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Informationally overcomplete measurements find important applications in quantum tomography
and quantum state estimation. The most popular are maximal sets of mutually unbiased bases, for
which trace relations between measurement operators are well known. In this paper, we introduce a
more general class of informationally overcomplete POVMs that are generated by equiangular tight
frames of arbitrary rank. This class provides a generalization of equiangular measurements to non-
projective POVMs, which include rescaled mutually unbiased measurements and bases. We provide
a method of their construction, analyze their symmetry properties, and provide examples for highly
symmetric cases. In particular, we find a wide class of generalized equiangular measurements that
are conical 2-designs, which allows us to derive the index of coincidence. Our results show benefits

of considering a single informationally overcomplete measurement over informationally complete
collections of POV Ms.

1. INTRODUCTION

Generalized quantum measurements are represented by positive, operator-valued measures (POVMSs), which are
positive operators Ej, whose sum » , Ej = I is the identity operator. A celebrated example are symmetric, informa-
tionally complete (SIC) POVMs [1] - projective measurements characterized by strong symmetry conditions. Research
on SIC POVMs is dictated by their wide experimental implementations Eﬁ Their applications include quantum
state tomography Bm}, quantum key distribution protocols M], entanglement detection |, and quantum state
discrimination |15]. SIC POVMs are also analyzed in the context of non-locality m, | and complex projective
2-designs |18, [19]. In recent years, much attention has been given to construct their generalizations. General SIC
POVMs Ig] are operators of arbitrary rank. Semi-SIC POVMs [@] and equioverlapping measurements
relax the condition of equal trace. Symmetric measurements m, @] are collections of POVMs with strong symmetry
conditions.

A special property of SIC POVMs is that there are equal angles between all pairs of their vectors. Preserving
the requirement of equal angles allows one to define equiangular measurements, which are closely related to other
important mathematical objects: equiangular lines @@] and equiangular tight frames ,@] Equiangular mea-
surements have been used in detection and quantification of quantum entanglement @, | with recent experimental
applications in quantum key distribution [@] and quantum cryptography [37]. These measurements are projective
but not informationally complete, which means that they do not allow for a full tomography of an arbitrary quantum
state.

The main goal of this paper is to recover the property of informational completeness while also preserving the
equiangularity of measurements. In our construction, we use families of complementary equiangular tight frames to
define a generalized equiangular measurement. Its elements are in general non-projective and form an informationally
overcomplete set. This means that they span the entire operator space, and some of the measurement operators
are linearly dependent. Therefore, these POVMs provide a wide class of symmetric informationally overcomplete
measurements, which find important applications e.g. in quantum state estimation [@, ], quantum tomography

|, and quantum walks m] We also present a simple construction method based on the recently introduced
generalized symmetric measurements [@]

In the following sections, we further analyze the properties of generalized equiangular measurements. In particular,
we ask how much symmetry characteristic of the SIC POVMs can be recovered via clever manipulations of the
associated parameters. Next, we propose a method of construction from the generalized symmetric measurements.
We find three special classes of generalized equiangular measurements that are conical 2-designs. Importantly, two of
these classes are constructed from the generalized symmetric measurements that themselves are not conical 2-designs.
Finally, we derive the correspondence between the purity and index of coincidence for mixed quantum states. It turns
out that it follows only for conical 2-designs. In the last section, we present a summary and a list of open problems
that have arised during our research.

2. GENERALIZED EQUIANGULAR MEASUREMENTS

In quantum mechanics, pure states correspond to collections of vectors (rays) {e?+); # € R} in a complex Hilbert
space H ~ C%. Two vectors 1, ¢ are from the same ray if they differ only in the global phase 6, so that ¢ = e*%1) for some


http://arxiv.org/abs/2405.00560v1

angle 6. If instead ¢ = c1) for a complex number ¢ € C/{0}, then form a line {cy); c € C}. A set {cptop; k=1,..., M}
contains equiangular lines if |(|v¢)|?> = ¢ for all k # £. Equivalently, this can be reformulated in the language
of rank-1 operators Py = ag|r) (Vx| with ar = |cx|?. Namely, {Py; k = 1,..., M} is a set of equiangular lines if
Tr(PyPp) = ¢Tr(Py)Tr(P;). If additionally Efyzl Py, = 7l for v > 0, then P, form an equiangular tight frame [44]. Tt
is known that the number M of elements P is bounded by d < M < d?, with M = d? corresponding to SIC POVMs
M] Equiangular tight frames are used to define measurement operators.

Definition 1. (J23)) A POVM {Py; k = 1,..., M} with the number of elements d < M < d* is an equiangular
measurement if Py are rank-1 operators such that

TI‘(Pk) = ag,

T(PiPy) = CTe(POTR(P), kL. 1)

From definition, it follows that the equiangular measurement operators are of equal trace and equal overlap;

_d M -—d 9
WCEM T a1y @)
Therefore, they are a special case of more general concepts: equioverlapping measurements Iﬂ, @] and (1, M)-POVMs
m] As their number of elements is M < d?, these POVMs are in general not informationally complete.

Trying to recover informational completeness, we consider collections of N > 2 equiangular measurements &, =
{Par; k=1,..., My} whose total number of elements satisfies

N
> My >d>+N-1. (3)
a=1

However, as it turns out, this is not enough to guarantee d? linearly independent operators among P, . As an
example, take the qubit case (d = 2), where it is known how to construct projective POVMs for the whole range of
M =2,3,4. Let us take N = 2 equiangular measurements with M; = My = 3:

1/11 1 2 —1+41iV3 1 2 —-1—1iV3
P == Pio=— Pya=— 4
. 3(1 1>’ b2 6<—1—i\/§ 2 > b3 6<—1+i\/§ 2 ’ )

1/1 —i 1 2 i+/3 1 2 i—/3
P = — . P = — P = = .
273 (z 1)’ 76 (—i+\/§ 2 > 276 <—i—\/§ 2 5)

Observe that, despite the total number of operators exceeding d> + N — 1 = 5, P, ;. indeed do not span the entire
space of Hermitian operators on C?. Instead, this set is overcomplete on a subspace spanned by {Ia,01,02}. Both
measurements satisfy the symmetry conditions

and

1
TI‘PaykPaﬁz = §, (6)

but some of the symmetry for elements from different POVMs is lost. In this example,

2 243 2-3
TrPy Py, = 9 TrPy Py 41 = 9 TrPy P g2 = 9

(7)
where k£ + 1 and k 4 2 are calculated modulo 2. This pair of equiangular measurements can be completed by e.g. the
projective POVM Ps j, = |k)(k|, for which

1
TI‘PgﬁkPLm = TrP31kP27n = § (8)

Evidently, more restrictive constraints are needed. Let us proceed with the following steps.

(1) Consider collections of equiangular tight frames, so that Zi\i"l P i = Yaolq with 4 > 0. Moreover, the collection
{Pag; k=1,....My; a=1,...,N} itself is a POVM.

(2) Tmpose a complementarity condition [LU] Tr(Py xPss) = fTr(Pas)Tr(Ps) on the elements from different
equiangular tight frames (a # f).



(3) Although not strictly necessary at this point, we generalize the equiangular tight frames to also allow for non-
projective positive operators P, /ar. This way, the lower bound on the number of elements becomes M, > 2
instead of M, > d.

In other words, we introduce a generalization of equiangular measurements by constructing a POVM from N > 2
arbitrary rank equivalents of equiangular tight frames. This results in the following definition.

Definition 2. A collection of N generalized equiangular lines {Pyy; k = 1,...,My; 0 = 1,...,N} such that
Z,ﬁi"l Py i = vala and 25:1 Yo = 1 is a generalized equiangular measurement if

Tr(Pa k) = a,

Tr(P2 1) = baTr(Pak)?, ©
Tt (Po i Poye) = €aTr(Po k) Tr(Pae), k#¢,
Tr(PokPpe) = [Tr(Pai)Tr(Pse), o #p.

From Definition 2, we find the coefficients that characterize the generalized equiangular measurements,

d’ya Ma - dba 1
«a = —, a = 7, = _, 10
Ga= gLy 1T (10)
and the admissible range for b,
L b < L max{d, M} (11)
pi o < mmaxid, Ma}.

Equiangular measurements from Definition 1 are recovered for N = v, = b, = 1. In Appendix [A] we prove that the
generalized equiangular measurement is informationally overcomplete if and only if the equality in eq. ([B]) holds, and
informational completeness is achieved only for N = 1. The highest admissible value elements is 2(d* — 1), and it
corresponds to the choice N = d? — 1, M, = 2.

Observe that one parameter, f = 1/d, is always constant, independent on the indices o # 5. Moreover, if
Yo = aMy/d with a = d/(d*> + N — 1), then the measurement elements are of equal trace a, = a. Independently of
the values of a,, one of the remaining coefficients can be set to be line-independent.

e If 1/d < b < min{1, M, /d} is a non-empty set, then there exists a generalized equiangular measurement for
which b, = b. However, ¢, # cg as long as M, # Mag.

e If max{0, d(%"‘i_fl)} < ¢ <1/dis a non-empty set, then there exists a generalized equiangular measurement such
that ¢, = c. In this case, by # bg whenever M, # Mpg.

Therefore, there can be up to three parameters independent on a: (a,b, ¢y, f) or (a,ba,c, f). However, there is one
more important class.

Proposition 1. If the set

(12)

O<R§min{Ma Ma(d_l)}

d " d(M, —1)
is non-empty, then there exists a generalized equiangular measurement with by, — co = R.

Note that a constant difference between b, = 1/d + R(M, — 1)/M,, and ¢, = 1/d — R/M, is possible despite the
fact that both depend on the choice of a line a.

3. RELATION TO GENERALIZED SYMMETRIC MEASUREMENTS

The generalized symmetric measurements have been introduced as collections of unequinumerous POVMs that
generalize the notion of (N, M)-POVMs [26]. They can be defined in any finite dimension.



Definition 3. ([2%]) Generalized symmetric measurements are collections of N POVMs {Euj; k = 1,..., My}
satisfying additional symmetry conditions

d
TI'(EQJC) = Wy = E,
Tr(Ei,k) La,
d— Mz, (13)
T Eoc Eoc = Ya — ) 14 ka
r(EakEar) =y Moo —1) #
d
Tr(Ea,kEﬁ,f) = Zap = MQMB7 B # «,
where
d ) d? d
m<xa§mln{m,m}. (14)
For informationally complete measurements, where Zgzl M, = d> + N — 1, four construction methods are

known. Each uses different linear combinations of Hermitian orthonormal operator bases {Gy = I/ Vd, Gap k=
1,....,My; ao=1,...,N}, where G, j, are traceless operators. The conditions for every construction to produce dis-
tinct sets of measurement operators have also been analyzed. After fixing the construction method, the correspondence
between E, ; and G, is one-to-one m]

There is a close relation between the generalized symmetric measurements and the generalized equiangular mea-
surements. Obviously, if all v, = 1/N, then {Eyr} = {NPar}. Actually, for any other choice of v,, there is a
linear correspondence between E,, , and P, ;. This property proves useful in constructing the generalized equiangular
measurements.

Proposition 2. A generalized equiangular measurement P, j, is constructed from the generalized symmetric measure-
ments Eq 1 via

Pa,k = "YaEa,kv (15)
where Yo 1S a probability distribution.
The correspondence between (aq, ba, Ca, ) and (Wa, Tas Yo, 2a3) reads

Lo o Yo o Zap
2 b ca - 2 b) - M
w2 w2 WaWa

(16)

Ao = VaWa, bo =
Note that P, ; form an informationally overcomplete set if and only if they are constructed from informationally
complete E, ; and v, # 0.

Example 1. A popular example of the generalized equiangular measurement is a POVM constructed from d+1 MUBs
by taking vo = 1/(d+1). In this case, one has

1 1

= — b .

d+1’ “ d

Example 2. In d = 2, take N = 2 informationally complete generalized symmetric measurements with M; = 2 and
My = 3 elements, respectively. In particular, the 2-elemental POVM is the von Neumann measurement,

10 00
El,l - <0 0) ) EI,Q - <0 1) ) (18)
and the 3-elemental POVM is projective,
1 (1 —i 1 2 i+V3 1 2 i—V3
! 3(1 1)’ 22 6(—i+\/§ 2 ) 29 6(—i—\/§ 2 (19)

Now, a generalized equiangular measurement is obtained via Py j, = (1—~)E1 , and Paj, = 2yEs /3, where 0 < v < 1.
If one fizes v = 3/5, then all the elements Py, and their squares are of equal trace,

[42%% =1, ca =0, [=

(17)

2 4
Tr(Poz,k) = 5’ Tr(Pa%,k) = 25 (20)
whereas the trace relations between its pairs depend on the choice of equiangular lines,
1 2
TI‘(P171P172) = O, TI‘(P271P272) = %, Tr(Pl,kPZ,E) = 2—5 (21)



To summarize, a generalized equiangular measurement P, j, are constructed from the generalized symmetric mea-
surements E, j through a simple rescaling. Even though this construction may seem trivial, it allows for more
freedom in parameter manipulations compared to the generalized symmetric measurements. For example, equal trace
of elements is only guaranteed for the symmetric measurements (M, = M), whereas the elements of a generalized
equiangular measurement are of equal trace for v, = aM,/d (even if M, # Mpg). This property makes it possible for
P, 1 to present interesting behaviour inaccessible to E, j. For one, the generalized symmetric measurements allow for
at most one constant parameter, o, = x or y, = y, in the most general case where M, # Mpg. One more is possible
for N = 2, which is z43 = 2 m] In the case of the generalized equiangular measurements, the additional degrees of
freedom in the form of 7, can be manipulated to guarantee a higher number of constant traces.

Proposition 3. Consider the generalized symmetric measurements characterized by

d 1

T M1t (M, — 1)

M, —d
o — s 07 ——— S 1, 22
Yo = 1T maX{ d(Ma_l)} n < (22)

and the probability distribution vo = \/[L +n(Ma — 1)]BM,/d. The corresponding generalized equiangular measure-
ment satisfies

Ve
Tr(Pak) = o = 1
Tr(Py jPay) = C = k0,
d%fm
i Ps.0) = Fa ,
Tr(Po,kPs.e) = MMy a# B

Moreover, aq = ag if and only if M, = Mg, whereas Fo3 = F also for N = 2.

Interestingly, in the case of the generalized equiangular measurement, it is possible to manipulate the coefficients
in such a way that both Tr(P?,) and Tr(Py ;Pu ¢) become a- mdependent This behavior was not observed for the
generalized symmetric measurements. Therefore by allowing for overcompleteness of POV Ms, one can recover more
symmetries than for informationally complete POVMS.

Example 3. A good example of a highly symmetric generalized equiangular measurement from Proposition [3 is

- <\f5ﬁ \/53\/3) Pa=20 (ﬁgﬁ f&/ﬁ)’

Py = (24)

Py = 3-5 <g q) Py 3 Sf ( —z‘ﬁ) Py 34—\/\5/5 (1\151 1\/—§z> (25)

—(2+V3+i)\/3-V2, (26)

for which v1 = (3 —/5)V/5/4 and v = 1 — ;. Indeed, there is no a-dependence in the inner products between pairs,
Te(P; ) = B = (7T —3V5),

Tr(Pa,kPoy) =C = =(

ol N =
-

—-3V5),  k#L, (27)

ot

Tr(PoxPse) = F = %(7 -3V5),  a#p,

even though the elements themselves are not of equal trace,

Tr(Pry) = Tr(Pi2) = a) = ?(3 —V5), Tr(Psy) = Tr(Py) = Tr(Po3) = ag = %(3 —V5). (28)

ot



4. CONICAL DESIGNS

Conical designs are generalizations of complex projective designs to positive operators. From definition, a family of
positive operators Ej, is a conical ¢-design if E,‘?t commutes with a ¢-th tensor product U®! of any unitary operator
U , ] Most interest has been given to the special case with ¢t = 2. Equivalently, E} form a conical 2-design if
and only if

Z ErQFE,=rg@Ig+r_Fy (29)
k

for k4 > K_ > 0 and the flip operator F; = an,nzl |m)(n| ® |n)(m| [1§]. Examples include general SIC POVMs,

mutually unbiased measurements Iﬁ], (N, M)-POVMs @, @], and a class of generalized symmetric measurements
[@] We show that some of the generalized equiangular measurements are conical 2-designs, as well.

Proposition 4. The generalized equiangular measurement characterized by a? (b, — co) = S such that

2 d—1 2
0<S§min{7—“ Vo } (30)

M, M, —1M,

is a conical 2-design with

where p = (1/d) ij:l Ao Ya-
The proof is presented in Appendix [Bl Examples of conical 2-designs include three special classes:

(i) Py from Proposition [ for which b, — ¢, = R, but only under the additional condition that a, = a =
d/(d*> + N —1). In this case, S = a’R.

(ii) P,y from PropositionB] for which a2b, = B and a%c, = C. Then, the constant S = B — C.

(#4) P,y constructed from 7, = 1/N and E,j that are conical 2-designs — that is, they are characterized by

To — Yo = r with [27]
(d  dd-1)
< — .
0<r_m1n{Ma,Ma(Ma_1>} (32)

The parameters associated with the resulting generalized equiangular measurements read

d d+rMa (M, — 1) d—rM,
= C

NI ba 7 ; «="m (33)

Ao =

so that S = a2 (by — cq) = r/N?.

Note that (i) and (i7) are conical 2-designs even though they are constructed from the generalized symmetric mea-
surements that are not conical 2-designs.

5. INDEX OF COINCIDENCE

A density operator that represents a mixed quantum state can be expanded into

N M,
p= Z Zpa,kQa,k' (34)
a=1k=1

Now, {par = Tr(pPak); k=1,...,My; o =1,...,N} is a probability distribution, whereas Q, x is a dual frame to
P, 1 defined by Tr(P, x@p,¢) = 0as0ke. Due to overcompleteness of the generalized equiangular measurements, the
choice of a dual frame is not unique. However, for our purposes, we distinguish a special frame: the one that can be
constructed from

1 1 Ta — Ya
Fop=— |Bop— Iy (we — 2222,
Ny { k dd<w N )] (35)



which is the frame dual to E, j m] Namely, if we construct Py = Yo FEa i, as in Proposition 2, then
1 1 1 a2 (ba — Ca)
ak=—For=—=———|FPar —sli|{0a — ——]|. 36
Qak Ve . aZ,(ba — ca) [ e (a Nvo )} (36)

Using the probability distribution p, ; from eq. (34), one defines the index of coincidence @]

=" 2. (37)

a=1 k=1

As it tutns out, it can be analytically derived only for the generalized equiangular measurements that are conical
2-designs.

Proposition 5. If P, is a conical 2-design from Proposition [} for which a2(by — co) = S, then its index of
coincidence

CzS(ﬂﬁ—§)+u, (38)

where = (1/d) Zivzl AoYor-
For the proof, see Appendix [0l Note that Tr(p?) < 1, so the index of coincidence is upper bounded by

d—1
Cnae = ——S5 + 11, (39)

with the equality reached for pure states.
Example 4. Consider the three special classes of the generalized equiangular measurements that are conical 2-designs.
(i) For P,y from Proposition [l with a, = a = d/(d* — N + 1), one has S = a*R and u = a/d. Therefore,

a

Cinax = a[aR(d —1)+1]. (40)
(ii) For P,y from Proposition[3, the constants S = (1 —n)B and pu = [n(d*> — 1) + N|B/d. Then,
B
Crax = E[(d - 1)(d77 + 1) + 1] (41)

(iii) For P ) constructed from conical 2-designs Eq , it follows that S =r/N?, uy= N—?2 Zivzl M1, and hence

N
1 |d—1 1
= —_— E — . 42
d T—l—a_lMa] ( )

Cmax - m

6. CONCLUSIONS

In this paper, we introduce a generalization of equiangular measurements by constructing a POVM from generalized
equiangular tight frames that are complementary to one another. This results in informationally overcomplete POVMs,
for which we present a method of construction from the generalized symmetric measurements. They provide an
interesting and non-trivial generalization of informationally overcomplete POVMSs obtained via rescaling complete sets
of MUBs. Next, we propose several special classes that are characterized by high symmetries between its elements.
In particular, we present an examaple of a generalized equiangular measurement with three out of four defining
parameters being independent of the measurement operator indices. Then, we find a wide class of measurements that
are conical 2-designs. For this class, we also derive an analytical expression for the index of coincidence.

Our results show that a single informationally overcomplete POVM can manifest interesting behaviors that are
absent for an informationally complete collection of POVMs. Therefore, it may prove beneficial to analyze other
classes, beyond the generalization of equiangular measurements. Furthermore, it is worth exploring whether there
exists measurements that are not conical 2-designs but allow for a linear relation between the purity of states and
the index of coincidence. If not, this could point us to the reason why these two properties seem to be so closely
related. Other open questions include possible applications in quantum state estimation and quantum tomography,
where informationally overcomplete measurements have already found their uses.
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Appendix A: Informational overcompleteness

A POVM is informationally complete or overcomplete if and only if it consists in d? linearly independent operators.
The elements of the generalized equiangular measurement associated with the same generalized equiangular line « are

not all linearly independent due to the constraints Zi\i"l Py i = Yalg. Therefore, let us take M, — 1 elements from
each line and define

e

N
= Z Z TQJCPQJC. (Al)
a=1 k=1

Now, if P = 0 impies that ro = 0, then {Pyp; k=1,...,My — 1, = 1,..., N} is a linearly independent set. In
what follows, we prove that this is indeed true. First, observe that

—1

Z = (A2)

a=1 k=1
and, for any element P, , with k =1,..., M, —1,
My —1
Tr(PPak) = (ba — ca)alTan + a2(ca — ) > T =0. (A3)
r=1
Taking the sum over k =1,..., M, — 1, one gets
My—1 Ma,—1
7 Tr(PPag) = a2lba — ca + Ma(ca = )] Y Tas =0. (A4)
k=1 k=1

This means that Z,&fl Tak = 0 because by # ¢, # f. Substituting these results into eq. (A3]), we show that the

only solution of P = 0 is r,,5 = 0. The total number of elements Zi\;l M, = d?> + N —1 > d?, where the equality
only holds for N = 1. Hence, the generalized equiangular measurements are informationally complete for N = 1 and
overcomplete otherwise.

Appendix B: Conical designs

From ref. [27], the generalized equiangular measurement {P, ;. } is a conical 2-design

N M,
ZZ Por @Por=r4lg@0g+r_TFyg (B1)
a=1k=1
if and only if it defines a linear map
N M,
=3 PaiTr(XPay) (B2)
a=1k=1
such that
® =k_1+ k1 ddy, ke > Ko >0, (B3)

oo



with the maximally depolarizing channel ®[X] = I, Tr(X)/d and the identity operator 1. To derive the conditions
under which eq. (B3) holds, let us compute

N
Tr(®[X]Po k) = a2 (ba — ) Tr(PaiX) + |027a(Ca — ) + aaf > agys| TrX. (B4)
B=1

Knowing that ¢, — f = — (b — ¢a)/M.,, this can be equivalently rewritten into

N
Tri (@ — [al(ba — ca)l+ | —a2(ba —ca) + > apys | o | | [X]Pak ¢ =0 (B5)
B=1

The above relation has to be satisfied for any measurement operator P, , and Hermitian X. Therefore, the coeflicients
that multiply 1 and ®( are required to be independent on the index «, which is the case for a2 (b, — co) = S. Then,
® is of the form given in eq. (B3) with x4 from eq. (BI)).

The admissible range of S in eq. ([B0) follows directly from the range of b, in eq. ([[I). Moreover, from eq. B0, it
follows that x_ > 0,

2 d—1 2
V. S<-lo d V. s< Ja B6
=M, ™ =M, —1M, (B6)
By taking the sum over all « = 1,..., N, we arrive at
I
< B7
~ max{N,d + 1}’ (B7)
which clearly shows that
d+1
mr—/q,:,u—%sz(). (B8)
Hence, all generalized equiangular measurements for which a2 (b, — co) = S are conical 2-designs.
Appendix C: Index of coincidence
First, let us recall that any mixed state p admits the following decomposition,
N M,
P = Z Zpa,kQa,ka (Cl)
a=1k=1

where pq k is a probability distribution. The operators Q, x denote the dual frame defined in eq. (B6), and they obey
the trace relations

1 /
Tr(Qa,kQp.e) = Tr(ParPs ) — fanas) + ——0, 2
( k 52) aa(ba —Ca)a%(bﬁ _CB)[ ( k ﬁf) 5] N2'70/7,8 ( )
where
Tr(PakPse) = 5aﬁ5k4ai(ba —¢a) + 5a5ai(ca — f) + faaas. (C3)

Now, remembering that Zi\i"l Do,k = Yo, We calculate the purity

1 N 1 e QoY
2 _ - 2 Zalo ) C4
Trp” = -+ ; T <;pa,k y ) (C4)

Note that, in general, there is no clear correspondence between Trp? and the index of coincidence C. However, under
the assumption that a2 (b, — ¢o) = S, one recovers

1 C-
Trp? = i TM, (C5)



which is equivalent to eq. (B8).
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