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Periodic nonlinear Schrodinger equation with
distributional potential and invariant measures

Arnaud DEBUSSCHE and Antoine MOUZARD

Abstract

In this paper, we continue some investigations on the periodic NLSE started by Lebowitz, Rose
and Speer [16] and Bourgain [6] with the addition of a distributional multiplicative potential. We
prove that the equation is globally wellposed for a set of data ¢ of full normalized Gibbs measure,
after suitable L?-truncation in the focusing case. The set and the measure are invariant under
the flow. The main ingredients used are Strichartz estimates on periodic NLS with distributional
potential to obtain local well-posedness for low regularity initial data.

1 — Introduction

Consider the nonlinear Schrédinger equation (NLSE) in the periodic setting
10 = —02u + Vau + NulP~u (1.1)

where u is a function on T xR with T = R/Z for p > 2, A € R and V a distributional potential. The
difficulty of this equation lies in the roughness of the potential which makes the question of local
well-posedness unclear. Indeed, the solution needs a priori to be regular enough for the product
Vu to make sense even for the linear equation

i0pu = —02u + Vu (1.2)

with initial data u(0) = ug. Our motivation comes from stochastic PDEs with V' = £ the spatial
white noise on T, a random distribution in C_%_”('H‘) for any x > 0. It corresponds to the derivative
in the sense of distributions of a Brownian bridge and was first constructed by Paley and Zygmund
[23, 24] as the random series

§(x) =) e

nez

where (& )k>0 is a family of independent and identically distributed random variables of centered
standard complex Gaussian and ¢_j = &. In this work, we consider a potential V' € C~'+%(T) for
any x € (0,1). This corresponds to the Young regime which does not involve any renormalization
procedure and includes the particular case of white noise. Other examples of such distributionnal
potential can be random potential with different correlation or highly oscillatory potential such as

V(z) = Z Uy, cos(n)

n>0

with a suitable growth condition on (v, )n>0 in order to ensure V € C —I+%_ For the singular case,
see for exemple [11] with V' a spatial white noise on T? where the authors consider a regularization
of the noise or [14, 18, 20] on the Anderson Hamiltonian using paracontrolled calculus. We follow
the second approach which is a priori necessary in order to deal with low regularity initial data.

For such rough potential, the mild formulation

2

¢
u(t) = e uy — z/ eilt=9)0; (Vu(s))ds
0

is a priori doomed to fail for low regularity initial data due the singular product Vu(s). For our
purpose, we study the Hamiltonian
H=-02+V
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which can be defined via its quadratic form a(u,v) = (Hu,v) with form domain H*(T). One can
prove that there exist an associated operator with domain

D(H) = {u € L*(T) ; Jv € L*(T),Ye € H'(T),a(u, ) = (v,¢)}

and discrete spectrum (A, )n>0 with an orthonormal basis of eigenfunctions (en)n>0. The paracon-
trolled calculus gives an explicit caracterization of the domain as

D(H) = {u € L*(T) ; u—P,X € H*(T)}

with X a solution to —92X = V and P denotes Bony’s paraproduct constructed in [4] with the
Paley-Littlewood decomposition, see Appendix A.

In order to study the nonlinear equation (1.1), one needs to understand the linear equation.
The study of this equation without potential on a periodic domain goes back to Bourgain [6]. On
the circle, the two major dispersive results on the free propagator are the inequalities

a2
e ug| Lago,1xm) S llwollp2emy

and ,

€% Snuol| Lo (o,1yxm) S N€|lwoll L2(m)
for any € > 0 and Sy the spectral projector on Fourier modes |k| < N. This has to be understood
as a trade of integrability between time and space. Indeed, the solution u(t) = By of the
linear equation with initial data uo € L?(T) has conserved mass hence u € L (R, L?(T)) hence
the trade of time integrability for space integrability, the second being at the cost of an arbitrary
small positive Sobolev regularity for the initial data. This was used by Bourgain to prove local
well-posedness for (1.1) for initial data in H with o > 0 in the cubic case p = 4 and ¢ > 0 in the
case 4 < p < 6. Following ideas from Burq, Gérard and Tzvetkov [7] and Mouzard and Zachhuber
[20], we obtain Strichartz inequalities for the linear propagator associated to H. This allows to use
dispersive properties of the equation to get local well-posedness for low regularity initial data for
equation (1.1). We believe that Strichartz inequalities with such general deterministic potential are
of independent interest.

In order to extend local to global well-posedness, one usually relies on conserved quantity. For
equation (1.1), the conserved quantities are the mass

ul2py = / () Pda

and the energy
E(u) :/T|8zu(z)|2dz+/E|u(z)|2V(dx)+A/E|u(x)|pdz.

The inital data needs to have finite energy in order to use these conservations, that is ug € H*(T).
For low regularity initial data, the only conserved quantity is the mass hence local well-posedness
in L?(T) yields global solutions, this was proved for the cubic equation p = 4 without potential by
Bourgain [5] while in the case 4 < p < 6, he obtained local well-posedness in H?(T) for ¢ > 0. In
the following work [6], he constructed global solution for random initial data distributed according
to the Gibbs measure associated to the equation, using the invariance of the measure instead of
conserved quantity. This is the path we follow here and prove global solution for random initial data
given by the Gibbs measure. We insist on the fact that low regularity solution are challenging due
to irregularity of the potential making it impossible to interpret equation (1.1) as a mild formulation
associated to —92 even in the linear case.

The Gibbs measure associated to equation (1.1) is formaly given by
L e
v(du) = Z¢ gdu(x)

where [],cpdu(z) is the Lebesgue measure in infinite dimension and £ the energy. A first step in
a rigorous definition of v is to consider only the quadratic part with the Gaussian measure

1
_ —(Hu,u)
p(du) = - |€|Tdu(x)



assuming for example that the operator is positive. Considering a basis of eigenfunctions with
(An)n>1 and (un)n>1 respectively the eigenvalues of H and the coefficients of a function u in the
basis, the measure can be rigorously interpreted at the product measure

An _ 2
pu(du) = H 1/ e Anlunl®qyy,,

n>1

assuming for example that the operator H is positive. We prove that this Gaussian measure
associated to H is supported in C' 3% for any x > 0, using a comparaison with the case V' = 0 which
correspond to the law of the Brownian bridge. In particular, the potential energy [i, |u(z)|Pdz
makes sense for p-almost all functions u. In the defocusing case A > 0, the Gibbs measure

1 P
V(d’u) = Ee_)\de Ju(z)| dzﬂ(d’u)

is well-defined as the density is bounded by one. In the focusing case A < 0, this is not true
anymore and one has to consider a cut-off. Since the norm |u(t)||z2¢r) is conserved, a natural
family of measure is given by

1y, ,
vp(du) = ” ELZS—B e ra [e@)Pdz gy
B

for any B > 0. In the case 4 < p < 6, we prove that this measure is invariant for generic cut-off
parameter B while a smallness assumption on B is needed in the case p = 6. This goes back to
Lebowitz, Rose and Speer [16], see also [21] for a recent result for the critical parameter B and
Remark 4.3 for the relation with our measure.

We start with the description of the Hamiltonian H and its associated Schrédinger group e’
using paracontrolled calculus in Section 2. In Section 3, we prove Strichartz inequalities which yields
local well-posedness for low regularity initial data for equation (1.1). We also consider the truncated
version of the equation with the spectral projector associated to H and prove the convergence of
the solutions to the one of the untruncated equation. In Section 4, we construct the associated
Gibbs measure, with a suitable cut-off in the focusing case, and prove global well-posedness on its
support with invariance of the measure for p < 6. The Paley-Littlewood decomposition and the
paraproduct are presented in Appendix A.

Acknoledgments : The first author benefits from the support of the French government
“Investissements d’Avenir” program integrated to France 2030, bearing the following reference ANR-
11-LABX-0020-01 and is partially funded by the ANR project ADA. The second author is grateful
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2 — Schrodinger operator with distributional potential

In this section, we study the Hamiltonian
H=-0+V

with V € C71*%(T) for € (0,1). Due to the roughness of the potential, the domain of the operator
does not contain smooth functions since Hu € C~'T*(T) for u € C°°(T). On the other hand, the
associated quadratic form

a(u,v) = (Hu,v)

is well-defined with form domain H'(T), this is the content of the following proposition. In the
following, we do not keep the space T in the notation since we always work on the circle.

Proposition 24. The form (a, H') is a closed continuous symmetric form. It is quasi-coercive, that
is there exists a constant ¢ > 0 such that

N | —

a(u, u) + cllulz> >

(O, Ozu)

for any v € H*.

Proof : We have
[(Vu,u)| < ||U2||5;n

Vlie-rex < ullzp -« [V llc-1+x




using ii) and iii) from Proposition A.1. Then for any € > 0, there exists a constant ¢. > 0 such that
ullFp-n < ellullFn + cellullZa
from standard interpolation inequality hence there exists a constant ¢ > 0 such that
Vot 0)] < 510l + el
We get

(H + c)u, u) = (Ozu, Opu) + (Vu, u) + c{u, u)

v

%(&cu, Oz 1)

hence the quasi-coercive property. The symmetry of the form directly follows from an integration
by part and that the potential is real, it only remains to prove closedness. Let (u,), C H! such
that

lim ||u—up| 2 +a(u — up,u—u,) =0

n—oo
for some u € L?. The previous bounds gives that (9,u,, ), is a Cauchy-sequence in L? thus converges
to a limit, that is d,u hence v € H'.

O

Remark 2.2. The derivative of a Brownian bridge V = dB € C-2¢ for any € > 0 corresponds to
the Anderson Hamiltonian, this was its first construction by Fukushima and Nakao [13] on a finite
segment. See also [17, 19] for a construction of the form in the singular case.

It follows from the previous proposition that there exists a self-adjoint operator H with dense
domain

D(H)={ue L*(T); v e L* Vo€ H  a(u,p) = (v,p)} C H',

see for example Ouhabaz’s book [22]. Moreover, the operator is self-adjoint, densely defined and
bounded from below. Since H' is compactly imbedded in L?, # has discrete spectrum A\; < Ay < ...
with an associated basis (e, )n>1 of L?. Since the form domain of # and the Laplacian are the same,
the first eigenvalue is simple, that is Ay < A2 and there exists a positive ground state ¥ € D(H),
see [19, Theorem 4.1] for the details. The flow of the Schrédinger linear equation associated to H
has the following spectral representation

eMyy = Z eitAn (ug, en)en

n>1
for any ¢ € R and ug € L?. This yields a weak solution to the linear equation
i0pu = —0%u + Vu

with initial data «(0) = ug, the equation holding in the dual of the domain D(#)*. This is coherent
with the case V = 0 where the linear propagator solve the equation in H~2? = (H?)*. However,
the main difference here is that the domain D(H) does not contain smooth functions hence its
dual D(H)* is not a subspace of distributions and the equation is not satisfied in the sense of
distributions. For the nonlinear equation (1.1), we will need a finer description of the operator as
well as its domain.

In the following, we use the paracontrolled calculus to construct a map I' : L? — L? depending
on V such that the operator

H =T"'HD

is a better behaved perturbation of the Laplacian than . In particular, for any v € C'°°, we have
(H+0Hu=Vue o 1"

while it will be crucial that
(H* + 0%)u e C* c L2

However, our application I' is not a unitary transformation of L? thus H* is not longer self-adjoint.
The idea of such transformation was first used by Gubinelli, Ugurcan and Zachhuber [14] and
Mouzard [18] to study the Anderson Hamiltonian in two dimensions. This was crucially used
to obtain Strichartz inequalities by Mouzard and Zachhuber [20] as well as precise small time



asymptotic and two-sided Gaussian bounds for the heat semigroup e ** by Bailleul, Dang and
Mouzard [3]. We refer to Appendix A for the definitions of the tools from paracontrolled calculus
such as the paraproduct P and the resonant product I1.
For u € D(H), we have Hu € L? hence
Au=Vu—Hu
=P,V +Pyu+N(u,V) — Hu

with A = 92 hence
u=AT'P,V+ AT (Pyu+N(u, V) — Hu)
=P, X +[ATLPJV + A_l(Pvu + M(u, V) — Hu)

with X = A=V € C'*. We denote here as A1 the inverse of the Laplacien defined on centered
function on T hence the rigorous definition of X is

X :=A"HV —(V,1)).
Since u € D(H) C H*, the roughest term is given by X and this yields the ansatz
Dy :={uecl?; u—P,X € H?}

for the domain. Following the previous computation, one has Hu € L? for any u € Dy thus
Dy C D(H) and it remains to prove that Dy is dense in L? and that (H, Dy ) is a closed operator.
The map

ur—u—P,X

is continuous from HY to itself for any ¢ < 1 + s and it is invertible from L? to itself as a
perturbation of the identity for ||X||c1+~ small enough. Using the truncated paraproduct PY
introduced in Appendix A, there exists N(V) > 1 such that |PNX||ga+x < L|juz2 for N > N(V)
hence

Oy (u) :=u—PNX

is an invertible perturbation of the identity from H'** to itself, denote I'y its inverse. The map
& is a compact perturbation of the identity and since P — P¥ is a regularizing operator, we have

Dy = & 1(H?) = o' (H?) =T yH?

hence Dy is parametrized by H? via the map I'y. The following proposition gives the needed
continuity results on I'y. We denote as WP the LP based Sobolev spaces associated to the

Laplacian
WP ={ue D'(T); (1-0%)%uc LP}.

Proposition 2.3. For N > N(V), the application T'n is continuous from HY to itself and C° to
itself for any 0 < 1+ k. It is also continuous from L to itself and from WP to itself for any
pE[l,o0) and o <1+ k.

Proof : The map @y is a perturbation of the identity in H° with
1
I1(Id — @n)ulle = [Py X [l < 5 llullre

for N > N(V) and 0 < 1+ k. Thus &y : H° — H? is invertible with inverse I'y continuous.
The results in Holder spaces and L™ follows from the same type of computations. For WP with
p € [1,00) and o < 1 + k, one needs to use continuity of the paraproduct in general Besov spaces
with the inclusion Bg,z — WP — Bg,oo-

O

In particular, Ty H!*" = H'** C Dy thus Dy is dense in L? and we have the explicit formula
HT v = —Av + Pyu+ N(u, V) + 2Py VX + Payu X + P (V1) + (P, — PY)¢
for v € H? and u = I'yv, where the product rule gives
[Py, AJX = 2Py, VX + Pa,X. (2.1)

We first prove the following lemma which controls HI'y as a perturbation of the Laplacian. In the
following, we will denote I' = I'y and keep the dependence on N implicit to lighten the notation.



Lemma 2.4. There exists a constant ¢ > 0 such that
1
vl < [Hullz2 + cllull 22
for any u € Dy and v = ®(u).
Proof : Let u € Dy = 'H? and denote v = ®(u) € H2. The expression of HI'v yields

HA’U + HUHLz = HP\/U + ﬂ(u, V) 4+ 2Py VX + Pa X + Pu<V, 1>||L2
S Wlle-resllullm + IVX[lonVull -~ + [ Xl crex | Aul| -1
[Vlle=1+x vl

A

IN

1

3 lollaz + v 22

for a constant ¢ > 0 large enough. Using that I is continuous from L? to itself, we get
1

|80+ Hall g2 < Slwlls + il o peul

which completes the proof.
O

This lemma states that the norm induced by T is equivalent to the norm domain. In particular,
this allows to prove that Dy corresponds indeed to the domain of H.

Proposition 2.5. The operator (H,Dy) is a closed operator in L? thus Dy = D(H).
Proof : Let (u,), C Dy and u,v € L? such that

lim ||un, — ulg2 + [|[Hun — v||z2 = 0.
n—00

Using Lemma 2.4, uf, := I'"!u, is a Cauchy sequence in H? thus converges to a function uf € H?.
Since I'! is continuous from L? to itself, we have uf = I'"'u. One gets v = Hu with

[Hu —vl[2 S [Hu = Hunl|L2 + [Hun — vl
S Nl = ub e + llu = unll 2 + [|Hun — v 22
and the proof is complete.
O

Remark 2.6. Instead of the paracontrolled calculus, one could use the exponential transform as in
[15, 19] or the generalized Sturm-Liouville theory as in [12] and references therein to study the
operator H. These representation of the operator H implies a first order term which is problematic
to obtain Strichartz inequalities. For example with the exponential transform, we have

e HeN = —02 —20,X -0, — 0. X)?

hence the first order term in the equation. One of the major advantage of paracontrolled calculus
is that this first order term does not appear.

The Sobolev spaces associated to H can be defined as the closure

II-llpe

D := Vect(en, ; n>1)

with the norm

lullBe =Y (14 M) |u, en)?

n>1

for o € R. The previous results give the form domain D! = H! similar to the Laplacian while the
domain D? = Dy depends on V.

Proposition 2.7. For any |o| <1+ k, we have D7 = H°.

Proof : Since the operator is closed, D? corresponds to the domain hence D? = Dy = I'H2. One
also has D° = L2 = H° = T HO thus interpolation gives

D° CcTH?
for any o € (0,2). Since I'"! = ® is also continuous, we get
D° =TH?

and the result follows for 0 < o < 1 + k from the fact that I'" is invertible from H? to itself under
this condition. For negative exponent, the result follows from duality with D=7 = (D?)".



O

This proves useful since a number of properties are natural to prove in the Sovolev spaces asso-
ciated to H. An example is this continuity result for the Schrédinger propagator which follows from
the conservation of D7 norm. In particular, this can not be obtained a priori with a perturbative
argument.

Corollary 2.8. For anyt € R and |o| < 1+ k, the Schrédinger propagator €™ is continuous from
H? to itself. In particular, the same holds for eIt
In order to prove Strichartz inequalities for H*, the comparison with the Laplacian given by
the following lemma is needed. This is exaclty where paracontrolled calculus comes into play and
improve the naive bound
1M+ Aullgree S Jullgr-ces

for any § > 0.

Proposition 2.9. For any 6 € (0, k|, we have
1H50 + Aol s S [[v]l i
Proof : This follows directly from formula (2.1), that is
Hv + Av = Pyu+ NM(u, V) 4+ 2Py VX 4+ Pay X + Py (V, 1)
for u = I'v. Because of the resonant product
M(u, V) =NP,X,V) 4+ N(v, V),

one needs v to be of regularity higher than 1 — s for #*v to make sense, just as #, and we have
M(u,V) € H® for v € H***9 for § < k. In any case, the roughest term is given by the noise, for
example (P, X, V) € H" hence the result.

O

3 — Strichartz inequalities and low regularity initial data

A solution theory with initial data uy € L? only yields a solution in L? since the Schrédinger
flow does not improve regularity hence the product Vu is a priori singular. However following the
previous section, the Hamiltonian

H=-0>+V

allows to consider u(t) = e~ *"ug as a solution in L>°(R, L?) which satisfies (1.2) in D2, In
particular, the space D? = D(H) does not contain smooth functions thus D=2 = (D?)* is not a
space of distributions. We want to use this approach to solve the nonlinear equation (1.1) for low
regularity initial data with the mild formulation

t
u(t) = e "My, —|—/ eIy (5) [P~ 2u(s)ds
0

with u(0) = up € H?. Since H? is an algebra for o > %, this gives local well-posedness in H? and
global solution for u € H' with the conservation of energy. In this section, we prove Strichartz
inequalities for H to obtain local well-posedness for low regularity initial data, that is below the
algebra condition. In the cubic case without potential, Bourgain obtained local well-posedness in
L? thus global solution using the conservation of mass. Even in the cubic case, we have a positive
critial threshold o, > 0 which prevents us from obtaining global solution below H!. Our argument
is perturbative and relies on Bourgain’s result

e Anuollzsqonm) S 2™ IAnuol s

proved in [5], with Ay the Paley-Littlewood projector defined in Appendix A supported on fre-
quencies less than 2. Because of the roughness of the potential V', we consider the conjugated
operator

H = D7'HD



with I' defined by the implicit relation T'u® = P, X + «! introduced in the previous section. We
insist that T is invertible but not unitary hence H* is not self-adjoint. With the variable u = T'uf,
one gets the new equation

t
ul(t :e_imnu + e_i(t_s)}‘ml"_1 Tuf(s)|P~2Tub(s))ds
0
0

with uf(0) = T~!(ug). While the non-linearity seems more complicated, the linear part is better
behaved since H is a better behaved perturbation of the Laplacian as explained. Our proof follows
the idea of splitting the time interval into small frequency dependent pieces which goes back to
Bahouri and Chemin [1] and Tataru [26].

Theorem 34. For any potential V € C™1% with k € (0,1), we have

Heit%m

UOHLG([O,l]XT) < HUOHHIEH“

for any e > 0.

Remark 3.2. The loss of derivative here is similar in spirit to the one of Burq, Gérard and Tzvetkov
[7] with the Laplacian on an arbitrary manifold and Mouzard and Zachhuber [20] with the Anderson
Hamiltonian on a compact surfaces. This is due to the fact that our knowledge of the spectral
properties of the operator is not precise enough to adapt Bourgain’s method based on Fourier’s
series.

Proof : We work with the Paley-Littlewood projectors A; on annulus of size 27 in frequencies and
consider k,j > 0, see Appendix A. For any N > 1, we have

N—-1
itH! itH?
[Aje T AkUHGLG([O,l]X'Jl‘) = Z [Aje o AkUHGLG([tn,th]xqr)

n=0

with ¢, = § for 0 <n < N. For t € [ty,,tp41], we have

ity i(4— s #
eltH Akv:ez(t tn)H e itnH Ak’U

t
= e_i(t_t"')Ae_it"HuAkv + / e_i(t_s)A(”z'-[ﬁ + A)e‘it"HuAkvds
t

n

t—t,)HE

using the mild formulation for e*( with respect to —A hence

N-1
||Aj€m{ AkU”GLG([O,l]x’]T) < ZHAJG it B emitn Akv”%‘S([tn,th]xT)
n=0

t
+I [ Ajet TR (4 A)e_lthﬁAkUdSHﬁLﬁ([tn

Sty XT)"
tn

A crucial point is that the projector A; commutes with e while this is not true for e For

the first term, we have
||Aj€_i(t_tn)Ae_itn,HuAkU||L6([tn1tn+l]><T) — He_i(t_tn)AAje_ithuAk’[}||L6([tn7tn+l]XT)
< 29| A e M A e
<27 B|e ™ ™ Ao gres
S 27| Agol| e
S 277027 | Al oo

for any 4,4’,¢ > 0 using Bernstein lemma and that the Sobolev spaces H? associated to H and A
are equivalent for o € [0,1 + k]. For the second term, we have

t tn41
—i(t—s —itn, HP —it, H*
||/ Aje (t=s)A (,Hj:t + A)e tnH AkUdSHLG([tn,tn+1]x’ﬂ‘) < / ||A] (/Hﬁ + A)e tn Ak’U”HadS
tn t

SN2 (HE 4 A)e T Ao preso
< N_12_ja||€_it"'HnAkv||Ha+a+1fm
< N_12_jo-||Ak’U||HE+o+17N

SN2 A || gesosoria—n



for any o,0’,¢ > 0 with the same arguments in addition to Proposition 2.9 to control H# + A in a
positive Sobolev space. We get

it 1, i§o— Y-SR
”Ajem-[ Alcv||L6([O,1]xT) SNéQ 902 k6,||AkaHs+5+5’ +N7627972 ka,”AkUHstw’ﬂ—n

and we choose different parameters do deal with the sums & < j and k > j. For the first sum,
consider

1 ' 5
5= 67/+n,5’>0,0>0,U’>0,N:2'”,'y: 67’,7’:175
which gives

. ﬁ 1 _ _ 7 _§ _ _ /7
1" 286 Agvll poo,gxry S D0 S NF2 027 Ao yrersrsr + N7E2757275 | Apol| yerorior o

k<j J20 k<j

S N2 Agjo] yetsrs + N 782797 Agjoll gerasoriaon

j=>0

S N2 Ag vl gersis + N782777 29 Aol gevorarsr-nms
j=0

S0 AGl 1 ens + 27 T2 Al s
j=>0

S |‘U||H%w’+a+n+6/ + |‘U||H1—~—%v/+a+o+a/

S ol

for any &' > 0. For the sum k > j, we take

1 / 5
§>0,0 = 6’)’/+I€,O'>0,O'/>O,N:2’Yk,’y: 67’,7’:1711

hence

1 # 1. _ _ 55 _
1Y 256 Ago o oaum) S 3 D N 2728 | Ao pevsrr + N 782797275 | Aol pevororin
k>3 k>0 j<k
<3257 R e Aol resors + 2787 F27R Y Al o
k>0

S ol aser + 0l o

<ol s o

for any &' > 0 which completes the proof.
O

In order to deal with general power in equation (1.1), one can interpolate between this result
with the L>°([0, 1], L?) bound given by the conservation of mass, this is the content of the following
corollary.

Corollary 3.3. Let V € C~1* with k € (0,1). For any 6 € [0, 1], we have

HeitHu

—6,.110
UOHLP([O,l],Lq) S ||u0|\1Lz ||U||ng~+5

for any t € R and & > 0 with p € [6,00] and q € [2,6] such that

1_0 1 _1-0. 90
p 6 g 2 6

Using the dispersive properties of the equation allows to obtain local well-posedness with any
k € (0,1) for initial data below the algebra condition with critical threshold

when p < 8 and

when p > 8.



Theorem 3.4. Let V € C7'™* and p > 2. For any o > o.(p), there ewists a unique solution
6(p—2)

u € C([0,T], H?) to equation (1.1) for ug € H® up to time T of order ||uol|."° and we have

sup_[[ut)[sre < 2o re.
t€[0,T

Moreover, we have
sup |u(t) —v(t)|[ e < lluo — volla-

t€[0,T]
_6(»—2)
for two solutions u and v with respective initial data uy and vy with T of order ||uo| """ A
_6(p—2)
l[voll """

Proof : To solve equation (1.1), we consider the new variable v(t) = I'"*u(t) which satisfies the
equation
10w = Hfv + XD ™L(|Tw[P~2Tw)

with initial data v(0) = I'"lug € H°. We prove existence and uniqueness of solutions for this
equation, this will gives a unique solution to the initial equation using that I' is continuous from
H°? to itself for 0 <1+ k. For T' > 0, consider the solution space

Sy =C([0,T), H?) N L5([0,T], Wa+e9)

with the norm

Iolse = <o) o+ 10l oo 7wt vy

for 0 € (04, %) and € € (0,0 — 0,,]. We prove that the map

t
D(v)(t) = e M yy + 0N / e =M D=1 (|0y(5) [P 2T (s) ) ds
0

is a contraction on a ball of Sy for T" small enough. We have
t
@)z < [lvoll - +/O [[Tv(s)[P~*To(s)|| r=ds

t
S Ilvoll e +/ lo(s) 1= lo(s) I =7 ds
0

_p=2 -2
S llvollae + vl oo, T8 00,0,

using that I' is continuous from H? to itself, from L°° to itself and Hélder inequality for p < 8 for
t €[0,T]. Since o < %, the space H? is not an algebra and one needs to control the L*>° norm, this
is where Strichartz inequalities are crucial with the embedding

Wated oy [
which gives the bound

8-p -1
sup [|@(v)(t)llme < llvollae +T75 [olls,
t€[0,T]

Since the spaces D? and H? are equivalent for |§| < 1+ & and using the continuity results on I, we
have

i f
lle™ ™| Lo jo,7), woe) S ol 1z iers

hence

6 6

t
-2
LT Y Sy () YO IR O 2

< o B 1—222 p—2

S lvoll age g + ”UHLW([O,t],Hls”E*%)T ' HUHLG([O,tLW%*E’G)
8=p -1

Sllvollae + T v,

since o > o, + €. This gives

8-p -1
12()llsz S llvollme + 175 |l

10



hence for any A > 0, the ball centered in 0 of size A is stable by ® for 7" > 0 small enough. The
same computation gives

8-p -2 -2
[@(v) = (W )llsr ST (1 +[lvl&," + W15 ) v = vllsr
for v,v" € Sr with v(0) = v'(0). This gives that for any A > 0 and vy € H?, the map ® is a
contraction on

{veSr; v(0)=wv and ||Jv|s, < A}

for T = T(A,vo) small enough, that is T < CA~ @=9 for a constant C > 0. For the Lipschitz
continuity, consider two solutions u and v with respective initial data uy and vy in H?. We have

lu(t) = v(®)llre < lle™ (uo — vo) [z + /Ot le= "= (fu(s)[P~2u(s) — [v(s)P~2v(s))|| - ds
< lluo = vollme + /Ot lu(s)P~*u(s) = [o(s)IP~*v(s)]| m-ds
S llwo = voll e + /Ot(l +lluls) " + o)) uls) = v(s)ll-ds
hence Gronwall’s Lemma gives

Jat) — 0(0) 117 < [t — ol e o CHIMNE H )

which completes the proof using that ||u(| e (j0,1),m7) S [[uollm- With the local well-posedness. To
deal with p > 8, one needs to control higher integrability in time. Corollary 3.3 gives

it?—t”uH

€%l gy veny S Nl
for any p > 8 and % —|— 9 with 6 = %. Similar computations as before give
10O, gyt ey S Tl g+ 0l 100520 1)1
hence the condition
- 1—k n 1
o —.
6 q

With the relation between ¢ and p, we have

when p > 8.
O

It is a priori not clear if this local well-posedness result is optimal in general. The important
fact is that the mild formulation

t t
u(t) = e~ "By +i/ e T8y (s)ds + i)\/ e 718y () [P~ 2u(s)ds
0 0
can not be used to deal with low regularity initial data due to the singular product Vu. This
prevents the use of methods based on explicit space-time Fourier transform as done by Bourgain in
[5] to prove local well-posedness since one has to deal with the Hamiltonian H and its Schrédinger
group €™ which is not explicit. Nevertheless our proof of local well-posedness does not rely too
much on the form on the non-linearity and one can consider the truncated equation

10suN :’HUN+/\HN(|’U,N|p72UN) (31)

with un(0) = Hywug. Here IIy denotes the spectral projector associated to H on the space Eny =
Vect(eq,...,en) hence equation (3.1) is a finite dimensional system. Since I' is an isomorphism,
the space Fy := I'Ey is also of finite dimension. We have the following proposition.

11



Proposition 3.5. Let V € C~'* with k € (0,1) and p < 8. For any o € (04, 1), there exists a
6(p=2)
p—8

unique solution uy € C([0,T], H?) to equation (3.1) for ug € H° up to time T of order ||uo| ;o
uniform with respect to N > 1 and we have

sup un (t)|| e < 2||uol| -
t€[0,T]

Moreover, we have

o' —o -2
sup lun(t) = u(t)ll gor S N7 77 (1 + Jluollo)
te[0,T]

for any o’ < o where u is the solution to the untruncated equation (1.1) with initial data ug.

Proof : As for the untruncated equation, we consider the new variable vy = I'"'uy which satisfies
the mild formulation

t
un (t) = e~ g + i)\/ e_i(t_smnl"_lﬂzv(|FUN(S)|p_2I‘NU(s))ds
0

with initial data vy (0) = IInyT~'ug. Since IIy is continuous from D7 to itself for any ¢ € R
uniformly with respect to N > 1, it is continuous from H? to itself for |o] < 1+ k. Thus the fixed

point argument applies also to the truncated equation with a solution up to a time 7" uniform with
6(p—2)

respect to N > 1 of order |lugl| . ° with

sup un (¢)|| e < 2||uol|a--
t€[0,T]

For the convergence, we consider the difference wy := u — ux which satisfies the equation
i0ywn = Hwn + MulP~2u — My (Jun [P~ 2uy)

with initial condition wy(0) = (Id — Iy )ug. The mild formulation yields
t
-2 -2
lwn (Ol e S Nlwn (0)]] o +/O [ulP~?u = T (fun [P~ un) || 1o ds
) t t
/S N°—° ||uO||Ho,+/ H|u|P—2u — HN(|u|p_2u)HHg/dS + / HHN(|U|p_2U — |UN|p_2’LLN)HHa/dS
0 0

t t
S N7 luol e, + / N [Jul”~2ul| o ds + / =2 = Jun "2y . ds
0 0

t t
—o’ —o’ -2 -2 -2
SN ||UO||H°7+/O N7 Jlullp HUHHUdSJr/O 1+ [lullz= + llun 2 lwn ]| o ds

’ ’ _ 8—p _ _
S N7 ol e, +N7 Julll + T8 (14 [fulls,® + Jun s, ) sup lwn ()]l o
telo,
for any ¢’ < o. Since we have
lunllsr + llullsr < lluollae,

we get ,
sup [Jwn (t)[| e S N7 (1 + |uoll")
te[0,T]
_6(p=2)
for T of order |Juo|| """

4 — Invariance of the Gibbs measure and global
well-posedness

A natural question is the existence of an invariant measure for equation (1.1), it goes back to
Lebowitz, Rose and Speer [16] and Bourgain [6]. The equation being Hamiltonian, it is expected
that the formal Gibbs measure

_ 1 —&(u)
v(du) = Z—Ve grdu(:c)
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with energy
E(U):/T|8Iu(x)|2dx+/T|u(z)|2V(dx)+A/E|u(x)|pdz

for u € H' leaves the dynamic invariant. This is only formal since the Lebesgue measure in infinite
dimension does not exist and considering only the quadratic part, one gets the Gaussian measure

p(du) = Ziuexp(A|amu(x)|2dxA|u(z)|2V(dx))grdu(x)

which can be understood as the Gaussian measure with covariance function given by the kernel of
(—92 + V)~1. However, this is a positive operator only if the smallest eigenvalues \; is positive
hence in general one has to shift the operator to obtain a probability measure with

1
p(du) = Z—He*<<””1+1>“v“> I du(=)
z€eT
which is well-defined, see for example Da Prato’s book [9] for an introduction to Gaussian measure

in infinite dimensions. In order to keep the same measure v, we get

1 2 »
v(du) = Ee(lfh)fqr u(@)Pde=A [y [u(@)|Pdz ) (qq,)

with the normalisation constant Z = [|e(=*) Je [u(@)*de= [y [u@)["dz|| ;o The measure p corre-
sponds to the law of the Gaussian Free Field (GFF) associated to H — A1 + 1, that is the random
serie

= 77’” en\T

with (v,)n>1 & sequence of independent and identically distributed standard Gaussian random

variables N(0,1). The unshifted case V' = 0 corresponds to the law of the Brownian bridge,

v describes here a model of random bridge in the irregular environment V. The fact that the
. . 1 . . .

measure is supported in Hz¢(T) follows immediatly from the spectral representation of H, we

prove Holder regularity here.

Proposition 441. For any € > 0, the measure u is supported in Cz¢.

Proof: Let ¢ be a random field of law u, that is a centered Gaussian field with covariance given by
E[p(2)¢(y)] = G(z,y)
for z,y € T and G the Green function associated to H — A1 + 1. We have
E[l¢(z) — o(y)|*] = Glw,2) + Gy, y) — 2G(z,y)
since G is symmetric hence the statement comes down to a regularity estimates on G. We have the
semigroup representation

1
H-M+1) 1= / e tHeM=Dtqp 4 y—le=HeM—1
0

which gives
1
G(z,y) =/ pe(z,y)eM VAL + vy (2, y)eM 7
0

with p;(z,y) the heat kernel associated to e=* and r1(x,y) the kernel of H~le=7t. One has
6, € H27¢ for any € > 0 with a continuous dependance with respect to x € T. This implies

pe(z,y) = (e76,:)(y) and ri(z,y) = (H e 6,)(y)

belongs to D> C C'** in each variable uniformly with respect to the other. For t > 0 small, the
Lipschitz norm of p;(z,-) diverges as ¢ goes to 0. Schauder estimates in D7 follows directly from
the boundeness from below of the spectrum of H, indeed

pe(, ) Be = D (1+ )7 fen(2)?

n>1
= ST (14 )T (14 Ay) T2 e ()2
n>1
SETTETEN (L4 M) T2 e ()2
n>1
SRRy
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for any € > 0 and 0 > —% — . Since D~27¢ = H=27 for € > 0 small enough, this gives

1
I g et 5 [y <o
0

for o < % — 2e. Using Besov injection in one dimension, we get that G is of Holder regularity 1 — ¢
for any § > 0 in each coordinates hence

E[l¢(x) = o(y))*] S o —y' .
Since ¢ is a Gaussian random field, the Holder regularity follows from Kolmogorov theorem, see
for example Theorem 3.3.16 from Strook’s book [25].
O

Since the measure is supported on continuous functions, the potential energy HuHiP(T) is finite
for p-almost all functions and the definition of the measure

v(du) = %exp ((1 ) /T u(z)[2dz — /\/T |u(z)|pdx)u(du)

amounts to proving exp ((1 — A1) Jp Ju(@)Pde — X [ Ju(z |pdz) € LY(p). In the defocusing case
A > 0, this follows from the fact that p is a probability measure since the exponential is bounded
for p > 2 using the injection L? < L2. Indeed, one has

P

exp 17)\1 /|u )Pda — A /|u |pd:c <exp 1—/\1 /|u )[Pdz — Acy ( /|u 2d:c5

< sup 6(1—)\1)7‘2—kcp7"p

r>0
<0

for any A > 0 with ¢, > 0 a positive constant and p > 2. In the focusing case, one needs to
introduce a cut-off B > 0 following [6, 16] with the measure

vp(du) = IlugL2<B 1—)\1 /|u )2dx — A /|u |pdx (du)

since a scaling argument gives that the measure can not be finite without truncation even in the case
V = 0. This appears as the most natural truncation since the mass is the only conserved quantity
for (1.1) with low regularity initial data. The following proposition guarantees that Zp < oo.

Proposition 4.2. For p < 6 and any B > 0, we have

Ut senexp (L= ) [ u@)Pde =2 [ fp@)Pas) e L),
T T
The result still holds for p =6 and B small enough.

Proof : Since 2 2
Ly, <pe0™0) o lu@IPde < (=20 B

we only have to deal with the potential energy term. Our goal is to use Fernique’s theorem which
ensures
E[eﬁllul\ﬂo} < 00

for any ¢ < 1 and 8 = (o) small enough, see for example Da Prato and Zabczyk’s book [10].

Sobolev embedding gives H?(T) < L?(T) for any o > %, that is
[ @z <cpapy .,
T H 2p
for a constant C' > 0. In order to use the previous exponential moments, we interpolate with

0
/ fu(@)Pdz < Offull (57 )%,
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with 8 € (0,1) and 06 = p;pQ. Since we need o < % as well as op < 2 in order to conclude with

Young inequality, this imposes p < 4. To extend the result to p < 6, one needs interpolation with
spaces based on L7 with ¢ > 2. Besov injections and interpolation give

/T (@) Pda < 2 ][22

-2
S MullZe flul”

1-0)(p—2); 10(p—2
S lulZallullGg 2@ lull 5~
for any ¢ > 2, > 0,0 € (0,1) and
1
0 = — +¢,
q
1 1-0
q 2
We get
1-6 1+ 2
0=—— 0=
7 3 ¢ 1+ 20
and the condition o < % implies
14 2¢
0(p—2) > (r—2).

Since our goal is to have 0(p — 2) < 2, this yields the condition

1
§(p—2)<2 — p<b6

which is indeed the optimal condition. We get

E[]lnu” 2<Bef“r‘“(ﬂﬁ)|”d””} < IE{eCBQHI%)(p*Z)H“||9c(572)}
2< <

< E{ec

’ _ _ ’ 0 —2
%BQ" +(1-0)(p—2)q +%”“Hc(g )q]

IN

’ _ _ ’ C
(O B2+ E[efl\ulliﬁ%lluné(,,}

IN

/ _ _ rc
ecqil’qu +(1-0)(P—2)q +T€BZE|:e%”u”20<7':|

for ¢ = @ > 2, ¢’ its conjugated exponent, any € > 0, a constant C. > 0 large enough and
oc<o < % together with Young inequality. Using Fernique’s theorem and that u is a Gaussian
measure on the Banach space C",, we get

E[“llulesze‘” ‘“(I)'pdm} < o0

for any B > 0 and p < 6. The results for p = 6 follows for B small enough.
|

Remark 4.3. Since (]lySBeX)q = ]lygBeqX, this also implies the result for L9 insteand of L' with
a condition on B depending on q for p = 6. An alternative definition of the measure could have
been with a density depending on V' with respect to the case V = 0 studied in [6, 16, 21]. Denoting
as vy the case V =0, we have

1

vp(du) = Z—Ve_<vu’“> V% (du)

where (Vu,u) is almost surely well-defined. Indeed, the measure V% is supported in Cz—¢ for any

€ > 0 and we have
(V] S IV oo 0] i

< e |2

S Wl

SV lig-veellull?y

using duality, product and injection of Besov spaces from Proposition A.1. One can also prove that

Zyv s finite using the cut-off, this is also an alternative proof of Proposition j.1. Since the optimal
parameter B is known in the case V.= 0 from [21], the same is true here.
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Since the measure p is supported in C' 3¢ (T) for any & > 0, so is vp with the previous proposition
and Theorem 3.4 guarantees that there exist almost surely a local solution for initial data distributed
as vp in the focusing case, or v in the defocusing case. In order to prove that the measure is
invariant, we will show invariance for a truncated dynamic and pass to the limit following Bourgain
[6]. In particular, this allows to construct global solutions. Recall that the truncated dynamic

10uny = Hun + )\HN(|UN|p72UN)

with un(0) = IIyup is an approximation as N goes to infinity of equation (1.1). Since this is a
finite dimensional system, Liouville’s Theorem states that the Lebesgue measure is invariant and
the Hamiltonian being invariant, the projected measure vy := IIyv is an invariant measure for
equation (3.1) defined on the finite dimensional space

QN = HNL2(T).

We only consider the focusing case which is harder, the defocusing case following from the same
type of arguments. We first prove the following result.

Proposition 4.4. Let o € (0,,3) and 2 < p < 6. For any § > 0, there exist a subset Qi of Qn
such that v(QN\Q1) < & and for ug € Qq, there exists a unique global solution uy to (3.1) which
satisfies
+ |t
Jux0)] e < € (10g )

for anyt € R and ot > o with C > 0 a constant depending on p and o.
Proof: For o € (0, 3) and A > 0, let
B4 i={ueQy; Julu < A}.

We proved with Proposition 3.5 that for any ug € B 4, there exists a local solution uy to the

6(p—2)
truncated equation up to a time of order A~ »=5 . Then equation (3.1) is a finite dimensional
system with values in 25 and Liouville’s Theorem implies the invariance of the Lebesgue measure.
Using the conservation of the mass and the truncated Hamiltonian

En(u) = 'Hu u) /|HNu )|Pd,
this implies the invariance of the truncated Gibbs measure

1

(u)
N(du) ZB ”“”L2<Be Ene H dup.
n=1
Let 74 = C’OA_ be the time of existence from Proposition 3.5 and consider the map

B?V,A — QN

Sra w o~ u(Ta)

which satisfies ||.S;, (uo)||me < 2||uo||ge. For any m > 1, introduce the set

Noao =B an SN Noa) NN SM(BY A)-

Since the measure vy is invariant by the map S-,, we have

N(OQN\QR ) < (m+ 1)Cre” 24

for positive constants C7, Cy > 0 using that vy is absolutely continuous with respect to py which is
a Gaussian measure thus has exponential tails. For initial data ug € Q7 4 ,, there exists a solution

up to time mrq = mCpA~ “¥=" which satisfies lu(i7a) ||l < A for any j € [0, m]. For any T > 0
and § € (0,1), consider the set
Qé g = QN Ao

with A = Cy/log (L) and m = [TCy p:SZ | and C > 0 a large enough constant such that

(m + 1)Cre~%4" < 5. Then for any ug € QNU, there exists a solution uy to equation (3.1) to
time 7" such that

1+7T
lun (T)lle < O1log (<)
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and we have
v (QN\QY) < 0.

The proof is complete if one takes
0= ox.

n>1

. . . 1_ . .
using an interpolation between the H 2z~ norm and the mass conservation for £ small enough since
o is any exponent in (o, %)

O

Using the convergence of the truncated dynamic to the solution of equation (1.1), we get the
following proposition with = L?(T).

Proposition 4.5. Let o € (o, %) and 2 < p < 6. For any § > 0, there exist a subset Q1 of Q such
that v(Q\Q1) < 6 and for ug € Qq, there exists a global solution to (1.1) which satisfies

1+ |t|)0+

Ju(®) 1= < € ((log —

foranyt € R and o4 > 0.

Proof: Let 7' > 0 and § > 0. First, note that for any set S C 2, we have
v(S) < Cop(S)?

with Cy > 1 the L?(11) norm of the density of v with respect to u which is finite from Proposition

4.2. For any o, < 0 < 04 < %, the previous proposition gives a set 21 v C {ln such that

v(Qn\Q1,n) < 6 and that equation (3.1) admits a unique global solution ux for any ug € Q1 n
with

1+ |t|\o+
Jun(®)lle < ¢ (105 1)
for any t € R with a constant C' > 0. Let
Q‘lsyN ={ue H; ||lu|lgr <A and Iyue€ N}
with A = Cl(log %) ", Recall that B; 4 denotes the unit ball of Iy L*(T) with respect to the
H° norm and consider Qs y := (Id — I y)L?(T) and
By u 1= {u € ([d—TL)L3(T) ; [lull - < A},
We have
V(\Q] y) < Coy/u(Q\Q3 y)
< o1 @\[(Qu,n N B 4) U By 4])

< Co i@\ N B 1))l \BZ y 4)

< Cy\/(0 + C8)Coe(5)
<

for 6 > 0 small enough, using that p is a product of probability measures on eigenspaces, Cy > 1
the L?(du) norm of the density of v, finite by Proposition 4.2 and that £(&) goes to 0 as § goes
to 0 since oy < % For ug € Q‘ls,N, there exists a unique solution u to equation (1.1) up to time

74 = CA—<®) and we have

sup [u(t) — un (t)|| gror SN 77 (1+ AP72)
tE[O,TA]

from Proposition 3.5 for ¢/ > 0. We are going to propagate this error up to time 7. Assume for
t < top that we proved
Ju(t) —un ()] g <€ <1

and consider vy the solution to the untruncated equation (1.1) on [tg, to+74] with vy (t0) = un (o).
We bound u — u using

Ju(t) = un ()l g < Ju(t) = on (@)l gor + lon () = un ()]l gor

17



for t € [tg,to + Ta]. For the first term, we have

sup [Ju(t) — vn ()] o < 2[ulto) — vn(to)ll yor < 2¢
tefto,to+7al

using Theorem 3.4. For the second term, this follows from Proposition 3.5 and we have

sup  JJow () = un ()] gror S N 71+ [lun (to)|577)-
tEfto,to+T7al

Using that IIyug € Q1, we get [[un(to)||g- < C(log #)ﬂ for ty) < T hence
, 1+ T\ (p-2)
Jt) = (@)l gor < 264+ N2 (14 CP=2 (log —-=) 727

for any t € [to, to+7a]. Set t; = j74 and &; = ||[u(j7a) — un(j7a)|| ;yor- We have 6y < N7 =7 A and
the previous computations yield

/ 1+T\ (p-2)0
6j+1 5 25] + N° —0(1 + Cp—Q(log +T)(P 2) +)
for 7§ < T hence
’ 1 T —2)o ’
[ u(T) = un (1) ypor < CIHINT' =0 (1 +CP%(log %)(” 2 *) +C/N77A

for J = L%J and C' > 0 a positive constant. Taking N large enough depending on T" and § gives

1+Ty\o+
||u(T)HHa§C(1og 5) +1

hence u is well-defined up to T'. The proof is complete with

=[]

n>1

with N, an increasing sequence to get a global solution.

This finally gives the following theorem with the invariance of the measure.

Theorem 4.6. The measure v is invariant under the flow of equation (3.1) and the equation is
globally well-posed for v-almost all initial data.

Proof : Let S C H° be a bounded measurable set with o € (0, 3). We have
(@08) = v(9)] < [p(®eS) — vn (BTN S)| + v (P TN S) — v (n S)| + |vn (I S) — v(S)]

foranut € R and N > 1. The second term is equal to zero by invariante of vy under the truncated
flow ®). For the third term, we have

lvn (T S) = v(S)| < [vn(nS) — v(Tiy S)| + [v(TIy S) — v(S)]

where as N goes to infinity, the first term goes to 0 with Proposition 4.2 and the second term with
dominated convergence. The same holds for the first term with

V(®08) — un (BN TINS)| < [(®1S) — v(@NTINS)| + [p(@N Ty S) — vy (@) Ty S)|

hence the proof is complete for bounded S. The general result follows from the fact that

U Q120

n>0

is an event of full measure for v in L?(T) with Q 5-» C H? the set given by the previous proposition
with § = 27" for any o < %

O
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A — Paley-Littlewood theory

We give here results on Paley-Littlewood theory needed in our work. We omit the proofs and refer
for example to the book of Bahouri, Chemin and Danchin [2]. Consider two functions y, p : R — R
such that y is supported in a ball, p in an annulus

X&)+ 3 p27iz) =1

Jj=0

for all z € R, supp(x) Nsupp(p(277-)) = 0 and supp(p(2~-)) Nsupp(p(277-)) = @ for |i — j| > 1,
this is called a dyadic parition of the unity. The Paley-Littlewood blocks are defiend as

A yu=F "Fu and Aju=.F 'p27)Fu,j>0

u = Z Aju.

j=-1

and we have

Following the idea that decay of Fourier coefficient measures spatial regularity, one can consider
the Besov spaces defined by the norm

1
lullsg, = (3 279 azullg, )"

j=-1

for p,q € [1,00] and a € R with an ad hoc definition for ¢ = co. One recovers the Sobolev spaces
H® = Bg, for a € R and the Hélder spaces C* = BS,  for a € RT\N. We have the following
embeddings, duality and interpolation results.

Proposition A1. The Besov spaces have the following properties.
i) For o € R and p1,p2,q1,q2 € [1,00] such that p1 < p2,q1 < g2, we have

1 1

a—
« P1 P2
Bp1,q1 c sz#h .

ii) Let ai,as € R such that a; + az > 0 and p1,pa2 € [1,00]. Then for any k > 0, we have
ol g e < lullpgr, 0llpo2,

1 .1

P1 p2”

ii) Let « € R and p,q € [1,00]. We have

with o = a1 N g and%:

.91 £ g, ol e,
; 1,1 _ 1,1
wzthl—p+p/—q+q/.
iv) For any 0 € (0,1), let p,p1,p2,q,q1, G2 € [1,00] such that
1 1-6 0 1 1-6 0

P P P2 g ¢ q

and o, oy, as € R such that
a=(1-0)aj + Oas.
Then we have

1-0 6
[ullBg, < llul B, HUHB;‘;,QZ'

The Paley-Littlewood decomposition can be used to define the paraproduct

P,v= Z Ajul,v

n<m-—1

and resonant product

M(u,v) = Z A ulpv,

In—m|<1

this goes back to Coifman and Meyer [8] and Bony [4]. One can describe a produt as
uv = Pyv + M(u,v) + Pyu

and each operator satisfies the following continuity result.
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Proposition A.2. For o, 3 € R, we have

[Puvl|canors S [lulloallvllcs-

If moreoever ao+ 3 > 0, we have

IN(w, v)l|cars < llullealvllcs.

In Sobolev spaces, we have for a > 0

1Puvllme S llullaellvllcs  and  [|Pyvllps S llullos(vllmes

while for a < 0 we get

[Puvl|oss S llullmellvlles  and  |[Puvllgots S llullos vl me

and finally if o + 8 > 0,

M, 0) || gots S llullzellvlles

Finally, we introduce the truncated paraproduct

PNy = Z A ul\,v

u

n<m-—1
2" 2M>N

for any N > 1. Since P — P only depends on a finite number of modes, it is a smoothing operator
while PV satisfies the same continuity result as P for fixed N.

Proposition A.3. Let a > 0. Then for any N > 1 and v € [0, ), we have
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a—pB
IPY vl gy S N2 lull om0l oo my.-
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