

Proposition 4.3. Let Γ < G be Zariski dense. Let θ1 and θ2 be disjoint
non-empty subsets of Π. Then for any κ > 0, there exists no Γ-equivariant
κ-bi-Hölder map F : Λθ1 → Λθ2 .

Proof. For simplicity, we write Λi = Λθi and dθi = dFθi
. Let F : Λ1 → Λ2

be a Γ-equivariant homeomorphsim. Fix κ > 0. Since θ1∩ θ2 = ∅, the union
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⋃

α1∈θ1,α2∈θ2
ker(κα1 − α2) is a finite union of hyperplanes of a. Therefore

by Theorem 4.2, Γ contains a loxodromic element γ such that

{κ · α(λ(γ)) : α ∈ θ1} ∩ {α(λ(γ)) : α ∈ θ2} = ∅.

For each i = 1, 2, let αi ∈ θi be such that

(4.2) αi(λ(γ)) = min{α(λ(γ)) : α ∈ θi}.

Note that

(4.3) κ · α1(λ(γ)) 6= α2(λ(γ)).

Claim: If F−1 is κ−1-Hölder, then

(4.4) α2(λ(γ)) ≤ κ · α1(λ(γ)).

By replacing Γ by a suitable conjugate, we may also assume that γ =
am ∈ Γ with a ∈ intA+ and m ∈ M . For each i = 1, 2, let yi = yγαi

denote the attracting fixed point of γ in Fi; we have yi ∈ Λi. As Γ is Zariski
dense, Λi is Zariski dense in Fi for each i = 1, 2. Let πα,1 and πα,2 be as in
Lemmas 3.2 and 3.3 for each α ∈ Π. Since the set

O = {ξ ∈ F1 : πα,1(ξ) 6= 0, πα,2(ξ) 6= 0 for all α ∈ θ1}

is a Zariski open subset of F1, the intersection O ∩ Λ1 is a non-empty open
subset of Λ1. As F is a homeomorphism, the image F (O∩Λ1) is a non-empty
open subset of Λ2. Since Z = {ξ ∈ F2 : γnξ 6→ y2 as n → ∞} is a proper
Zariski closed subset of F2 by Lemma 3.2, F (O ∩ Λ1) cannot be contained
in Z; otherwise it would imply that Λ2 is contained in a proper Zariski
closed subset by the Γ2-minimality of Λ2, which contradicts the Zariski
density of Γ2. Therefore there exists an element ξ ∈ O ∩ Λ1 such that
limn→∞ γnF (ξ) = y2. By the equivariance and continuity of F , we have

(4.5) F (y1) = limF (γnξ) = lim γnF (ξ) = y2.

Let i = 1, 2. Since Pθi =
⋂

α∈θi
Pα, we have a diagonal embedding

Fi = G/Pθi →
∏

α∈θi

P(Vα)

via the product of the maps in (3.1). Consider the metric di on Fi obtained
as the restriction of

∑

α∈θi
dα to Fi: for η = gPθ1 and η′ = g′Pθ2 with

g, g′ ∈ G,

di(η, η
′) =

∑

α∈θi

dα(η, η
′)

where dα(η, η
′) := dα(gVα,1, g

′Vα,1) where Vα,1 is the highest weight line of
ρα as in (3.1). Since di is bi-Lipschitz equivalent to a Riemannian metric on
Fi, we have that F−1 : (Λ2, d2) → (Λ1, d1) is κ

−1-Hölder.
Since ξ ∈ O and lim γnF (ξ) = y2, we have by Lemma 3.3 that

−α(λ(γ)) = lim
1

n
log dα(γ

nξ, y1) for each α ∈ θ1
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and

−α(λ(γ)) ≥ lim sup
1

n
log dα(γ

nF (ξ), y2) for each α ∈ θ2.

Since dα1
(η, η′) ≤ d1(η, η

′), d2(η, η
′) ≤ #θ2maxα∈θ2 dα(η, η

′), and F−1 is
κ−1-Hölder, we have

−α1(λ(γ)) = lim
1

n
log dα1

(γnξ, y1)(4.6)

≤ lim
1

n
log d1(γ

nξ, y1)

≤ κ−1 lim sup
1

n
log d2(F (γnξ), F (y1))

= κ−1 lim sup
1

n
log d2(γ

nF (ξ), y2)

= κ−1 max
α∈θ2

lim sup
1

n
log dα(γ

nF (ξ), y2)

≤ −κ−1 min
α∈θ2

α(λ(γ)) = −κ−1α2(λ(γ)).

This implies that α2(λ(γ)) ≤ κα1(λ(γ)), proving the claim.
By switching the role of θ1 and θ2, this claim then implies that if F is

κ-Hölder, then α1(λ(γ)) ≤ κ−1α2(λ(γ)). Therefore if F is κ-bi-Hölder, then
κ · α1(λ(γ)) = α2(λ(γ)), contradicting (4.3). This finishes the proof. �

The proof of Proposition 4.3 shows the following as well:

Proposition 4.4. Let Γ < G be Zariski dense and let θ1, θ2 ⊂ Π be non-
empty disjoint subsets. Suppose that Λθ1 and Λθ2 are C1-submanifolds of Fθ1

and Fθ2 respectively. If F : Λθ1 → Λθ2 is a Γ-equivariant homeomorphism,
F cannot be C1 with non-vanishing Jacobian at any ξ ∈ A, where A ⊂ Λθ1

is the set of all attracting fixed points of loxodromic elements γ ∈ Γ such
that {α(λ(γ)) : α ∈ θ1} ∩ {α(λ(γ)) : α ∈ θ2} = ∅.

Proof. Let γ ∈ Γ be as above. For each i = 1, 2, let yi ∈ Λθi be the attracting
fixed point of γ. Then F (y1) = y2 by (4.5). Suppose that F is C1 at y1, and
the Jacobian of F at y1 is not zero. Then F−1 is also C1 at y2. Using the
exponential maps and the Taylor series expansion of F , we get that there
exist c ≥ 1 and an open neighborhood U of y1 in Λθ1 such that for all y ∈ U ,

(4.7) c−1d1(y, y1) ≤ d2(F (y), F (y1)) ≤ cd1(y, y1).

Let αi ∈ θi be as in (4.2). Without loss of generality, we may assume
α1(λ(γ)) < α2(λ(γ)) by switching the indexes if necessary. On the other
hand, using (4.7), the computation (4.6) gives α2(λ(γ)) ≤ α1(λ(γ)), which
yields a contradiction. �

Remark 4.5. It would be interesting to know whether A can be replaced by
the set of all conical limit points of Γ in Proposition 4.4. A point ξ = gPθ1

is Γ-conical if lim supΓg(K ∩ Pθ1)A
+ 6= ∅, that is, there exists a sequence
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γi ∈ Γ, ai ∈ A+ and mi ∈ K ∩ Pθi such that γigmiai converges (see [13,
Lemma 5.4] for an equivalent definition in terms of shadows).

This question is inspired by a related result for G = SO(n+1, 1)◦. Tukia
[27] showed that if f : S

n → S
n is a homeomorphism which conjugates

a discrete subgroup Γ1 of G to another discrete group Γ2 and has a non-
vanishing Jacobian at a conical limit point of Γ1, then Γ1 is conjugate to Γ2

(see also [7] for an extension of this result to other rank one groups). For a
related result for (1, 1, 2)-hyperconvex groups, see [18, Corollary 7.5].

In the rest of this section, let Gi be a connected simple real algebraic
group and θi be a non-empty set of simple roots of Gi for i = 1, 2. Let
Γi < Gi be a Zariski dense discrete subgroup and Λθi denote the limit set
of Γi in Fi = Gi/Pθi .

Lemma 4.6. [12, Lemma 4.5] For any isomorphism ρ : Γ1 → Γ2, there
exists at most one ρ-equivariant continuous map f : Λθ1 → Λθ2 .

Indeed, f must send the attracting fixed point of any loxodromic element
γ to that of ρ(γ) whenever ρ(γ) is loxodromic. Since the set of attracting
fixed points of loxodromic elements is dense in Λθ1 by the Zariski density
hypothesis on Γ1 [1] and f is continuous, this determines the map f .

Theorem 1.3 is a special case of the following theorem for κ = 1:

Theorem 4.7. Suppose that there exists a ρ-equivariant κ-bi-Hölder map
f : Λθ1 → F2 for some κ > 0. Then ρ extends to a Lie group isomorphism
ρ̄ : G1 → G2. Moreover, there exists a non-empty subset Θ2 ⊂ θ2 such that
ρ̄ maps Pθ1 into a conjugate of PΘ2

and the smooth submersion G1/Pθ1 →
G2/PΘ2

induced by ρ̄ coincides with the composition π ◦ f on Λθ1 where
π : G2/Pθ2 → G2/PΘ2

is the canonical factor map.

Proof. Let G = G1 ×G2. Define the following self-joining subgroup

Γ = (id×ρ)(Γ1) = {(γ, ρ(γ)) : γ ∈ Γ1} < G.

Note that P1 := Pθ1 ×G2 and P2 := G1 ×Pθ2 are parabolic subgroups of G.
The maps g1Pθ1 7→ (g1, e)P1 and g2Pθ2 7→ (e, g2)P2 define diffeomorphisms
between G1/Pθ1 and G2/Pθ2 with G/P1 and G/P2 respectively. Moreover,
under this identification, the limit set Λθi of Γi in Gi/Pθi corresponds to the
limit set Λi of the self-joining Γ in G/Pi for each i = 1, 2.

Since f is a ρ-equivariant continuous embedding of Λθ1 into G/Pθ2 , its
image is a Γ2-invariant compact subset. Since Λθ1 is a Γ1-minimal subset,
the image f(Λθ1) is also a Γ2-minimal subset. Therefore f(Λθ1) = Λθ2 and
hence we have a Γ-equivariant bijection f : Λ1 → Λ2 which is κ-bi-Hölder.

Since P1 and P2 are parabolic subgroups corresponding to disjoint subsets
of simple roots of G, Proposition 4.3 implies that Γ cannot be Zariski dense
in G. Since both G1 and G2 are simple, the non-Zariski density of the self-
joining group Γ implies that ρ extends to a Lie group isomorphism ρ̄ : G1 →
G2 (cf. [4]).
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Since ρ̄(Pθ1) must be a parabolic subgroup of G2, there exists g ∈ G2

such that ρ̄(Pθ1) = gPθ0g
−1 where θ0 is a non-empty subset of some simple

roots of G2. We claim θ0 ∩ θ2 6= ∅. By replacing ρ by inn(g) ◦ ρ where
inn(g) : G2 → G2 is the conjugation by g, we may assume without loss
of generality that g = e. The isomorphism ρ̄ induces a diffeomorphism
Φ̃ : G1/Pθ1 → G2/Pθ0 given by Φ̃(g1Pθ1) = ρ̄(g1)Pθ0 . Denote by Λθ0 the

limit set of Γ2 in G2/Pθ0 . Since ρ̄|Γ1
= ρ and hence Φ̃ is ρ-equivariant, we

have Φ̃(Λθ1) = Λθ0 . Then the composition F := f ◦ Φ̃−1 restricted to Λθ0

yields a κ-bi-Hölder map between Λθ0 and Λθ2 . Since Φ̃
−1 is ρ−1-equivariant

and f is ρ-equivariant, F is Γ2-equivariant. So by applying Proposition 4.3
one more time, we obtain θ0 ∩ θ2 6= ∅. Setting Θ2 = θ0 ∩ θ2, since Pθ0

and Pθ2 are subgroups of PΘ2
, we get a map Φ := G1/Pθ1 → G2/PΘ2

by

composing Φ̃ with the canonical factor map G1/Pθ0 → G2/PΘ2
. The last

claim Φ = π ◦f on Λθ1 follows from Lemma 4.6. This finishes the proof. �

Remark 4.8. The hypothesis that G1 and G2 are simple is necessary in
Theorem 4.7. For example, consider a discrete Zariski dense subgroup Γ of
a simple algebraic group G with a discrete faithful representation ρ : Γ → G
which does not extend to G. Then Γρ = (id×ρ)(Γ) is Zariski dense in G and
the map γ → (γ, ρ(γ)) gives an isomorphism Γ → Γρ. On the other hand, for
any parabolic subgroup P of G, the isomorphism G/P ≃ (G×G)/(P ×G)
provides an equivariant bi-Lipschitz bijection the limit set of Γ in G/P and
the limit set of Γρ in (G×G)/(P ×G).

We note that the global bi-Hölder condition in Proposition 4.3 and Theo-
rem 4.7 can be relaxed to a local bi-Hölder condition by the following lemma.

Lemma 4.9. Keep the notation as in Theorem 4.7 but assume G1 and
G2 are semisimple, not just simple. Let f : Λθ1 → Λθ2 be a ρ-equivariant
homeomorphism which is κ-bi-Hölder on some non-empty open subset U of
Λθ1 for some κ > 0. Then f is κ-bi-Hölder globally.

Proof. Let Λi = Λθi for i = 1, 2. Since Λ1 is Γ1-minimal, Λ1 = Γ1U
and hence, by compactness, we have Λ1 is a finite union of γkU for some
γ1, · · · , γn ∈ Γ1. If f is not κ-Hölder globally, by the compactness of Λ1, we
have a sequence ξi → ξ and ηi → η such that

(4.8)
dF2

(f(ξi), f(ηi))

dF1
(ξi, ηi)κ

→ ∞.

Since F2 is compact, we have dF1
(ξi, ηi) → 0. Therefore, for some 1 ≤

k ≤ n, ξi, ηi ∈ γkU for all i. Noting that the action of each element
of gi ∈ Gi on Fi is a diffeomorphism for i = 1, 2, we can let L be the
maximum of the bi-Lipschitz constants of γk on F1 and of ρ(γk) on F2.
Now we have dF2

(f(ξi), f(ηi)) ≤ LdF2
(f(γ−1

k ξi, γ
−1
k ηi)) and dF1

(ξi, ηi) ≥

L−1dF1
(γ−1

k ξi, γ
−1
k ηi)). Since f is κ-Hölder on U , it follows that the ratio

in (4.8) is bounded, yielding a contradiction. This shows that f is κ-Hölder



BI-LIPSCHITZ RIGIDITY 13

globally. Similarly by considering f−1, we can show that f−1 is κ−1-Hölder
globally. �

Theorem 1.1 is now a special case of the following corollary of Theorem
4.7 together with Lemma 4.9:

Corollary 4.10. Let αi be a simple root of Gi for i = 1, 2. Suppose that
there exists a ρ-equivariant bijection f : Λα1

→ Λα2
which is κ-bi-Hölder

on some non-empty open subset of Λα1
for some κ > 0. Then κ = 1 and

ρ extends to a Lie group isomorphism ρ̄ : G1 → G2 which induces a diffeo-
morphism f̄ : G1/Pα1

→ G2/Pα2
such that f̄ |Λ1

= f .

Note that the conclusion κ = 1 follows since f̄ is diffeomorphism and
hence bi-Lipschitz.

Remark 4.11. In general, we cannot replace f bi-Lipschitz by Lipschitz in
Theorem 1.1. For example, let Γ be a Schottky subgroup of SL2(R) gener-
ated by two loxodromic elements a, b. Then for any N ≥ 2, the representa-
tion ρ of Γ into SL2(R) given by a 7→ aN and b 7→ bN induces an equivariant
homeomorphism Λ → Λ which is Lipschitz, but not bi-Lipschitz. Clearly, ρ
does not extend to SL2(R).

On the other hand, we have the following corollary of the proof of Theorem
4.7 where f is required only to be Lipschitz under an extra hypothesis on
the Hausdorff dimension of limit sets. In the statement below, a Möbius
transformation is the extension of any isometry of H

n+1 to its boundary
S
n = ∂Hn+1.

Corollary 4.12. For i = 1, 2, let Γi be a convex cocompact Zariski dense
subgroup of Gi = SO◦(ni + 1, 1), ni ≥ 1. Let Λi ⊂ S

ni be the limit set of
Γi. Suppose that the Hausdorff dimension of Λ1 is equal to the Hausdorff
dimension of Λ2. Let f : Λ1 → Λ2 be a ρ-equivariant homeomorphism which
is Lipschitz on some non-empty open subset of Λ1. Then ρ extends to a Lie
group isomorphism of G1 → G2 and f extends to a Möbius transformation
of Sn for n = n1 = n2.

Proof. By the proof of Lemma 4.9, f is Lipschitz on all of Λ1. Let Γ :=
(id × ρ)(Γ1) be the self-joining subgroup of G = G1 × G2. For i = 1, 2, let
αi be the simple root of G = G1 × G2 from the i-th factor. Then for any
loxodromic element g = (γ, ρ(γ)) ∈ G, α1(λ(g)) and α2(λ(g)) are equal to
λ(γ) and λ(ρ(γ)) respectively. Suppose that Γ is Zariski dense in G. The
proof of Proposition 4.3 for Γ shows that if there exists a loxodromic element
g = (γ, ρ(γ)) ∈ Γ such that α1(λ(g)) > α2(λ(g)), then f : Λ1 → Λ2 cannot
be Lipschitz. On the other hand, if Λ1 and Λ2 have the same Hausdorff
dimension, the middle direction (1, 1) ∈ a ≃ R

2 is always contained in the
interior of the limit cone of Γ by [9, Corollary 4.2]. Note that when Γi are
cocompact lattices and n1 = n2 = 2, [9, Corollary 4.2] is due to Thurston
[24]. Therefore, the desired element g ∈ Γ can always be found. This
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implies that Γ cannot be Zariski dense in G. As before, this implies the
conclusion. �

5. Slim limit sets of G/P for P non-maximal

Let Γ be a Zariski dense subgroup of a connected semisimple real algebraic
group G. Fix a subset θ ⊂ Π with #θ ≥ 2. Recall from the introduction
that a subset S ⊂ Fθ is called slim if there exists a pair of distinct elements
α1 and α2 of θ such that the limit set Λθ injects to G/Pα1

and G/Pα2
under

the canonical projection map Fθ → G/Pαi
for i = 1, 2.

In this section we prove the following theorem.

Theorem 5.1. If #θ ≥ 2 and Λθ is a slim subset of Fθ, then no non-empty
open subset U of Λθ is contained in a proper C1-submanifold of Fθ.

We first prove the following lemma which connects Theorem 5.1 with
Proposition 4.3.

Lemma 5.2. Let θ0 ⊂ θ ⊂ Π. Suppose that Λθ is a C1-submanifold of
Fθ and that the canonical projection Fθ → Fθ0 is injective on Λθ. Then
Λθ0 is a C1-submanifold of Fθ0 and fθ0 : Λθ → Λθ0 is a Γ-equivariant
diffeomorphism.

Proof. For simplicity, we write Λ = Λθ. We suppose that Λ is a C1-
submanifold of Fθ. Since the projection Fθ → Fθ0 given by f(gPθ) = gPθ0

is a smooth map, its restriction f : Λ → Fθ0 is a C1 map which is also
injective by hypothesis. We claim that there exists a point x ∈ Λ where
dfx : TxΛ → Tf(x)Fθ0 is injective. Pick a point x ∈ Λ which maximizes
rankdfy, y ∈ Λ. Then there exists a neighborhood of x in Λ where df has
constant rank. Then if r := rankdfx, there exist local coordinates near x
where

f(x1, . . . , xm) = (x1, . . . , xr, 0, . . . , 0).

Since f is injective, we must have r = m and hence dfx is injective.
Now the set {x ∈ Λ : dfx is injective} is open and Γ-invariant. Since Γ

acts minimally on Λ, this set must be all of Λ. Thus f is an immersion.
Since f is an injective immersion and Λ is compact, f is a C1-embedding.
Hence f is a diffeomorphism onto its image, which is Λθ0 . In particular, Λθ0

is a C1-submanifold of Fθ0 . �

Proof of Theorem 5.1. By the hypothesis on the slimness of Λθ, there
exists a pair of distinct elements α1 and α2 of θ such that Λθ injects to
G/Pα1

and G/Pα2
.

Suppose on the contrary that some non-empty open subset U of Λθ is
contained in some C1-submanifold. Since Λθ is Γ-minimal, we have that
for any ξ ∈ Λθ, Γξ is dense, so γξ ∈ U for some γ ∈ Γ. Since ξ ∈ γ−1U ,
it follows that Λθ is a C1-submanifold of Fθ. By Lemma 5.2, we have
Γ-equivariant diffeomorphisms fαi

: Λθ → Λαi
for each i = 1, 2. Hence
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fα2
◦ f−1

α1
: Λα1

→ Λα2
is a Γ-equivariant diffeomorphism, contradicting

Proposition 4.3. This finishes the proof.

Remark 5.3. We remark that Proposition 4.3 implies that if Λ is a slim
subset of G/P , then there exists a maximal parabolic subgroupQ containing
P such that the projection G/P → G/Q restricted to Λ is not bi-Lipschitz.

Antipodal groups. Theorem 1.5 applies to the class of P -antipodal dis-
crete subgroups of G, which contains any subgroup of a P -Anosov or a
relatively P -Anosov subgroup. To define an antipodality, we recall that a
parabolic subgroup P is called reflexive if its conjugacy class contains a par-
abolic subgroup P ′ opposite to P , that is, P ∩P ′ is a common Levi subgroup
of both P and P ′. For example, a minimal parabolic subgroup of G is always
reflexive. For a parabolic subgroup P , let Preflexive be the largest reflexive
parabolic subgroup contained in P . If P = Pθ, then Preflexive = Pθ∪i(θ).

Definition 5.4. A discrete subgroup Γ is called P -antipodal if its limit set
in G/Preflexive is antipodal in the sense that any two distinct points are in
general position.

If a discrete subgroup Γ is P -antipodal, then its limit set on G/P injects
to G/P ′ for any P ′ containing P [13, Lemma 9.5]. Hence if Γ is P -antipodal
for a non-maximal parabolic subgroup P , then its limit set is a slim subset
of G/P . Therefore the following corollary is a special case of Theorem 1.5.

Corollary 5.5. Let G be a connected semisimple real algebraic group of
rank at least 2 and P a non-maximal parabolic subgroup of G. The limit set
of a Zariski dense P -antipodal subgroup of G cannot be a C1-submanifold of
G/P .

Note that there are many slim limit sets which are not antipodal (e.g.,
the limit set of a self-joining group defined in (1.2)).

6. An example

In this final section, we construct an example of a Zariski dense discrete
subgroup of SL8(R) which explains the necessity of introducing P ′

2 in the
conclusion of Theorem 1.3 in the case when P2 is not maximal. The exam-
ples we construct are Borel-Anosov and (1, 1, 2)-hyperconvex subgroups of
SL8(R).

We begin by setting up some notation. For any d ≥ 2, let A be the diago-
nal subgroup of SLd(R) consisting of diagonal elements with positive entries
so that a and a

+ can respectively be identified with a = {(u1, · · · , ud) :
∑d

k=1 uk = 0} and a
+ = {(u1, · · · , ud) ∈ a : u1 ≥ · · · ≥ ud}. For 1 ≤ k ≤

d− 1, let

αk((u1, · · · , ud)) = uk − uk+1;
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then Π = {αk : 1 ≤ k ≤ d − 1} is the set of all simple roots. For any
g ∈ SLd(R), its Jordan projection λ(g) ∈ a

+ satisfies

αk(λ(g)) = log
λk(g)

λk+1(g)

where λ1(g) ≥ · · · ≥ λd(g) are the absolute values of the eigenvalues of g.
Also, for θ ⊂ Π, the boundary Fθ = SLd(R)/Pθ coincides with the partial
flag manifold consisting of flags with subspaces of dimensions {k : αk ∈ θ}.

Let ∆ be a hyperbolic group and denote by ∂∆ its Gromov boundary.
Recall from [8] that a representation ρ : ∆ → SLd(R) is {αk}-Anosov if there
exist constants c, C > 0 so that for all γ ∈ ∆,

αk(λ(ρ(γ)) ≥ c|γ| − C

where |γ| is the minimal word length of γ with respect to a fixed finite gen-
erating set of ∆. If ρ is {αk}-Anosov, it admits a pair of unique continuous
equivariant embeddings ξkρ : ∂∆ → Grk(R

d) and ξd−k
ρ : ∂∆ → Grd−k(R

d).

Furthermore, the image of (ξkρ , ξ
d−k
ρ ) coincides with the limit set of ρ(∆)

in F{αk ,αd−k}. We say that ρ is Borel-Anosov if it is {αk}-Anosov for all
1 ≤ k ≤ d− 1. The image of a Borel-Anosov representation is called a Borel
Anosov subgroup.

A representation ρ : ∆ → SLd(R) is (1, 1, 2)-hyperconvex if it is {α1, α2}-
Anosov and for all distinct x, y, z ∈ ∂∆,

ξ1ρ(x)⊕ ξ1ρ(y)⊕ ξd−2
ρ (z) = R

d.

Both being {αk}-Anosov and being (1, 1, 2)-hyperconvex are open condi-
tions in the representation variety (see [19, Proposition 6.2]).

Proposition 6.1. There exists a Zariski dense discrete subgroup Γ < SL8(R)
which admits an equivariant Lipschitz bijection Λα3

→ Λα1
. Moreover, Γ is

Borel-Anosov, (1, 1, 2)-hyperconvex, and the projection map p : Λ{α1,α3} →
Λα3

is a bi-Lipschitz bijection.

Theorem 1.3 in this case applies with f = p−1, P1 = Pα3
, P2 = P{α1,α3}

and P ′
2 = Pα3

.
Let ∆ = 〈a1, a2〉 be the free group with two generators a1, a2. Let N ≥ 2.

Let τ1 : ∆ → SL2(R) be a convex cocompact representation and τ2 : ∆ →
SL2(R) be defined so that τ2(ai) = τ1(ai)

N for i = 1, 2. We may choose N
large enough that

α1(λ(τ2(γ)))

α1(λ(τ1(γ)))
≥ 4 for all non-trivial γ ∈ ∆.

Let ι : SL2(R) → SL4(R) be an irreducible representation, which is unique
up to conjugations. Then each ρi = ι ◦ τi is a positive representation and
hence Borel Anosov and (1, 1, 2)-hyperconvex [19, Corollary 6.13]. One eas-

ily checks that α1(λ(ρ2(γ)))
α1(λ(ρ1(γ)))

≥ 4 for all non-trivial γ ∈ ∆. Then a theorem of

Tsouvalas [26, Theorem 1.9] implies that fρ1,ρ2 = ξ1ρ2 ◦ (ξ
1
ρ1)

−1 is 4-Hölder.
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Let Φ0 : ∆ → SL8(R) denote the representation given by the direct sum
Φ0 = ρ1 ⊕ ρ2. One checks that

λ1(ρ2(γ)) > λ2(ρ2(γ)) > λ1(ρ1(γ)) > · · · > λ4(ρ1(γ)) > λ3(ρ2(γ)) > λ4(ρ2(γ))

for all non-trivial γ ∈ ∆ and that Φ0 is Borel Anosov with limit maps given
by

ζk0 (x) =











{0} ⊕ ξkρ2(x) if k = 1, 2

ξk−2
ρ1 (x)⊕ ξ2ρ2(x) if k = 3, 4, 5

R4 ⊕ ξk−4
ρ2 (x) if k = 6, 7.

.

Then, the fact that fρ1,ρ2 is 4-Hölder implies that ζ10 ◦(ζ
3
0 )

−1 is also 4-Hölder.
In particular, ζ10 ◦ (ζ30 )

−1 : Λα3
(Φ0(∆)) → Λα1

(Φ0(∆)) is Lipschitz.
However, Φ0(∆) is not Zariski dense. Since ∆ is the free group on two

generators, there exists an arbitrary small deformation Φ : ∆ → SL8(R)
of Φ0 which is Borel Anosov with Zariski dense image. Arguing exactly
as in [31, Section 9], one can show that Φ0 and ∧3Φ0 are both (1, 1, 2)-
hyperconvex. Therefore, we may assume that Φ and ∧3Φ are both (1, 1, 2)-
hyperconvex.

One may then use standard techniques (cf. [31]) to show that if Φ is
sufficiently close to Φ0, then

2

3
≤

α1(λ(Φ(γ)))

α1(λ(Φ0(γ)))
≤

3

2
and

2

3
≤

α1(λ(∧
3Φ(γ)))

α1(λ(∧3Φ0(γ)))
≤

3

2

for all non-trivial γ ∈ ∆. Let ζ = (ζk) be the limit map of Φ(∆) and

ζ̂10 : ∂∆ → Λα1
(∧3Φ0(∆)) and ζ̂1 : ∂∆ → Λα1

(∧3Φ(∆)) be limit maps of
∧3Φ0 and ∧3Φ. One may again apply Tsouvalas’s theorem [26, Theorem

1.9] to conclude that ζ1 ◦ (ζ10 )
−1 and ζ̂10 ◦ (ζ̂1)−1 are 2

3 -Hölder. There is

a C1-equivariant identification of Λα1
(∧3Φ0(∆)) with Λα3

(Φ0(∆)) and an
analogous identification for Φ, so we may conclude that ζ30 ◦ (ζ3)−1 is 2

3 -
Hölder. Now set

Γ := Φ(∆) < SL8(R).

Then the limit map

ζ1 ◦ (ζ3)−1 =
(

ζ1 ◦ (ζ10 )
−1

)

◦
(

ζ10 ◦ (ζ30 )
−1

)

◦
(

ζ30 ◦ (ζ3)−1
)

is a 16
9 -Hölder and hence yields a Lipschitz map from Λα3

to Λα1
. Since Γ

is Borel Anosov, the projection map Λ{α1,α3} → Λα3
is now a bi-Lipschitz

homeomorphism. This proves Proposition 6.1.
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